THE 


CAMBRIDGE AND DUBLIN 
MATHEMATICAL JOURNAL, 


ON CERTAIN GENERAL PROPERTIES OF HOMOGENEOUS FUNCTIONS. 
By J. J. Sytvester, M.A., F.R.S. 


Ler xy denote the operation 
d 


Bo a + De Hees HZ. 
‘da, °* ad, 


and A the operation 
d d 


d 

A, eo = + A,e s—-teeere tt —s 

~_ " -& ** dz, 
and now suppose that w, a homogeneous function of « di- 
mensions of aa,.... a@,, and not of any of the quantities 
%,%,.... Z, is subjected to the successive operations indi- 
cated by A’. y’. 

We have A’.y’.w = A.A. xX’. 0, 
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for y’". » is of (r — 1) dimensions, lower than w (which is of 
dimensions) in @,@,,.. .@,. 
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Hence A’.y".a=r(e-7r+1) A". x” .@ 
= &. = {r.(r-1)....(r-8+1)} 
x {(e-7r+1) (- 97+ 2)...(0- 7 + 8)} y™. w...(1), 
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Now in the expression yx’. @ (a,a,....@,), 
suppose that we write 2, =w,+4,.«, 


we have, by Taylor’s theorem, 
x’. =U'.w+A(U'.o@)e+ A’.U’. 


+A,.U'.o. ’ 

4.2.85 000 
where U’.w denotes what y’.w becomes, on substituting 
u’s for z’s, and A now represents 


U, + oon t+. >5-- 


da 


2 n 


u, —— + 
' da, da 
This expansion stops spontaneously at the (7 + 1)th term, 


because y’. w is only of r dimensions in 2,2,. .. .%,. 
Applying now theorem (1), we obtain 


x". @=U'.w+r.(o-74+1)U™. we +r. {(0-r+1)(e-7r+2)} 


UO .@. 8 4.04 {(U-—74 1) (0-7 + 2) eet} wes... (2). 


In using this theorem in the course of the ensuing pages, 
it will be found convenient to assign to « a specific value, and 


T shall suppose it equal to == this gives 


n 


a 
eae -—. 
a, 

=0. 


And inasmuch as the U symbol now contains a,a,.... @,, so 
that UV. U" no longer equals VU", I shall write U, for U’. 
Theorem (2) will thus assume the form 


x -1 
x’.o=U,. w+ r(o-741)U,..0. 8+ 7 {(¢-7 +1)(t-r+2) 


v.,.0(2) ha... +{(v-r+1).... s} 0 (2). 09, 
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where U, for all values of r denotes what 
(« La + 2 Ra + +2 27 w 
ot ti i Te 


becomes, on substituting w,v,.... u,., for 2,2, .... 2,5 after 
the processes of derivation have been completed: this it is 
essential to observe, because w,w, u,, now involve 


@,4,....4,,,% The term —— is omitted from the symbol 


of linear derivation, because in the substitutions z, will be 
replaced by zero. 


As an example of this last theorem, take w = a°+ b°+ c°+ kabe; 
then yo = 3a’x + 3b*y + 8c°z + kbex + keay + kabz, 
x'w = bax’ + 6by’ + 6ez’ + 2hery + 2hayz + 2kbzx, 
xo = 62° + Gy’ + 62° + Chayz. 


Uw = 8a" x -~)\+ 30° = +kbe{ 2-)+ kea a... 
1 - eer - ee 
2 
Uw ~6a(2-)'s6b(y- =) + ake (2-a.2)(s-), 
3 3 
Uw =6(2- 2) +6(y- =), 


and it will be found that the equations given by theorem (3) 
are satisfied, viz. 


z 
xo = Uw + 3- .@, 

z 2 
X'w = Uw + 2.2~ Uw + 2.3 5%, 


2 
xo = U,w + 8 5 U,@ + 8.1.2 5 U(«), 


3 
+ 1.2.3 < @. 
c 


Probably, as this theorem is of rather a novel character, 
the annexed sketch of a somewhat different course of demon- 
stration may be not unacceptable to my readers. 


d 
We have x(a)=(% 7 +204 ee ta) 03 
B2 
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and by the well-known law for homogeneous functions, 


d d d 
t (@) = ls Se teeta ade. 


1 2 


Hence 
( ~ 12s) (u a : 
xX a, = 1° da, ** da, coon ¢ Us i”) o, 
= U (@). 
Hence 
x(a) =(T44. 2)o, I 
a, t 
m ‘ Z.\ ( =s) | 
x’. @ iv *e oy Paes ®, , 
1 
go={U+0-H 2h fos0- 2} (T4062) a, 
&c. = &e. c 


But in performing the process indicated by the several 














factors it must be carefully borne in mind that U.U, is not . 
= U,,,; this would be the case were it not for the terms : 
- 2 2y- 4 . z,, &c., which enter into w,uv,.... u,,. But tl 
on account of these terms, we have 
| d d 
U.U,.0=(u, F407 +. +t Ze) Ww 
| u z. +U £ + +U £7 
_° / ee 
#, [, 4 he fo 
=U,,, oa "a, ** 7, "sd FU =| o, 
d d d x, 
for & os ye ee i th 
Hence U.U,.w=U,,.0-7.—°.U,.0. w 
Let 7* be called &; we find 
" y= U+ «, - 
x= {0+ (- 1) &} (+ ee) an 


= U.U+(20- 1) «U0 + (6-1) ce’ 
= U,+2(1-1)eU +(e - 1) ce’; 
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x= {0+ (ce - 2)&} x’, 
= U.U,+2(0-1)¢.U.U+(-1)+.¢U 
+(¢- 2)eU,+2(¢-2)(0-1)&U+(0-2)(0-1)e.€ 
= U,+3(t-2)e0,+3(¢-2)(0- 1) U+(e- 2)(0- 1) ee’. 


The same process being continued will lead to results 
identical with those previously obtained and expressed in 
theorem (3). 

The expansion of y’, treated according to this second 
method, appears to require the solution of the partial equa- 
tion in differences 

Breer = By on + (= 27) Ay ys 
a,, being given as unity for s = 1 and as zero for all other 
values of s. 

It is probable however that the solution of this equation 
might be evaded by some artifice peculiar to the particular 
case to be dealt with. I do not propose to dwell upon this 
inquiry, which would be foreign to the object of my present 
research. It may however not be out of place to make the 
passing remark, that the equations expressing y’ in terms of 
powers of U admit easily of being reverted, as indeed may 
the more general form 


1 
Xr = E+ Mra + Ena Ung + &e., 


which becomes the equation of formula (3), on making 


zt 
Garston ® y= x0, and u,=u,.03 


for let th, = EE, 0 200 & + Oy 


Xr = Eb, oes Fo Ys 


v v 
th =0,+0,,+ 2+ —* + &; 
- Pa Ce ee : 


d 
whence v2 ee. y,, 


“a ~ Yro _ Y,-3 
Yr ~ Yr F 9 72.8” 


r-1 


and therefore u,=2%,-7e,.U,, +7. —s + ay HC. 


r? & 


Thus we obtain, from equation (3), 


U'.w=x'w-r(r+1)y™. w 4 &e. 
a, 
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As a first application of theorem (3), I shall proceed to 
shew how Joachimsthal’s equation to the surface drawn from 
a given point (a, 3, y, 6) through the intersection of two 
surfaces ¢ (2, y, z, t) = 0, 0 (x, y, z, t) = 0, may be expressed 
under the explicit form of the equation to a cone. 

The equation in question is obtained by eliminating A 
between 1 
pA" + X- GA"? + . x.o A"? + &e. = 0, 


m m-1 1 2 m-2 i ; m-3 ~ 
OX” + 9.r + eae. # + con eB + &c. = 0, 
where 


d d 
¢=$(a,8,7,8) 0=0(a,3,7,0)x=2. _ +Y. dp +2. 


qa +t d 
dy 
By theorem (3), these two equations, on writing we as, 
becomes a, 
p . A" + {TO (g) + moe} A”” sees 

+ {Uo + 2(m — 1) Ue + (m - 1) mp. e*} 7? &c. = 0, 


n2 
OA"+ { 0 (8) + n8.2)A"* + (UO + &e.) a +{U°0+ 3(n-2)U'0. 
A 


+ 3.(m - 2)(m— 1) UOe’ + (m - 2)(m- 1) 2.6} 7a5 +a 


Now on writing A = uw - «, these equations take the forms 


m-2 
o-u" + U (9) um +. Ug H— + &e. = 0, 


0. "+ U (0). py" + v0. H + &. = 0, 


as is easily seen by substituting back A + « in place of yp. 
Consequently <« no longer appears in the coefficients of the 
terms of the equations between which the elimination is to be 
performed, and the resultant will accordingly come out as a 
function only of ¢, U(p) U* (¢), &c. @.e. of a, B, y, 8, and of 


a 
z- 54 y-& t, 2-%t 
shewing that the equation in z, y, 2, t, is of the form of that 
to a cone, as we know d priori it ought to be. Precisely a 
similar method may be applied to the elucidation of the 
corresponding theorem for a system of rays drawn from a 
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given point through the locus of the intersection of two 
curves. 

Before entering upon some further and more interesting 
applications of theorem (3), it will be convenient to explain 
a nomenclature which has been employed by me on another 
occasion, and which is almost indispensable in inquiries of 
the nature we are now engaged upon. Homogeneous func- 
tions may be characterized by their degree, by the number 
of letters which enter into them, and lastly, by the lowest 
number of linear functions of the letters which may be 
introduced in place of the letters to represent such functions. 
Any such linear function I designate as an order, and am 
now able to discriminate between the number of letters 
and the number of orders which enter into a given function. 
The latter number, generally speaking, is the same as the 
former ; it can never exceed it, but may be any number of 
units less than it. 

I need scarcely observe that a pair of points becoming 
coincident, a conic becoming a pair of lines, a conoid be- 
coming a cone, and so forth, for the higher realms of space, 
will be expressed by the homogeneous function of the second 
order which characterizes such loci,* losing one order, i.e. 
having an order less than the number of letters entering 
therein. Calling such characteristic @ (x, y, z....¢), it is 
well known that the condition of such loss of an order is 
that the determinant 


dy Tp dy 
dx drdy**** dxdt 
Lo i 
dydz dy’ °"** dydt 
a le 
dtdz dtdy’*"* dé 
A conoid becoming a pair of planes, a cone becoming a 
pair of coincident lines, a pair of points becoming inde- 
terminate, will, in like manner, be denoted by their cha- 
racteristic, losing two orders, and so forth, for the higher 
degrees of degradation. In like manner, in general, a 
homogeneous function of three letters of any degree losing 


an order, typifies that the locus to which it is the charac- 
teristic will break up into a system of right lines. 





* If U=0 is the equation to any locus, U may be said to characterize the 
same, or to be its characteristic, 
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Now let w be a homogeneous function of a, B, y.... 5, 
and suppose that we have the equations w = 0, y() = 0, 
xo = 0, where x as above 

al hes <. +2 £ + + 2 

— . da y dp dy eeee ds . 
I say that on eliminating any of the variables z,y,z.... ¢ 
between the second and third of the above equations, the 
resulting equation will be of one order less than the number 
of letters, 7.e. the expulsion of one letter will be attended 
by the expulsion of two orders. 

For we have, by theorem (3), 


xo = U(w) +2 0=0, 


2 
xo = U,.w + 2% Vw +2(2)m=05 


and by hypothesis w= 0. 
Hence we have also U (w) = 0, 
U, (w) = 0; 


and since U(w), U,(@) contain one order less than the 
number of letters in (w), the resultant of the elimination 
between them will contain two orders less than the number 
of letters in (w); and consequently, whichever of the letters 
Z,Y,2....¢ we eliminate between y (w) = 0 and y’o = 0, 
provided that » = 0, the resultant equation will contain one 
order less than the number of letters remaining. 

Thus we see how it is that the tangent line to a conic 
meets it, in two coincident points, the tangent plane to a 
conoid in two intersecting lines, and so forth, for the higher 
regions of space.* For instance, if we take (2, y, z, t) = 0, 
the equation to a conoid, and a, 3, y, 6, the coordinates to 
any point therein, we shall have @ (a, (3, y, 8) = 0, 


x © seed, @, i.e. yo = 0 
a "3° s,*"a)""* er” 
and w (2, y, 2, tice. y’w = 0; 


z, y, 2, t representing the coordinates of any point in the 
intersection of the conoid by the tangent plane. 





* Thus a tangential section of a hyperlocus of the second degree at any 
point cuts it in two cones. 





de 


is ; 
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Consequently, by what has been shewn above, on elimi- 
nating any one of the four letters z, y, z, ¢, the resultant 
function of three letters will contain only two orders, and 
will thus represent a pair of lines, real or imaginary, inter- 
secting one another at a, 3, y, o. 

The fact which has just been demonstrated (that the re- 
sultant of yw = 0, y*w = 0, loses an order if w = 0,) indicates 
that on expressing one of the quantities z,y,z....¢ in 
terms of the others, by means of the first equation, and then 
substituting this value in the second, the determinant of the 
equation so obtained must be zero. 

Now by virtue of a theorem which was given by me in a 
note to my paper in the preceding No. of this Journal, this 
determinant will be equal to the squared reciprocal of the 
coefficient in the equation y(@) = 0 of the letter eliminated 
multiplied by the determinant in respect to z, y, z...t, of 


x’ (w) + yo .r. 
This latter determinant is therefore zero: but this deter- 
minant is the resultant of the equations 


Tt ety gee) or Z(2 Fry Gt~-)ono) 

dz\' da * db dz\" da ° db . 

d d d , d d d 

a(* gat ¥ gt &) 0+ T(2 dtu gt )eno 
&e. &e. &e. &c. 





;' a | 
xo = 0, ie.(2 ty gt ++-)o=0,] 


Thus we obtain the singular law, that the symmetrical 
determinant 


dd dd dd d 


da*da ” dad "da di” da 
Te Ee a ee ae 


dc 
d d d 


—, — —.@, 


, ‘ Se Re ei = 


@, 


d . . = é 
dl . 4 . . eee . . dl° 


is zero when @ is zero. 
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This is easily shewn independently by means of a remark- 
able and I believe novel theorem, relative to homogeneous 
functions. 

If w be any homogeneous function of « dimensions of a, b,c 
...d, we have (by Euler’s theorem already repeatedly applied), 

dw dw dw 


— are all homogeneous, 


da’ db °° ai 


d d d 
-w(a rd Fr. tI) ono, 


remembering that 


hy tes af a ¥ la +1 — 
da _aelUmee O”.lUllC lee 
a+ dad d 


Oates tha. 


&e. &e. &e. 
dw d d d 
~~ Be (U Ett eG. 
Between these equations we may eliminate all the letters, 
a,b,c .... 1, and we obtain the equation 
$4, £4, 8 €. 8. 
da'da * da db ’’*** da ae 
d d 
a ee ee is 
d d 


—. —_—. = ses =o, 


de .* eeee . z 


dd qd dd d 

dl © dl 
t 
t-1 

As a corollary to this theorem, we see that if w = 0, the 

determinant obtained in the previous investigation becomes 

zero, agreeing with what has been already shewn; in fact 

the last-named determinant is always equal to 

dd dd 


Fe Ae ORE ee 


-G-) a 


@,. 


@, 


Q, 





®, 


ida”? ad a ai 
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This remarkable theorew, which I have communicated to 
friends nearly a twelvemonth back, is here, I believe, pub- 
lished for the first time.* 

Suppose next that (x,y,z) is the characteristic of a 
line of any degree, to which a tangent is drawn at the point 
a, 3, y, using U in a manner correspondent to its previous 
signification to denote 


(2dr 8) 


and understanding by @, (a, 3, y), we have for deter- 

mining the point of intersection, @ = 0, y(w) = 0, x"(@) = 03 

and consequently, by aid of our theorem (3), we shall obtain 
w= 0, 


U(@) = 0, 


-1 -1 
U..w+n.U.. (asa .. jetta Meat U,.w=0. 
n n-l 2 n-2 2 2 


By means of the two latter equations, we obtain 
2 
(2-2) .#(2-%)=0, 
Y Y 


(-8).0(7-8)-» 


where F and G are each of only (x -2) dimensions, and 
serve to determine the intersections of the tangent with 
the curve, extraneous to the two coincident ones at the point 
of contact. 

Again, suppose that w is a function of any degree of any 
number of letters a, (3, y, &c., and that we have given w = 0, 
xv = 0, yw = 0,.... x" = 0; it is evident from our funda- 
mental theorem that these equations may be replaced by 


w= 0, U, (w) = 0, U, (w) = 0, 006 U,, (w) = 0; 





* Thus let z be a homogencous function in 2 and y of « dimensions, and let 
de dz d*e d*z dz 
dz ’ dy ’ dz? ’ dady’ dy? ’ 
be called p, g, r, s, ¢, we shall find 


Yr, 8 Ds 
8 t, 4 

t 
Pd aa w, 


1 
t—1  rq’—2pgs + tp" 


ic, w= . 
‘ rt —s* 
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and consequently that the expulsion of (m - 1) letters, by aid 
of the last (m) of the given equations, will be attended by the 
disappearance of m orders, or, in other words, the resultant 
will be minus an order, I mean, will have one order less 
than the number of letters remaining in it. 

In applying to space conceptions the preceding theorem, 
it will be convenient to use a general nomenclature for geo- 
metrical species of various dimensions. 

Thus we may call a line a monotheme, a surface a ditheme, 
the species beyond a tritheme, and so on, ad infinitum. 

A system of points according to the same system of nomen- 
clature would be called a kenotheme. 

An n-theme has for its characteristic a homogeneous 
function of (n + 2) letters. 

Again, it will be convenient to give a general name to all 
themes expressed by equations of the first degree. Right 
lines and planes agree in conveying an idea of levelness and 
uniformity ; they may both be said to be homalous. I shall 
therefore employ the word homaloid to signify in general 
any theme of the first degree. 

Now let w (z, y, z.... ¢) be the characteristic to an 
n-theme of the nth degree. 

The number of letters z, y, z .... ¢ is (m + 2). 

As usual, let @ represent @ (a, 3, y .... 8), and suppose 

w= 0, x(@)=0, x,(@)=0.... x,(@) = 90, 
and consequently 
U,(@)=0, U,(w)=0.... U,(w) = 9. 

On eliminating (m — 1) letters between the m last equations, 
the resulting function will be of three letters but of only two 
orders, and of the 1.2.3 ....m degree. Hence we see that 
at every point of an m-theme of the mth degree, and lying 
in the tangent homaloid thereto, 1.2.3.... right lines 
may be drawn coinciding throughout with the n-theme. 

Thus one right line can be drawn on each point of a line 
of the first order lying on the line ; two right lines at each 
point of a surface of the second order lying on the surface, 
six right lines at each point of a hyperlocus of the third 
degree, and so forth. 

It is obvious that a surface may be treated as the homa- 
loidal section of a tritheme, just as a plane curve may be 
regarded as a section of a surface. 1 shall proceed to shew 
upon this view, how we may obtain a theorem given by 
Mr. Salmon for surfaces of the third degree of a particular 
character from the law just laid down, according to which 
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a tritheme of the third degree admits of six right lines being 
drawn upon it at every point.* 

Let w (2, y, 2, t, u) be the characteristic of any tritheme of 
the third degree ; a, 3, y, 6, «, coordinates to any point in 
the same. ‘Then w (a, (3, y, 5, «) = 0, and the equation to the 
tangent homaloid will be x (a, (3, y, 5, «) = 0, and the equa- 
tion to the polar of the second degree to the given tritheme 
in relation to the assumed point as “origin, (¢.e. the infinite 
system of homaloids that may be drawn from the point to 
touch the tritheme) will be y’w (a, 8, y, 8, «) = 0. 

But the section of any polar through its origin is the polar 
of the section to the same origin; hence the polar to the 
intersection of w (2, y, 2, t, uw) = 0, with x@ (a, 3, y, 8, «) = 0, 
is the intersection of x (w) = 0 with y*(w) = 0. 

The projections of these intersections upon the space 
z, y, 2, t, will be found by eliminating wu, and getting the 
correspondent two equations between z, y, z,t. Hence we 
see that the projection of the latter intersection upon any 
space 2, y, 2, ¢ is a cone; or, in other words, this intersection 
itself, ¢.e. the polar to the intersection of the tritheme with 
its tangent homaloid, is a cone; that is to say, the surface 
of the third degree formed by cutting a tritheme of the third 
degree by any tangent homaloid has a conical point at the 
point of contact; so that every surface of the third degree 
with a conical point may be considered as the intersection 
of a tritheme of the third degree with any tangent homaloid 
thereto. 

Hence then we see, as an instantaneous deduction from 
our general theorem, that at any conical point (when one 
exists) of a surface of the third degree siz right lines may 
be drawn lying completely upon it. This theorem is thus 
brought into an immediate and natural connexion with the 
well-known one, that at every point in a surface of the second 





* The reduction of any equation of the sixth degree to depend upon one 
of the fifth may be shewn by Mr. Jerrard’s method to be equivalent to 
drawing a straight line upon a tritheme of the third degree, just as the 
reduction of the equation of the fifth degree to a trinomial form may be 
shewn to be dependent upon our being able to draw a straight line upon 
a ditheme of the second degree. Now at every point of a tritheme straight 
lines may be drawn, but as they keep together in groups of sixes they 
cannot be found in general at a given point without solving an equation of 
the sixth degree. 

¢ So in like manner a surface of the third degree with more than one 
conical point ag be generated by the intersection of the tritheme with 
a pluri-tangent plane; and so too we may get other varieties by taking 
homaloidal sections of trithemes whose characteristics are minus one or 
more orders. 
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degree, two right lines can be drawn lying wholly upon the 
surface.* 

The last geometrical application of the theorem (3) which I 
shall make, refers to the equations employed by Mr. Salmon 
in No. xx1. (new series) of this Journal, to obtain the locus of 
the points on any surface at which tangent lines can be drawn 
passing through four consecutive points. I may remark 
in passing that these equations may be obtained by rather 
simpler considerations than Mr. Salmon has employed so 
to do, and without any reference to Joachimsthal’s theorem ; 
for if we take &, , , 0, as the coordinates of any point in 
one of the tangent lines above described, and if we take the 
first polar to the surface with this point as origin, three out 
of the four original points will be found in such polar con- 
secutive but distinct ; and consequently in the second polar, 
referred to the same origin, two will continue consecutive 
but distinct, and consequently one will remain over in the 
third polar. 

Hence writing the equation to the surface w(z, y, z, t)=0, 


and using D to denote & a ” ! +0—+0 S owe shall 
evidently have dz ‘dy °dz dt 


w=0, 


near: 


as obtained by Mr. Salmon. And the same kind of reasoning 
precisely applies to the theory of points of inflexion in curves ; 
three consecutive points in right line order in this case cor- 
responding to four such in the case above considered. 


If now we make §-50=u, 


1-2 O=0, 
-50 =u, 


the equations (2), (3), (4), by our theorem may be expressed 





* If we have an indeterminate system of algebraical equations consisting 
of one quadratic and another n° function of three variables, this may be 
a resolved by considering the first as an equation to a surface 
of the second degree, finding at any point thereof the two lines which 
lie upon the surface, and determining their respective intersections with 
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in terms of u, v, w, which being eliminated we obtain an 
equation between 2, y, 2, t, which will express the surface 
whose intersection with the given surface w= 0 serves to 
determine the locus of the points in question. 

Hence if we proceed in the ordinary manner to eliminate 
two of the four letters, as & and , between the equations 
(2), (8), (4), the resultant will be of the form Mx $(&, 0), 
where M does not contain £, , ¢ or 6, and where by the 
general laws of elimination $(¢ 6) will be an integral function 
of the sixth degree in respect to ¢, @: and it is manifest that 
M x  (€, @) will be identical with the resultant of (2), (3), (4) 
expressed in terms of uw, v, w, when wu and v are eliminated 
cy-prés of an integralizing factor, shewing that $(&, 0) is 
w* integralized, 7.e. is equal to (¢¢- 20). Consequently as 
Mo is of the order (m — 1) 2.3 + (m — 2) 1.8 + (m - 1) 1.2, 
i.e. 11m — 18 in respect to z, y, z, ¢t, it follows that M= 0, 
the equation to the second surface spoken of above, will be 
of the order 11” - 24, agreeable to Mr. Salmon’s shewing. 

I shall conclude this paper by shewing the application of 
our theorem to the subject propounded by Mr. Jerrard and 
Sir William Hamilton, of systems of equations containing 
a sufficient number of variable letters for effecting the solu- 
tion without elevation of degree. 

If we have (m) homogeneous equations containing a suf- 


ficient number of letters a, a,....a@,, to enable us to express 
the solution of (7 - 1) of them under the form 


a@ =a, + rAB,, 
a, =a, + AP,» 


a,,=a,, + AB,, 

where a, a,....a,, 8, B,....(,, are supposed known, and 
A is indeterminate, it is evident that by substituting these 
values in the nv‘ equation, A may be found by solving an 
equation of the same degree as that equation contains di- 
mensions of @, @,....4,.. 

Let us then propose this question: how many letters 
a, a,,...@, are needed to obtain a linear solution of a system 
of m equations $, = 0, d, = 0...., = 0, of the several degrees 





the surface represented by the second equation. This will require there- 
fore the solution only of a quadratic and an n° equation. In like manner 
an indeterminate system of two equations of four variables, one of the 
third and the other of the mth degree, may be completely resolved (with 
the aid of the theorem in the text) by means of two equations, one of the 
sixth and the other of the nth degree, 
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t, ts 4+ ++ +t, Without elevation of degree ; by a linear solution 
being understood a solution under the form 


a@,=a,+ rB,, 


@,=a,+ rB,, 
where 2 is left indeterminate. 

Let us suppose that a,, a,....a,, substituted respectively 
for @,, @,....@,, satisfy the given system of equations. The 
determination of these values without elevation of degree 
will, from what has been said before, depend upon the linear 
solution of a system of equations differing from the given 
system by the omission of any one of them at pleasure. 


d 
vevpeareiiie’ tins Seaedieg 


r 


and then write 


.....@, derived from this system, 


give a,=a,+A(a),@,=4,+2(a),....@ = +A(a), 
a solution under the required form where 2 is left inde- 
terminate. 

The solution of this new system without elevation of degree 
depends on the linear solution of all but one of them; this 
excepted one may be taken the one whose dimensions 1, 
are the highest or as high as any of the quantities 4, 4... .4,- 

Consequently, if we use the symbol (A, 4,....,) to denote 
the number of letters required for the linear solution (without 
elevation of degree) of 4, equations of the first degree, h, of 
the second, &, of the third...., &, of the 7, it would at first 
sight appear from the preceding reduction that we must have 


(kjky ...k,) = {KK,....K,,K'}; 


r-1 


where Ki =k, +h, +....4+kh +k, 
K, =k, +... tk, + tay 
K,., =k, +k, 


1 r-1 


Kok =1. 
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But now steps in our theorem (3), and shews that the 
system (@) may be superseded by another, in which the 
variables, instead of being a, a@,....@,, will be 


a a a 
1 2 a-l 
-—@, @4-—.@....4,--—~.@; 

n 2 c n-1 n? 
a, a,, n 


consequently the number of really independent variables 
is only (m - 1) ; we must therefore have 
(k, k,....k)=1+ {K, K,....K/}. 

Since the introduction of a new simple equation is equi- 
valent to the requirement of one more disposable letter, we 
may write the above more symmetrically under the form 

(hk, k,....4,) =(K, K,....K,,K,), 
where 'K,=14+k, +h, +....4+k, 
K;' = k,- 1. 

By means of this formula of reduction k, k,....%, may be 
finally brought down to the form (Z), and the value of (L) 
being the number of letters required for the linear solution 
of a system of Z linear equations is evidently Z + 2. 

Thus, to determine the number of letters required for the 
linear solution of a single quadratic, we write 

(0, 1)=(2)= 4. 
For two quadratics, we write 
(0, 2)=(8, 1) =(5)=7;5 
for a quadratic and a cubic, 
(0, 1, 1) = (8, 2) = (6, 1) = (8) = 10; 
for two cubics, 
(0, 0, 2) = (3, 2, 1)=(7, 8) =(11, 2) =(14, 1) 
= (16) = 18. 


These results coincide with those obtained by Sir William 
Hamilton in his Report on Mr. Gerard’s Transformation of 
the Equation of the Fifth Degree in the Transactions of the 
British Association. I have much more to say on the subject 
of the linear solution of a system of indeterminate equations, 
and am, I believe, able to present the subject in a more 
general light than has hitherto been done; but my observa- 
tions on this matter must be deferred until a subsequent 
communication. 


26, Lincoln’s Inn Fields, 
August 26, 1850. 
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ON THE INTERSECTIONS OF TWO CONICS. 
(In completion of a former Paper in the Journal.) 
By J. J. Sytvester, M.A., F.R.S. 





Ler the two conics be written 
U = ax* + by’ + cz’ + 2a'yz + 2b'2x + 2c'zy = 0, 
V = ax’ + By’ + yz" + 2a'yz + 2B'er + 2y'zy = 0, 
and make 
U+ AV = Az’ + By? + C2’ + 2A'yz + WDBex + 2C'zy. 

In my paper in the last number of the Journal, I shewed 
that the case of intersection of the two conics in two points 
was distinguishable from all other cases by the equation 
0(U0+2V)=0 having two imaginary roots. When all 
the roots are real, the curves either intersect in four points 
or not at all. 

On the former supposition, 

-C"°+ AB, -A®+ BC, - B’+CA, 
which are quadratic functions of , will be negative for all 
three values of A. On the contrary supposition, one value 
of X will make all these three quantities negative, but the 
other two values with each make them all three positive. 

Hence we obtain a symmetrical criterion (which I strangely 
omitted to state in my former paper) by forming the quantity 
A” + B’+ C°®°- AB- AC- BC. 

A cubic equation 

Ly’ + My? + Ny+ P=0 
may be then constructed, of which the three values of the 
above function corresponding to three values of A will be 
the roots. 

The condition for real intersection is that L, M, N, P 
should be all of the same sign. The conics being supposed 
real, Z and P are necessarily in both cases of the same sign. 
The intersection is therefore satisfied if either L, M, N, or 
M, N, P be of the same sign, and is consequently equivalent 


to the condition that cal and 4 shall be both positive, 


M ss : 
or > and Pp both positive. It does not appear to be possible 
in the nature of the question to find a criterion for distin- 
guishing between the two cases, dependent on the sign of 
one single function of the coefficients. 





* The solution is thus made completely symmetrical, as was desired, 
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The case of double contact, abstraction being made of 
binary intersection, is a sort of intermediary state between 
intersection in four points and non-intersection ; and accord- 
ingly, as shewn in my former paper for this case, the two 
equal values of X will make the three quantities 

AB-C", BC- A", CA- BB 
all real; so that two of the values of y corresponding to 
the equal values of » are zero, and the criterion becomes 
nugatory as it ought to do. 

Again, when the two conics do not intersect, I distin- 
guished two cases according as they lie each without, or 
one within the other, ¢.e. according as they have four common 
——" or none. 

ut, as Mr. Cayley has well remarked to me, a similar 
distinction exists when the conics intersect in four points; in 
that case also they may have four common tangents or not 
any: when they intersect in two points they have necessarily 
two and only two common tangents. There is no difficulty 
in separating these four cases. 

Let the conics be written 


(U)=F+n'- o, 

(V) ” Ae 2 Br - Ce, 
(U) and(V) being what U and V become when the coor- 
dinates are changed from 2, y, z, to &, n, €. 

A, B, Care the three values of \ in the equation 

o(V-rAU)=0. 

If the curves intersect A - C, B- C must have different 
signs, t.e. C must be an intermediary quantity between 
A and B. 

Again, the tangential equations to the conics expressed 
by the correlative system of coordinates will be 

§? ‘fp n, rae ay ow 0, 
A BC 
and that these may have four real systems of roots, 
S 1 1 Ms 1 
A C’C B 
must have the same sign; and consequently, as 4 - C and 
C - B are supposed to have the same sign, A and B, and 


therefore all three A, B, C, have the same sign. We have 
therefore the following rule : 


0; 


c2 
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Let the equation in A, viz. 0(U+2XV)=0 be called 6=0, 
and the equation in y, above given, w= 0. By an equation 
being congruent or incongruent, understand that its roots 
have all the same sign or not all the same sign. 

Then » congruent, @ congruent, implies that the inter- 
sections and common tangents are both real; w congruent, 
@ incongruent, implies that the intersections are real, but the 
common tangents imaginary; w incongruent, @ congruent, 
implies that the intersections and common tangents are both 
imaginary ; w incongruent, 9 congruent, implies that the inter- 
sections are imaginary, but the common tangents real. 

In like manner, as the cases of contact of lines are limiting 
cases to those which relate to the relative configurations of 
their points of intersection, so the cases of contact of surfaces 
are limiting cases in which the characters which usually 
separate the different forms of their curve of intersection 
exist blended and indistinguishable. The first step therefore 
to the study of the particular species of the curve of the fourth 
degree,* in which two surfaces of the second degree intersect, 
is to obtain the analytical and geometrical characters of their 
various species of contact. Accordingly I have made an 
enumeration of these different species, no less than 12 in 
number, many of them highly curious and I believe un- 
suspected, which the reader may consult in the Philosophical 
Magazine for February, 1851. 

By the aid of these landmarks, I have little doubt, should 
time and leisure permit, of mapping out a natural arrange- 
ment of the principal distinctions of form between that class 
at least of lines in space of the fourth order which admit of 
being considered the complete intersection of two surfaces. 


26, Lincoln’s Inn Fields, 
7th Dec. 1850. 





* I have found that the 16 points of spherical flexure in this curve are 
the four sets of four points in which it meets the four faces of the pyramid 
whose summits are the vertices of the four cones of the second degree in 
which the curve is completely contained, which 16 points reduce to 4 when 
the two surfaces have an ordinary contact, and to 1 when they have a 
cuspidal contact: of course in the case of contact the pyramid above 
described in a manner folds up and vanishes, as there are no longer 4 distinct 
vertices. I have found also that when the factors of 0(U + AV), (U and V 
being the characteristics of the two surfaces) are all unreal, the points of 
flexure are all unreal. When two factors are real and two imaginary, two 
of the faces of the pyramid (viz. its two real faces) will each contain one 
(and only one) pair of real points of flexure, and the other two planes none ; 
and lastly, when the factors of 0(U + AV) are all real, then either all the 
points of flexure are imaginary, or else all the eight contained in a certain 
two of the pyramidal faces are real: and these two cases admit of being 
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ON CERTAIN “LOCI” CONNECTED WITH THE GEODESIC LINES 
OF SURFACES OF THE SECOND ORDER. 


By Joun Y. RvurtriepcGe. 


THE present article, in addition to several theorems be- 
lieved to be new, contains the demonstration of a very 
general theorem, which I indicated in a former number of 
the Journal (vol. v. p. 87). In the paper referred to, a 
particular case of the theorem under consideration was dis- 
cussed, and the results proved to be neither uninteresting 
nor unimportant. Whatever, therefore, be the intrinsic 
interest and importance which the subject may be thought 
to possess, they will, I hope, be considerably increased by 
the results obtained in the following investigation. 

When at the point of intersection (2%, y, z) of three con- 
focal surfaces, whose semi-major axes are (p, pu, v), the three 
normals are drawn, and from this point a right line is drawn 
common tangent to any two confocal surfaces, whose semi- 
major axes are (a, a’), then the values of the cosines of the 
angles (« 4, 4,), made by the common tangent chord with 
the normals, are (vol. v. p. 80), 


E.V(p* - a’). V(p' - a”) 


COs, 2 
p-V(p* — b°). v(p* - ¢*) 


a nV he a’) : Vu? = a”) 
‘  pev(ui - 8). vu - c)’ 
6.V(v* - a’). V(v* - a) | 
v.V(v - 8). viv =e)’ 
where &, », ¢ are the coordinates of the common centre of 
the system of confocal surfaces referred to the three normals 


as axes of coordinates. Attending to the known values of 
E, n, &, it is easy to see that the following equation is true: 





COs b 


COs t,, = 


p’ cose + w” cos*s, + Vv cos*s,, 


apt mt — a —a7....cccee ee (1). 





distinguished by a method analogous in its general features to that whereby 
I have shewn in the text above how to distinguish between the cases of 
4 real and 4 imaginary points of intersection of two conics. Where the 
two surfaces have an ordinary contact, the curve of intersection, it is well 
known, has a double point ; and where the surfaces have a higher contact, 
the curve has acusp. Thus in the fact of the 16 flexures reducing to 4 
and to 1 in these respective cases, we see a beautiful analogy to what takes 
place with the 9 flexures of a plane curve of the third degree, which contract 
to 3 and 1, according as the curve has a double point or a cusp, 
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Hence it follows that, a right line having been drawn a 
common tangent chord to any two confocal surfaces (a, a’), 
if through any point in the chord three confocal surfaces 
(p, wu, Vv) be described, the equation of the chord will be 


p’ sin’s + p’ sin’ + v sin*s, =a’ +a",,., (2). 


The preceding expressions are fruitful in results. 

It is a known theorem, and which admits of an easy in- 
dependent proof, that the left-hand member of the equation 
(1) is equal to the square of the semi-major axis ((3 suppose) 
of that particular confocal surface which touches the plane 
drawn through the point (z, y, z) normal to the common 
tangent chord. Hence we obtain 


ptpwiv =a’ +a? + B......6002(8) 


Let the point («, y, z) trace a sphero-conic upon the surface 
of the ellipsoid (p), it is then easy to see that 


uw’ + = constant; 


consequently along a sphero-conic (3 is constant. Hence we 
deduce the following theorem. 

The planes normal, at the successive points of a sphero- 
conic traced upon a central surface of the second order, to the 
chords drawn from the successive points common tangents to 
any two fixed confocal surfaces, touch a given confocal sur- 
Jace of the second order. Or, in other words, the ultimate 
intersections of the planes normal, at the successive points 
of a sphero-conic traced upon a central surface of the second 
order, to the chords drawn from the successive points 
common tangents to any two fixed confocal surfaces, form 
a developable surface which circumscribes a remarkable 
confocal surface of the second order. 

Now suppose that a and a’ become 6 and e, the well- 
known constants employed in the theory of elliptic coordi- 
nates, the common tangent chords will then become the 
bifocal chords, and we shall have 


ptyw+v-P-e=P'=F........(4), 


where R is the right line drawn from the common centre 
of the confocal system to the point of intersection (p, m, v). 
Hence follows the very interesting theorem: The planes 
normal, at the successive points of a sphero-conic, traced upon 
a central surface of the second order, to right lines drawn 
from the successive points through the focal curves, touch a 
confocal surface of the second order, whose semi-major axis ts 
equal to the sphere-radius of the sphero-conic. At the umbilic 
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of the ellipsoid p we have u and v each equal to b; suppose 
that a’ also becomes 8, and we shall obtain 


et a) err erere | 


The tangent chords drawn from the umbilic and touching 
the confocal surface a, form the enveloping right cone of the 
latter surface, and therefore the normal planes at the umbilic 
will form by their ultimate intersections the reciprocal cone 
which wath: the the confocal surface (3). Let a become ce, 
and we shall have the particular theorem, The reciprocal of 
the right cone which passes through the focal ellipse, and 
which has its vertex at an umbilic, circumscribes a confocal 
surface whose semi-major axis is equal to the umbilicar radius 
vector. Again, let a’ become p, and we shall have 


fe Ped 4 Bcc cdvdssncvadd 


The right line will then be a common tangent to the 
ellipsoid p and the confocal surface a, and will be a tangent 
to a geodesic line passing through the point (p, mw, v) upon 
the surface of the ellipsoid. The plane at right angles to 
this common tangent chord, and which touches the confocal 
surface (3), will evidently contain the normal to the ellipsoid 
at the point just mentioned, and will evidently trace upon its 
surface the element of a geodesic line at right angles to the 
former. Hence, by known principles, we readily deduce the 
general theorem: Given, upon a central surface of the second 
order, a geodesic line; from point to point the geodesic lines 
which intersect it at right angles touch each a determinate line 
of curvature. For, by the equation (6), the semi-major axes 
are given of the confocal surfaces of the second order, which 
form, by their intersections with the given central surface, the 
lines of curvature in question. ' 
Now since for a sphero-conic on the surface 


pw + v= constant, 


we readily obtain, as a particular case, the beautiful theorem 
first demonstrated by Mr. M. Roberts (Liouville’s Journal, 
vol. x1. p. 3): Given, upon a central surface of the second 
order, two intersecting groups of geodesic lines, of which each 
group envelops a determinate line of curvature; the locus of 
the points of rectangular intersection is a sphero-conic. Re- 
turning to the general case, let us conceive at the point 
(x, y, 2) a tangent plane drawn to the ellipsoid p, and upon 
this plane the common tangent chord to the confocal surfaces 
a and a’ orthogonally projected. With the normals to the 
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confocal surfaces yw and v let the projected right line form 
the angles (c’, «”), and it is easy to see that 


,  CO8E, » CO8L, 
cost) = ——", cost = 
sin é 





sine” 

From equation (1) we can now without any difficulty derive 

(p* + mw’ sin®s’ + v* sin*e”) sin*s + (mu + v*) cos’s = a* + a”, 

If we now write p’sin’s’ + v sin’e’ =’, 
it is a well-known theorem that y represents the semi-major 
axis of the particular confocal surface of the second order 
touched by the projected right line; since it is evidently 
tangent at the point (z, y, z) or (p, mw, v) to a geodesic line 
upon the surface of the ellipsoid. We consequently have 
the interesting equation 


(p? + y*) sin®s + (u? + v*) cos*s = a? +a”... (7). 


At every point of the ellipsoid the semi-major axes of the 
confocal surfaces, analogous to {3 and y, are connected by the 
equations (3) and (7), from which we can easily deduce 

(p> + 7° - pw’ - ¥) sin*s = p’- B’....... (8). 

The confocal surfaces 3 and y are, in general, variable 
from point to point of the ellipsoid: in two particular cases, 
however, as may be easily inferred from what has been 
already established, one surface becomes fixed while the 
other continues variable ; viz. if we restrict the point (p, p, v) 
to a sphero-conic, (3 becomes fixed while y varies; on the 
other hand, the point being restricted to a geodesic line, 
y becomes fixed, while the surface 6 continues variable. In 
general, from any external point (z, y, z) four right lines can 
be drawn common tangents to any two confocal surfaces a and 
a’: for the sake of perspicuity we will denote the right lines 
in their order by A, X’, X”, X”. In this arrangement the right 
lines X and 2” are opposite to each other, as are also the 
right lines 0’ and ”, while the right lines A, X’ and 2", X” 
are respectively adjacent to each other. Through the four 
right lines taken two by two, six planes can be drawn, which 
two by two intersect in the three normals to the three con- 
focal surfaces (p, 4, v), which intersect in the point (z, y, z). 
For instance we suppose the planes AX” and A‘X” to intersect 
in the normal to the ellipsoid p, the planes \X' and XX” to 
intersect in the normal to the hyperboloid yw, and the planes 
AX” and A‘X” to intersect in the normal to the hyperboloid v. 
The equation (7) determines (y), the semi-major axis of the 
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confocal surface which touches either of the planes AX” or 
vA". If we denote by y' and y" the semi-major axes of the 
confocal surfaces, which touch the planes AX’ or A"X” and 
AX” or XA"—since the reasoning in the case of the ellipsoid 
is in every respect applicable to the two hyperboloids—we 
shall have the‘following equations to determine y’ and y’", 


(u? +") sin*s, + (p* + v*) cos*s, = a” + ye ©) 
(v’ + y'”) sin’s, + (p* + mu") cos*s, = a? + a” ra 
From these equations, combined with the equation (7), we 
q q 


can deduce an expression connecting the semi-major axes of 
the confocal surfaces y, y’, y”, viz. 


y’ sin’s + y” sin?s + y” sin’, = a? +a”... .(10); 


the analytical statement of a remarkable theorem, as may 
be easily inferred from its similarity to the equation (2), 
which has been demonstrated at the commencement of the 
present article. Hence we may also obtain 


(p* — y°) sints + (uw? — y”) sin’s, + (7 - y’””) sin*s, = 0...(11). 


Through the point (z, y, z), four planes can be drawn 
normal each to one of the four right lines A, X’, X”, X’”, and 
which touch one and the same confocal surface, whose semi- 
major axis ({3 suppose) is always given by the equation 

pte +vaata”™+ 3% 
This is obvious from the consideration of the reasoning by 
which the equation was originally obtained. 

We now perceive that there are in general nine confocal 
surfaces of the second order, related in a very striking man- 
ner, and whose semi-major axes are connected by the equations 
(2), (3), (7), (9) and (11). From the preceding expressions 
many interesting and important particular theorems may be 
obtained, but which it is needless to enumerate at present. 
In the equation (7) substituting for cos and sin, their 
values ; also for uv’ + v’ its value obtained from the relation 


ptw+v=RP4 04 R, 
where R is the radius-vector drawn from the common centre 
of the confocal system to the point of intersection of the three 
confocal surfaces p, w,andv. Then after some reductions we 
shall obtain the following equation, 

J 32 “Y R 2 = 3 2 a 2 
& .(p +s +a ©) (12). 
(A* - £) 


p'- y= p?-a"+ p'-a?- 
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Indicating by (.4’*) the expression 
p’. (p? - 8°) (p? - c*) 
@aaiee) 
Hence, attending to the equation (3), we obtain a relation 
between the semi-major axes of the confocal surfaces 8 and y, 


(A’ - &) * 

This is the general equation, of which a particular case 
has been already published, vol. v. p. 87. Similarly, if we 
write 

pA PG- 8) oa _ VP-P - 2) 
(uw? - a*) (uw — a”) ” (v-a’)(v-—a*) ’ 
we can obtain equations connecting the semi-major axes of 
the confocal surfaces 3, y' and y”, viz. 


2 2 2 
= B ) (14), 
(B - 7’) 
nd voy =¥-aiv- oe, 15). 
a Y + (C?- F) (15) 
At the point of intersection of the confocal surfaces y, y’, 
and y", let a plane be erected normal to a chord drawn 
from that point common tangent to the two confocal surfaces 
whose semi-major axes are a and a. Then if (’ denote 
the semi-major axis of the particular confocal surface which 
touches the plane just mentioned, from the equations (13), 
(14), and (15) we can find the interesting relation 
B(p* - B) , (wt - BY), OO - B') 
(4-F) (B-W7) (C-%) 
i cilienia ie. | Me MLCT RE CEE 
In all that follows we shall, for the sake of brevity, restrict 
our investigations to the case of the ellipsoid (p), since the 
results thus obtained manifestly hold, with but slight modi- 
fication, for the hyperboloids ~ and v. Through any point 
(x, y, z) of the ellipsoid, an infinity of geodesic lines may 
be supposed to pass, since in the normal drawn to the ellip- 
soid at this point an infinite number of osculating planes may 
be conceived to intersect. Now if from the point (z, y, z) four 
common tangent chords be drawn to the confocal surfaces, 
whose semi-major axes are a and a’, they will determine two 
osculating planes which intersect the surface of the ellipsoid 
in the elements of two geodesic lines whose tangents touch 


Viz. 5 ?— 3? 
p-Popodep- 0 EG B’) »» .(18). 








pha t= (ui - a + pa”) 
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the same confocal surface. Let y represent the semi-major 
axis of this latter surface, and it can be completely deter- 
mined by the equation (12). Since, however, 
; 2 2 2 
Reoviy +2, Boat Gat Goa 

we can determine y in terms of the coordinates z, y, and z; 
hence we may obtain some important results. Suppose 
then that we are given any two determinate confocal surfaces 
a and a’, and we select any point (z, y, z) upon a given 
confocal ellipsoid p. Through this point, in general, two 
geodesic lines pass, whose osculating planes contain each a 
pair of chords drawn from this point common tangents to the 
confocal surfaces a and a’. ‘The tangents to the geodesic 
lines at the point (z, y, z) touch the same confocal surface, 
whose intersection with the given ellipsoid (p) forms the line 
of curvature which the geodesic lines themselves touch. If 
y be the semi-major axis of this surface, by the equation 
(12) it can be determined in terms of the coordinates (z, y, 2). 
If we next conceive a and a’ to vary, it is manifest that we 
can determine all the geodesic lines which intersect in any 
point (2, y, 2) or (p, w, v); while at the same time it is 
evident that a and a’ vary from the focal curves to the hyper- 
boloids ~ and v, which determine upon the surface of the 
ellipsoid the lines of curvature intersecting in the point in 
question. Many curious questions here remain to be dis- 
cussed, which arise as we pass from osculating plane to 
osculating plane, according as we suppose that one alone of 
the surfaces a and a’ varies, or we introduce the consideration 
of a simultaneous variation of both. From point to point 
of the ellipsoid (p), we in general obtain a different y, since 
the equation (12) determines, not the y of any geodesic line 
passing through the point, but only the y of that particular 
geodesic line whose osculating plane at that point contains 
a pair of chords common tangents to the confocal surfaces 
a and a’. If, however, we conceive y constant, we can 
readily determine upon all the geodesic lines which touch 
the same line of curvature, formed by the intersection of 
the confocal surfaces y and p, a locus at every point of which 
the osculating planes to the respective geodesic lines contain 
pairs of common tangent chords to the fixed confocal surfaces 
aand a’. The equation of this locus will evidently be found 
by substituting in terms of z, y, and z the values of R and & 
in the equation (12), and finding the intersection of the 
surface of the second order so determined with the given 
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ellipsoid p. Let 
M = A? (77 + p° - ae -a%, 
Nay + p?- B+ p'?-c’, 
and we shall have for the equation of the preceding locus, 


2 2. nr 2 | ae 
# (+e y+ yf _ | 








(p’ - by 

mh’ p - ce * N’? 
, =0.... ; 
\- ey" Fe } si 

We have consequently demonstrated the following theorem. 
The locus of the points upon the surface of an ellipsoid at 
which the osculating planes touch a fixed confocal surface, 
and contain each a pair of chords common tangents to any 
two given confocal surfaces, is a curve of the second degree. 

The equation of the preceding curve projected upon the 
principal plane (yz), if we write 


F* = p*. {(7 - a) (7° - a”) - (7° - &) (7° - hf, 
G oe Be? (7 =" ve a”) 4 ata” (7 me B Zi c’), 
may be found to be 
py: 2 - eG - oe) - (at - &) (2 - ¢*) 


p p° 


+2 








p - 
+z (p® - B°) (y* - 8) - (a? - B*) (a? - 8’) 
; I-3 
i ie LSE OT (18). 


Along the curve locus, determined by (17), let tangent 
planes be drawn to the ellipsoid, and perpendiculars upon 
them let fall from the centre; the perpendiculars will de- 
scribe a cone of the second degree. Let us write 


P* = p(y’ - a) (y* - «”) — p* (o - &) (7° - &*), 
Q* = a’a” (p* - b*) (p* - c°) - p* (p" - 7) (a’a? - Be’); 
and the equation of the preceding cone may be found to be 
(2? +y°+2°)(P? + Q) 
= (p? — a’) (p’ - a”). {b%c'a* + y° (D’y’ + c*z*)}...(19). 
We have now obtained the most general solution possible 
of the theorem under consideration, the further investigation 


of which we must for the present omit. Before we conclude, 
however, it is as well to enumerate the interesting particular 
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cases which arise from the bifocal chords of the ellipsoid. If 
the equation of the ellipsoid be 


x y° 2 


ese aoe 





= 1, 


and a or a’ become 3 or c, the corresponding confocal surface 
will become, in the first case, the focal hyperbola 


x z 


oP aa 1 eeeeene (vies 
in the second, the focal ellipse 
2 2 
5 a op MVE eyelets ste mae ale eke (a’). 


Similarly let a or a’ become zero, and the corresponding 
confocal surface will have then degenerated into its imagi- 
nary focal curve, whose equation is 

2 2 


2 " 
/ + e eS cnarerdeewe eu (a ). 
Let us first suppose that a = 6 and a’ = ¢, the equation (17) 
will will then become 
Ng 2 22 
2 2 y 2 me + 72 : = 2 ze 0 
(oy - 8) (p= BY (y* - €) (p* - &’) 
which is evidently identical with the equation of the pro- 
jected curve (18), indicating, while y varies between 6 and c, 
the eqnation of two right lines in the principal plane (yz). 
Hence it is easy to perceive that, in the present instance, 
the locus (17) becomes two plane curves formed by the inter- 
section with the ellipsoid of two planes which pass through 
the right lines (20) and intersect in the major axis of the 
surface. We consequently obtain the following theorem. 
The locus of the points upon the surface of an ellipsoid, at 
which the osculating planes contain pairs of bifocal chords 
and touch one and the same confocal surface, is a plane curve. 
Let y be the semi-major axis of the confocal surface touched 
by the osculating planes, and writing 
2 2 2\2 
ee (p* - ¢*) 
tan*o = 2 (poy? 
we shall find from equation (20) 
1 cos’ sin’o 


— 2 


yy & @ 
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If, therefore, in the plane (yz) we construct an ellipse, 
conjugate of the imaginary focal curve a” in the same prin- 
cipal plane, y may be obtained by the following construction. 

Let (oyz) represent the elliptic section in the plane (yz) 


and (0bc) the constructed ellipse, conjugate of the imaginary | 


focal curve in the same plane. Let us conceive 6 to be the 
point in which the plane of the preceding locus intersects 
the principal ellipse, and at this point let a tangent (8«) be 
drawn making with the axis of y the angle o (suppose); 
then if a radius-vector (or) be drawn making with the axis 
b an angle equal to ¢, the required semi-major axis y will 





(> 
a 
| 
| 


be given by (or). It is manifest that y varies between the 
limits 6 and c, and consequently the required confocal surface, 


whose equation is 


2 y 2° 


y y’ —- ’ y “a ce = 3 

is always a hyperboloid of one sheet. This surface becomes 
identical with the focal hyperbola when y is equal to 0; 
when y is equal to c, the surface becomes identical with the 
focal ellipse. All this is obviously as it ought to be, since, 
as may be easily seen, from every point of either focal curve 
may be drawn two bifocal chords, contained, as the case may 
be, by the principal plane corresponding to either the focal 
hyperbola or focal ellipse. 

Let us next conceive that a = 6 and @ = 0, and without 
much difficulty we shall find that the equation (17) becomes 





Z(t -V)+ re -B)=0 er (21); 


which, if y be less than 4, indicates two planes intersecting 
in the least axis of the ellipsoid. 
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se, If we now write 2 ‘ 
omy tan’o = y om ae > 
ion. #@ -%) 
(yz) § we shall find for the determination of y, 
lary cos’o 1 sin’o 
- rob 
) be This is the polar equation of a curve of the fourth degree 
se); Whose radius-vector y makes with the axis of y an angle 


axis § equaltoc. The curve evidently intersects the axis of y in 

will the origin of coordinates, and in two points whose distances 
from the origin are each equal to the semi-major axis of the 
focal hyperbola. It follows, therefore, that y varies, in the 
present instance, between the limits zero and 6; and that 
the confocal surface, of which y is the semi-major axis, con- 
sequently is a hyperboloid of two sheets. The preceding 
curve of the fourth degree having been constructed in the 
principal plane (zy), it is easy to see that y may be obtained 
by a geometrical construction similar to that indicated in the 
case already discussed, where a was supposed equal to d and 
a’ equal toc. ‘The equation (18), which in the general case 
represents the projection on the principal plane (yz) of the 
locus curve (17), becomes in the particular case under con- 
sideration, 

1 the 2 y? B vp foe c*) 5 o(p? Bs 8°) 

face, p -_, + Pp _- 6 . Ce ° (7 ie b) (p° ee B) 


the equation of an ellipse, one of whose principal axes is 
equal to the least axis of the ellipsoid. The remaining case 
of the bifocal chords will be obtained by conceiving a equal c 
omes and a’ equal zero, which will give for the determination of y 
to 6; = acurve of the fourth degree in the principal plane (zz). If 
h the § we suppose o to be the angle which any radius-vector makes 
since, with the axis of z, we shall have as the polar equation of the 








curve curve cos’ao0 1° sin’o 

, may ae 
c 

focal Y 


It is easy to see that this curve intersects the axis of z in 
rout the origin of coordinates, and in two points whose distances 
| from the origin are each equal to the semi-major axis of the 


mes : : 
focal ellipse. When o becomes equal to the arc whose sign 
(21)5 8 ig 4 a we perceive that y becomes infinite, while at the same 
c 


scting § time it is manifest that y can have no value equal to 4. The 
properties of this curve we may possibly consider with greater 
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accuracy on some future occasion. Its equation in rectangular 
coordinates may readily be proved to be 


2/2 1 | 
e{E+(5-)#- b+ (5-5) % 


When y varies between the limits zero and 4, the confocal 
surface, of which y is the semi-major axis, is a hyperboloid 
of two sheets; when it varies between the limits d and ec, the 
confocal surface will be a hyperboloid of one sheet ; and when 
y becomes greater than ¢, the confocal surface will of course 
be an ellipsoid. The projection of the locus curve upon the 
principal plane (yz) is in the present instance 

y? 2 e 7 (p'- B)- B(pr-c)_, 


p-8 p-o B® (y’ - c*) (p’ - ¢*) oe 
the equation of a curve of the second degree, one of whose 
principal axes is equal to the mean axis of the ellipsoid. 
In all other respects conclusions may obviously be obtained 
analogous to those found in the instance last discussed, viz. 
where a was supposed equal to J, and a’ equal zero. It is, 
therefore, needless at present to consider the subject farther 
in detail. 
July 24th, 1850. 








TWO ARITHMETICAL THEOREMS. 
By Henry Witsranay, M.A., Fellow of Trinity College, Cambridge. 


Ir is well known that if the sum of the digits of any 
number be divisible by 9, the number itself will be also 
divisible by 9 ; and that if the sum of the digits in the even 
places be subtracted from the sum of those in the odd places, 
then if this difference be divisible by 11 the number itself 
will be also divisible by 11: but it has, I believe, escaped 
general observation that these two theorems respectively 
are only the most simple applications of two more general 
theorems. The first of these more general theorems is as 
follows :— 

Let m be any number not divisible by 2 or 5, and suppose 


1 when reduced to a circulating decimal to have a recurring 


m 
period of p digits; and let N be any other number, in which 
the number of digits is greater than p: if N be marked off 
into periods of p digits each (beginning at the units), and 
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these several periods, each considered as a number consisting 
of p digits, be added together, and the sum be ; then, if x 
be divisible by m, WN also will be divisible thereby ; and if x 
be not so divisible, the remainder, on dividing » by m, will 
be the same as that found on dividing N by m; or in other 
words, » will be congruous to N with respect to the modulus m. 

The proof of this theorem is very obvious; for it is easily seen 


that, if mis ® circulating decimal which recurs in p digits, 


m is a submultiple of 10° - 1, and that 10” - 1 is the least 
number of the form 10* - 1 which is divisible by m; hence 
10° = km + 1, (k being some whole number). If now the 
several periods into which WN is divided be (beginning at the 
units) @,, d,, A, ..+. 
N = a, + 10°a, + 10a, +.... 

= a,+(km +1) a,+(km+ lf a,+.... 

=@,+@,+a,+....+ Hm 

=n+ Km, 


which proves the truth of the rule. 

It is evident that we may if we please mark off N into 
periods consisting of any multiple of p instead of p digits. 

As an instance let m= 271, and N= 2990105702178 ; 
zt = 00369, and so has a recurring period of five digits, 
therefore p = 5; we must therefore mark off the periods in 
N thus, 299 | 01057 | 02178, and add together 2178, 1057, 
and 299, the sum of which is 3534; therefore nm = 3534. On 
dividing 3534 by 271, we find the remainder to be 11; and 
this we should find to be the remainder also on dividing 
N by 271. 

Cor. If the number of digits in N be a multiple of p, 
and N be a multiple of m, then if any number of digits be 
taken off from the left-hand side of the number JN, and put 
on at the right-hand side of it, every one of the numbers 
so formed will be a multiple of m. If the number of digits 
in N be not a multiple of p, it may be made to be so, without 
altering the value of NV, by adding a sufficient number of 0’s 
at the left-hand side. 

Thus 97643 is a multiple of 37; 3 has a recurring period 
of 8 digits; therefore, if we write 097643 for 97643, the 
number of digits in it will be a multiple of the number in 
the recurring period: we shall find that each of the numbers 
809764, 430976, 643097, 764309 is a multiple of 37. 

For, as 37 is prime to 2 and 5, 9764800 will be divisible 
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by 37, if and only if 97643 is so divisible ; and applying 
to 9764300 the rule in the preceding theorem, we see that 
it is divisible by 37, if and only if 764309 is so divisible. 
Therefore, if one of the numbers 976438, 309764, 430976, 
643097, 764309 is divisible by 37, all of them must be so. 

The other general theorem which I mentioned, and of 
which the common rule respecting the divisibility of a num- 
ber by 11 is a particular case, is as follows :— 

If m be a prime number, and p be an even number, NV 
may be divided into periods of }p digits each; and of these 
periods, if the Ist, 8rd, 5th, &c. be added together, and also 
the 2nd, 4th, 6th, &c., and the latter sum subtracted from 
the former, and the difference be called »; then, as in the 
former theorem, will yield the same remainder as N on 
division by m. If m be negative and not divisible by m, 
the proper remainder is the difference between m and the 
multiple of m next above it numerically. 

For as m is a measure of 10” - 1, being a prime number 
it must be a measure either of 104” — 1 or 10¥ + 1, which are 
the factors of 10?-1. But it cannot be a measure of 
10” - 1, for as we have seen 10” - 1 is the least number of 
the form 10*-1 which is divisible by m; so that m must 
be a measure of 10441. Hence 10”=hkm-1; and if 
the several periods beginning at the units be 0,, b,, b,,.... 


N= b, +10” b, + 10°, +.... 
= b, + (km - 1) b, + (km - 1) b,4.... 
=b,-6,+),-....+ Km | 
=n+ Km, 


which proves the truth of the theorem. 

It is not in this last case absolutely necessary that m should 
be a prime number, but it may be a composite number pro- 
vided that it be prime to 2 and 5, and that (m,, m,,.... being 


. . ° ee 

its prime factors) none of the fractions — —......when 
. . . . 1 2 . . 

reduced to a circulating decimal have its recurring period 


consisting of }y or any submultiple of }p figures. 

As an example let m= 13; therefore p = 6; and let 
N = 4137219. Mark off N into periods of 3 digits each, 
4 | 137 | 219; add together 219 and 4, and therefrom sub- 
tract 137; the result is 86, which on division by 13 gives 
a remainder of 8, which is the same as that given by dividing 
N by 18. 
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It will be observed that every case to which the second 
theorem is applicable may also be treated under the first 
theorem, but not vice versd. Thus if any number be marked 
off into periods of two digits, and these periods be all added 
together, the result, on being divided by 11, will yield the 
same remainder as the original number. 


11, Lincoln’s Inn Fields, 
June 21st, 1850. 





APPLICATION OF COMBINATIONS TO THE EXPLANATION OF 
ARBOGAST’S METHOD. 


By Professor Dz Morean. 


In the No. for November 1846, I gave some remarks 
tending to connect Arbogast’s results with more modern 
notions of operation, and to simplify their deduction. ‘The 
present paper is intended to point out a simple, and I think 
I may say fundamental, mode of arriving at the law of deri- 
vation from elementary combinations. 

An easy rule has been long given for forming the combi- 
nations of m things out of m, when vo repetition is allowed. 
If as easy a rule had been investigated for the case of 
combinations in which repetition 7s allowed, the mode of 


expanding (a + bx + cx? +....)" 


would have followed very simply, and from it the expansion 
of any function of a polynomial. As st has happened, this 
latter rule was discovered imbedded in an application, and 
must be separated and brought back to its proper place. 

Let there be seven letters a, b, c, d, e, f, g, of which it is 
required to write down all the combinations of siz, with and 
without repetition. Let the letters of a combination always 
be written in the order of the alphabet. The first we should 
naturally think of is aaaaaa, the last gggggg : required a mode 
of proceeding from the first to the last, through every possible 
combination, without either repetition or omission of any one 
combination. 

Every combination, as bbdfff, consists of parcels, each 
parcel containing one or more of the same letter. Every 
combination may be brought back to aaaaaa, through others, 
in a manner which never gives any choice of steps, by the 
following simple rule: Change the a letter of the last 
parcel (or its only letter, if there be but one) into the letter 
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next preceding. Thus bbdfff is brought back to aaaaaa by 
the following steps : 
bbdfff bbddde bbeece abbbbb 
bbdeff bbdddd bbbece aabbbb 


bbdeef bbcddd bbbbec aaabbb 
bbdeee bbecdd bbbbbc aaaabb 
bbddee bbeced bbbbbd aaaaab 

aaaaaa 


The reversion of this rule obviously contains two species 
of steps: the progression of the last letter of the last parcel ; 
and the progression of the last letter of the last parcel but 
one, when the two last. parcels have their letters consecutive, 
and then only. If it were required to pass from aaaaaa 
to bbdfff, and no other, it would be necessary to invent 
and follow the simple rule by which choice is to be made 
at each step between the progression of the last, and the 
progression of the last but one. But if, setting off from 
aaaaaa, we make all the steps which the reverse rule allows, 
we shall thus be led to every combination: just as, in a 
table of male descents, there is but one way of proceeding 
from any descendant to the common ancestor; while, if we 
reverse the process, and want to include every male de- 
scendant, we have but to set down every son, beginning 
from the common ancestor. Hence, by this rule of the 
last and last but one, we may write down all the combi- 
nations with the certainty of neither omitting nor repeating 
any. Thus, if it be required to write down all the com- 
binations of three out’of a, b, c, d, we proceed as follows: 


aaa 

aab 

aac abb 

aad abe bbb 


abd acc bbe 
acd bbd bec 


add bed cece 
bdd = eed 
cdd 
ddd 


This rule of the ast and last but one is that which is so 
well known in the formation of Arbogast’s derivatives. Its 
entrance is as follows. In forming (a@+b+c+d+....) 
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it is obvious that we must have the sum of all products 
of every permutation of n letters out of the set a, b, c,...., 
Consequently, a’b‘c’d'.... enters with the coefficient 
[p+q+r+5+....] or fn] 
[pl [a] irfs})..-. ’ 

where [0] means 1, and [p] means 1.1.2.3....p. If the last 
parcel be, say d*, the change of the last term introduces d*'e: 
the denominator of the coefficient was .... [s], and ought to 
become .... [s - 1] [1]; that is, multiplication by s ought to 
accompany the change of d‘ into d*"e. If the two last 
parcels, being consecutive in letters, be c’d', the change 
of the last but one introduces c”'d*": the denominator of the 
coefficient was ... [7] [s], and ought to become [7 - 1] [s + 1]; 
that is, multiplication by r and division by s + 1 ought to 
accompany the change of c’d* into cd‘. And thus the 
rule for the formation of the derivatives of a" is completely 
established. 

The number of descents by which we pass from a” to 
a’bic'd' .... is O.p+ 1.9 +2.r+8.8+....; whence, in 
forming (a + bx + cx’ + dz’ +....)', the term in a’b%c'd'.... 
is part of the coefficient of z*”***-, If each degree of 
descent be made to occupy one line, each line gives the 
coefficient of one power of z. Thus, by the instance chosen 
above, we see that 

(a + bz + cx’ + dz’) = a’ + 8a°br + (8a’e + 3ab’) 2’ 
+ (3a’d + Gabe + 0°) a + (6abd + 3ac* + 3b*c) x 
+ (6acd + 3b'd + 8bc’) 2° + (S8ad’ + 6bed + c*) 2° 
+ (8bd* + 3c*d) x’ + 8ed’z* + d*x’. 

Hence Arbogast’s law of formation of any integer power of 
a polynomial may be made a part of the most elementary 
algebra. 





NOTES ON LAGRANGE’S THEOREM. 
By Artuur Cay.ey. 


I. 


IF in the ordinary form of Lagrange’s theorem we write 
(x + a) for x, it becomes 


z=hf(a+ 2), 
F(a+2)= Fas" F'afa + &c.....+6..(1). 
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It follows that the apis 
F cove (2 
(a+2z)= saat? eer 5 we) + (2) 
must reduce itself to an identity aia the two sides are 
expanded in powers of x; or writing for shortness F, f 


instead of Fa, fa, and 6 for ma? we must have 


me, Mem ; 
[ry’ oF oii p® (OF. f?). e aot Bet} (BD 


(where p extends from 0 to r). Or what comes to the same, 


1 1 “fp Spf -p Se 
oye? - 6 bP EP i“ mg } 


where s extends from 0 to (r -p). The terms on the two 
sides which involve &’F are immediately seen to be equal; 
the coefficients of the remaining terms 6’F on the second side 
must vanish, or we must have 


: “St P r-pf-p)\\ 
AF [pra tr opre OF) OF y} eer 


(s being less than vr). Or in a somewhat more convenient 
form, writing p, g and k for p - 8,r - p andr - s, 


1 eine 2 
oer rh ) (Of \ 0.... (6), 


where s is constant and p and q vary subject to p + q = 4, 
k being a given constant different from zero (in the - 











where & = 0, the series reduces itself to the single term *). 
The direct proof of this theorem will be given presently. 
II. 


The following symbolical form of Lagrange’s theorem was 
given by me in the Mathematical Journal, vol. 11. p. 283. 


If RE Oe cas udisiecacanes . (7), 
d x 
then Fz = (35) * Fae. 
da 
Suppose fz = o(b + kz), or z= a + hp(b + kya), then 


d\n 
Fe = (%) &" Page wave, 
a 
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d\% 
p (b+kYya) ak PdekYo 
But é (=) é 


, 


(In fact the two general terms 
ad 
{¢ (6 + hpa)}” and (5) eM" (9b)", 


ad 
of which the former reduces itself to ea (~b)", are equal 
on account of the equivalence of the symbols 


d ad 
oY" and (5) ee), 


db 
Hence wm athe (b + kibz) ..cccccccecees (8), 
Fr = sys d VG pig nts 
da db ' 


And the coefficient of h”k" is 
1 d -s ' n d 4 n 
aPtap (da) -Pacdar-( 3) (a0 


A similar formula evidently applies to the case of any 


finite number of functions ¢, y, &c.: in the case of an infinite 
number we have 


Fla+ho(b+hy(c+ly(d+.... 


d 


d\52(d\i (da a oon 
= , thie +1Xd + vee 
(3) (3) (3) seve ee 


Or the coefficient of hk"? .... is 


1 d\" d\" n(@ 4 
tm bar Ea (aa) (gp) oO" (Z,) or 
the last of the series m,n, p.... being always zero; e.g. in 
the coefficient of hk", account must be had of the factor 


(3) (¥c)" or (Yc). The above form is readily proved in- 


dependently by Taylor’s theorem, without the assistance of 
Lagrange’s. tf in it we write h=k &., a=) = &c, and 
¢=~=&e.=f, we have F(a+hf(a+hf(a+....)= Fe, 
where = a+ fz. Hence, comparing the coefficient of h’ 
with that given by Lagrange’s theorem, 


A a sate ie 1 alias ia 
ape CRS) Shar oP P = PRS". Bf} 
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where m+n + &c. = 8, and as before Fa, fa, & have been 


psig by F, f, 8. By comparing the coefficients of 8"F, 
1 


oe sii = {arta [p]?... (Oxf) (&f".) »- wh. ft 


where n+p+.... =, the last of the series , p.... always 
vanishing. The formula (10) deduced, as above mentioned, 
from Taylor’s theorem and the subsequent formula (11) with 
an independent demonstration of it, not I believe materially 
different from that which will presently be given, are to 
be found in a memoir by M. Collins (in the second volume 
of the Petersburgh Transactions), who appears to have made 
very extensive researches in the theory of developments as 
connected with the combinatorial analysis. 


III. 


To demonstrate the formula (6), consider, in the first place, 
the meee 


ai ae al {OfP") (Of), 


where p+q=k. Since 


1 1 / 1 ). 
Car aP EP a PG 
This is immediately transformed into 
{__ P+$__(grrppes re 
i Sep {Fre Oy arr) 
(prs sth A 0) Sefer) (Set, f-v-+-0-1 
"PP ign CMOS | 
ee oP. fP**8 otf P8041 
i 5 Pte {9(p +1) (p +641). fray (ofr) 
— op (p+ s+ BOF) (&SPrrers)}, 


in which last expression p+q=(p-1). Of this, after 
separating the factor df, the sands Ser term is 


ii age 2 | SP-*f pts) (50 f -v-2-0-1 
pe LS omapagp Der Orymy orem) 
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op (p + 8 + 0) (ef?) agony ; 


i leas 
Cp]? [¢ - a} 
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Equivalent to 
1 1 1 
a ties a+} .S! 
k [a|* f pr [gq]? 
{o(p+a+1)(p+stat 1) (Mfr) (Sf ete) 
— op (p+ s+ 0) (fm) (Sfrr*)}, 


in which last expression p+q=k-a-1. By repeating 
the reduction (7) times, the general term becomes 


1 1 
k.(k-a-1)(k-a-6- 2)... [a]* (BP... 


1 
S To) F_4 > — v a eee " a eee ys x 
(Pp) [ai = {¢ YY" o(ptat B...ty")[pt stat Buty") 
[pt+s+O+a+ PB... +f — 1} (Sefrrns-) Pisters~)), 


where the sums a + (§ ... contain” terms, 7’ being less than y 
or equal to it, and = extends to all combinations of the quan- 
tities a, 8... taken y” andy’ together (so that the summation 
contains 2/ terms). Alsop+g=hk-a-[3...(j terms) —7, and 
the products k (4 -a-1)(k-a-f - 2)... and [a]* [3]°,... 
df. dP*lf... contain each of them 7 terms. Suppose the re- 
duction continued until 4 -a-—...(j terms) -7 = 0, then 
the only values of p, g are p=0, g=0; and the general 


term of ‘ op eprivemupnce 
1 





Sf. Pf oe x 


becomes 1 
F ale SPF £58 x 
k (k-a-1)(k-a-[3-2) ... farioP ° IP fof 


= {(-)" pat B...4y")[s+a+ Buty} [8+0+04+ But y-1)*}, 
If 0 = 0, the general term reduces itself to 
1 1 
' - - - en ee ee eS a+ Br - 
k(k -a-1) (k-a-B- 2) ... [a}*[p)... Of. Off? 
={(-" (s+ a+ B...47"). p(t Buty"). [stat Buty 1}}; 


‘ 1 
whence finally, if ¢ errs, the general term of 


1 pts -p-8 
ry CeP Ley OF CF) 








becomes 
1 


1 
k(k-a-1)(k-a-B-2)... [a] [PP... 
Of NF oe 7D {(-¥" [8444+ Bu. 49 - 1}. 
And it is readily shewn that the sum contained in this 
formula vanishes, which proves the equation in question. 
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IV. 


The demonstration of the equation (11) is much simpler. 
We have 


a cgay) = 3 (EA om pry. ph, 


- 1)" 
ie afte ta (EC opey}, 


where n res from n=1ton=t. Similarly 


eng _ O [¢ at 1]? an & n Str vay 
rp 52 apr Ce) 
= n t-n [¢- 2 - er est 1}* . 4 t-n-p-9 f t-n- ) 
refer — > a (8 P) (St-"-P- P)\ 
perpen = oR g (EE Opnerry) 
&e. 
Or ae successively, and putting ¢t-~-p-—q=r, &c., 
= [é}"" o" e-t oO 'p oe “| 
f= 203 lear ean CF) OMaF}, 
&e. ra a last of these corresponding to a zero value 


of the last of the quantities ”, p, g... is evidently the re- 
quired equation (11). 





_- 


The formula (18) in my paper on Lagrange’s theorem 
(Journal, vol. 111. p. 283) is incorrect. I propose at present, 
after giving the proper form of the formula in question, to 
develope the result of the substitution indicated at the con- 
clusion of the paper. It will be convenient to call to mind 
the general theorem, that when any number of variables 
Z, Y, 2... are connected with as many other variables uw, v, w.. 
by the same number of equations (so that the variables of 
each set may be considered as functions of those of the other 
set) the quotient of the expressions dzdy... and dudv... is 
equal to the quotient of two determinants formed with the 
functions which equated to zero express the relations be- 
tween the two sets of variables; the former with the dif- 
ferential coefficients of these functions with respect to u, v 
the latter with the differential ee" with respect “to 





dady ... 
«, y+ Consequently the notation da ss — may be con- 


sidered as representing the quotient of these determinants. 
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This being premised, if we write 
z-u-hO(z, y...)=0, 


y —-v-ko(a, y..-) = 0. 
The formula in question is 


dzdy... 
FM Freed dud... 
if for shortness the letters 0, g...F denote what the corre- 


sponding functions become when u,v... are substituted for 


1 -, dxdy... : 
2, y--. Let > denote the value which mma considered 


as a function of 2, y..., assumes when these variables are 
changed into w, v..., we have 


v=|1-80, -hd0... 
— kd, 1 - kd, « 


, 





WB, #3 
= 3 "9, Ke, erith pene Fr 


And by changing the function F, we obtain 

F(a, y...) = 8,83, eho FF Vv; 
where, however, it must be remembered that the A, 4..., in so 
far as they enter into the function y, are not affected by the 


symbols h8,, 4d,... In order that we may consider them to 
be so affected, it is necessary in the function V to replace 


h, k, &c. by = e &c. Also, after this is done, observ- 


ing that the symbols hd.0, h8,0... affect a function e+ F, 
the symbols A0,0, 8,0... may be replaced by 6,’, 8,°..-, where 
the @ is not an index but an affix, denoting that the differen- 
tiation is only to be performed with respect to w, v... so far 
as these variables respectively enter into the function 6. 
Transforming the other lines of the determinant in the same 


manner, and taking out from 8,4, 8, *... the factor 3,8,... in 
order to multiply this last factor into the determinant, we 


obtain F(a, yo) = 3h a a Gorton Bg ; 
where o=|6,-0,°, -d°.. | 


- 3%, 8-39 | 


in which expression 6,, 8, ... are to be replaced by 

ou? + 8? + oP ux 8,” + 8! + 8,?... 
The complete expansion is easily arrived at by induction, and 
the form is somewhat singular. In the case of a single 





44 Notes on Lagrange’s Theorem. 


variable uw we have o = djr, in the case of two variables 
o= 678,, + d.5,? + 6,%5,". Or writing down only the affixes, 
in the case of a single variable we have F’; in the case of two 
variables FF, F0, ¢F; and in the case of three variables 
FFP, $FF, xy FF FyF, FOF, FF0, FF, F00, F0¢, Fx, 
oF, x Fo, oF, xxF, oxF, x9F ; where it will be observed 
that @ never occurs in the first place, nor @ in the second 
place, nor @, ¢ (in any order) in the first and second places, 
&c., nor 0, », x (in any order) in the first, second, and third 
places. And the same property holds in the general case for 
each letter and binary, ternary, &c. combination, and for the 
entire system of letters, and the system of affixes contains 
every possible combination of letters not excluded by the 
rule just given. Thus in the case of two letters, forming the 
system of affixes FF, FO, oF, 0F, Fo, 09, 90, the last four are 
excluded, the first three of them by containing @ in the first 
place or in the second place, the last by containing ¢, 8 in 
the first and second places: and there remains only the terms 
FF, F0, ¢F forming the system given above. Substituting 
the expanded value of o in the expression for F(z, y...), the 
equation may either be permitted to remain in the form 
which it thus assumes, or we may, in order to obtain the 
finally reduced form, after expanding the powers of 4h, k..., 
connect the symbols 6,’, 6,%...6,7, &c. with the corresponding 
functions 0, »...F, and then omit the affixes ; thus, in par- 
ticular, in the case of a single variable the general term of 


Fr is he 80 (O3,F 

eo 
(the ordinary form of Lagrange’s theorem). In the case of 
two letters the general term of F(z, y) is 


hehe 

——_ 8,75," { 09958, F+ 9S POF + OS g'S' F }, 
lial tage ot. 

(see the Mécanique Céleste, tom. 1. p. 176). In the case of 

three variables, the general term is 


RT 888 Og! 888,F +.) 
Drier * an 
the sixteen terms within the { } being found by com- 
paring the product 6,6,5, with the system FFF, oFF, &c. 
given above, and then connecting each symbol of differen- 
tiation with the function corresponding to the affix. Thus 
in the first term the 6,,6,,5,, each affect the F, in the second 
term the 6, affects g’, and the 6, and 8, each affect the F, 
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and so on for the remaining terms. The form is of course 
deducible from Laplace’s general theorem, and the actual 
developntent of it is given in Laplace’s Memoir in the Hist. 
de P Acad. 1777. I quote from a memoir by Jacobi which I 
take this opportunity of referring to, ‘“‘ De resolutione equa- 
tionum per series infinitas,” Credle, tom. v1. p- 257, founded 
on a preceding memoir, “ Exercitatio Algebraica circa dis- 
cerptionem singularem fractionum que plures variabiles 
involvunt,” tom. v. p. 344. 


Stone Buildings, 
April 6, 1850. 





ON A DOUBLY INFINITE SERIES. 
By Arruur Cay.ey. 


Tue following completely paradoxical investigation of the 
properties of the function ! (which I have been in possession 
of for some years) may perhaps be found interesting from its 
connexion with the theories of expansion and divergent series. 

Let 2,gr denote the sum of the values of gr for all 
integer values of r from - © to. Then writing 


Oe Oe BE oc acens anes (1) 


(where m is any number whatever), we have immediately 
- = 3, [n- 1)" 2 = 3, [n-1) 2 "=u; 


, du 

1.€. 7 u, or u=Ce*, 

(the constant of integration being of course in general a 
function of n). Hence 


Coe mB, [m= AY a. coe ccc cens (2) 


Or ¢ is expanded in general in a doubly infinite necessarily 
divergent series of fractional powers of x, (which resolves 
itself | however in the case of m a positive or negative integer, 
into the ordinary singly infinite series, the value of C, in this 
case being immediately seen to be I’). 

The equation (2) in its general form is to be considered 
as a definition of the function C,. We deduce from it 


&, [n - 1] @ay"= Ce", 
Sy [n’ - 1)" (az'ypt” = Ce; 
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and also 
=, [n+n'..- 1} {a (e+ 2’. rrr =C,,,, eer. 


Multiplying the first set of series, and comparing with this 
ast, 
©. one tuet,, [8—- 1]’ [0 - 1)". nae, 

CO y....[m+0'..-1P@s+e'. for .... (8), 


(where 7, r’ denote any stale or negative integer numbers 
_ satisfying r+r’°+..=k+1-p, p being the number of 
terms in the series 7, n’...). This equation constitutes a mul- 
tinomial theorem of a class analogous to that of the expo- 
nential theorem contained in the equation (2). 

In particular 


C.y..Zy.. (8-1) (n'-1]}".. = C.C,. .[n4n'.. - 1} pre 


n~nl 


eeancues (4). 

yp if p = 2, writing also m, » for n, n', and k - 1 - r for 7’, 

Cn, [m — 1)" [n -1]"=C.C, [m+n —- 1} 2"".....(5). 
Or putting / = 0 and dividing, 

C.0.=C.,, = aa, [m - 1} [n - 1}"...... (6). 


Now the series on the second side of this equation is easily 
seen to be convergent (at least for positive values of m, 7). 
To determine its value write 

F(m,n) = fia""(1- 2)" dz; 
then F(m, n) = f 2" (1 -— 2)" dx+ f 2? (1 - x)" dx. 
And by successive integrations by parts, the first of these 
integrals is reducible to ——, 3, [m - 1]' [n - 1]}"”, r extend- 


gmn- omin-l 


ing from - 1 to - “- inclusively, and the second to 
a >, [m - 1]" [w- 1)", 
r extending from 0 to a * hence 
F(m, ”) = sa — = [m - 1)" [nm -1}"", 
or Ct wPGR, B) oc cascenwews (7), 


which proves the identity of C., with the function I'(m). 
[Substituting in two of the preceding equations, we have 


TvTn', 40 (n+n'.. - Sry..[2—1]"[n’-1]”.. 
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(where, as before, p denotes the number of terms in the 
series n,n’,, andr+nr+..=k+1-~p), the first side of 
which equation is, it is well known, reducible to a multiple 
definite integral by means of a theorem of M. Dirichlets. And 
1 

m, = = d _ Prt eee } 
F( n) [m a it a gmtn-1-k 2, [m 1] [n 1) (9), 
where r extends from - © to +, and ‘is arbitrary. By 
giving large negative values to this quantity very convergent 
series may be obtained for the calculation of F (m, »)]. 





LAWS OF THE ELASTICITY OF SOLID BODIES. 
By W. J. Macavorn Ranxinz, Civil Engineer, F.R.S.E., F.R.S.A., &e. 


[ Read to the British Association for the Advancement of Science, Section A, 
at Edinburgh, 1st August, 1850,} 


Introduction. 


1. Tue science of the Elasticity of Solid Bodies, con- 
sidered with referénce to its most important application, 
the determination of the strength of structures, consists of 
three parts. 

First. The investigation of what may be specially termed 
the Laws of Elasticity; that is to say, the mutual relations 
which must exist between the elasticities of different kinds 
possessed by a given solid, and between the different values 
of those elasticities in different directions. 

Secondly. The integration of the equations of equilibrium 
and motion of the particles of an elastic solid. The results 
of this process enable us to determine the relative dis- 
placements of the particles from their natural positions, in 
a solid body of a given material and figure, subjected to 
a given combination of forces. 

Thirdly. The application of the results derived from the 
first two branches of the theory’to our experimental know- 
ledge of the pressures and relative displacements to which 
the particles of known materials may safely be subjected in 
practice. This enables us to compute the strength of actual 
structures. 


2. Notwithstanding the great amount of attention which 
has been paid to the strength of materials, and the numerous 
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and elaborate experiments which have been made respect- 
ing it, few examples exist of the sound application of 
physical and mathematical principles to practice in con- 
nection with this subject. ‘This has arisen chiefly from the 
fact, that the first and second branches of the inquiry have 
to a great extent been carried on without reference to their 
application to the third, and the third conducted without 
regard to the principles of the first and second. The results 
of investigation on correct principles, into the theory of 
elasticity, have been limited in their applications, with a 
few exceptions, to the laws of the propagation of vibratory 
movements; and those few exceptions relate almost ex- 
clusively to bodies of equal elasticity in all directions; a 
class which excludes many of the most useful materials of 
construction, On the other hand, when it has been found 
necessary to adopt theoretical principles, for the purpose of 
reducing the results of experiments on the strength and 
elasticity of materials to a system, assumptions have often 
been made, with a view chiefly to simplicity in calculation, 
of a kind inconsistent with the real nature of elastic bodies. 


3. The present inquiry relates to the First Part of the 
Theory of Elasticity, viz. the laws of the relations which 
must exist between the elasticities of different kinds pos- 
sessed by a given substance, and between their various 
values in different directions. 


§. I. Composition and Resolution of Strains and Molecular 
Pressures. 


4. At the outset of the inquiry two preliminary problems 
sg themselves: the composition and resolution of re- 
ative molecular displacements; and the composition and 
resolution of pressures, such as the parts of elastic bodies 
exert upon each other. The former is a question of pure 
Geometry; the latter, of pure Statics. They are usually 
considered simultaneously, on account of the analogy which 
exists between their solutions. This is not the result of 
the physical connexion between the two classes of phe- 
nomena, and it would still exist although there were no 
such physical connexion; it is merely a consequence of 
the analogy between forces in Statics and straight lines in 
Geometry. 

Those two problems have been so fully investigated by 
MM. Cauchy, Lamé, and Clapeyron, as to leave nothing 
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further to be done. The theorems and formule which they 
have obtained are many and important. In the present 
paper I shall state those principles and results only to 
which there will be occasion to refer in the sequel. 

5. It is desirable that some single word should be as- 
signed to denote the state of the particles of a body when 
displaced from their natural relative positions. Although 
the word sfrain is used in ordinary language indiscrimi- 
nately to denote Relative Molecular Displacement, and 
the force by which it is produced, yet it appears to me 
that it is well calculated to supply this want. I shall there- 
fore use it, throughout this paper, in the restricted sense 
of Relative Displacement of Particles, whether consisting 
in Dilatation, Condensation, or Distortion ; while under the 
term Pressure I shall include every kind of force which 
acts between elastic bodies, or the parts of an elastic body, 
as the cause or effect of a state of strain, whether that 
force is tensile, compressive, or distorting. 

The nature and magnitude of a simple and uniform strain 
are defined by three things. 

First. The direction of the lines along which the particles 
of the body are displaced from their natural position. 

Secondly. The direction along which the rate of variation 
of the displacement from point to point is a maximum. ‘This 
direction is normal to a series of planes of equal displace- 
ment, and may be called the strain-normal. 

Thirdly. ‘The amount of that rate of variation; being the 
differential coefficient of the displacement with respect to dis- 
tance along the strain-normal. 

6. A strain may be resolved into three components, in 
which the directions of displacement shall be respectively 
parallel to three rectangular axes, while the strain-normal 
remains unchanged, by multiplying its amount by the direc- 
tion-cosines of the total displacement. 

Each of these three components may itself be resolved 
into three components, in which, the direction of displace- 
ment remaining unchanged, the strain-normals are respec- 
tively parallel to the three axes, by multiplying its amount 
by the direction-cosines of the original strain-normal. 

Thus every strain is reducible to nine components. 

These nine components, however, are equivalent to but 
six distinct strains. If we consider the strains as thus re- 
duced to three rectangular axes, we shall find that they 
are of two kinds: longitudinal, that is to say, strains of linear 
extension or condensation, where the displacements are pa- 
NEW SERIES, VOL. VI.—Nov. 1850. BE 
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rallel to the strain-normals; and transverse, or strains of 
distortion, when these directions are at right angles. Thus, 
if z, y, 2 denote the three rectangular axes, and &, 7,°¢ 
small molecular displacements respectively parallel to them, 


then dé dn dt 
dx’ dy’ dz’ 

are longitudinal strains, which are dilatations when positive, 
and condensations when negative. I shall denote them 
respectively by N, N, N;; 
their sum, when positive, is the cubic dilatation of the par- 
ticles, and when negative, the cubic condensation. 

Transverse strains, or distortions, are represented by the 
six differential coefficients of the displacements with respect 
to axes at right angles to them ; viz. 


dn df dt d& d& dy 
dz’ dy’ dx’ dz’ dy’ dx 
Let the axis of z be perpendicular to the plane of the 
paper. Let ABCD be the section, +y 
by the plane yz, of a prism which in 
its natural state is square, and has its 
faces normal to the axes of y and z. A B 
A distortion in the plane yz, relativel 
to these axes, is measured by the devi- -2. +z 
ation from rectangularity of this origi- 
nally square section, that deviation 




















being considered positive which makes of ° 
the angles B and D acute. Now so far 
as the positions of the particles in this ay 


prism relatively to each other are 
concerned, it is immaterial whether that deviation from rect- 
angularity is produced by keeping the sides AD and BC 
parallel to their original positions, and giving angular motion 


to AB and DC—a change represented by =F or by keeping 


AB and DC parallel to their original positions, and giving 
angular motion to AD and BC—a change represented by 


oe or by combining those two operations: so that the total 
» a strain in the plane yz is represented by the sum 
of these two coefficients, 

dn ad 
dz + dy 2T\. 
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Similar reasoning gives, for the the total distortion in the 


plane zz, dt dé 

da * de" 
and in the plane zy, 

dE dn _ 

dy + a ad 2T,. 


The factor 2 is used in these expressions for the sake 
of convenience in the employment of certain formule, to 
be afterwards quoted. 

The halved-differences of the pairs of differential coeffi- 
cients, 


(2-2) 3(@-4)3 (= - 2) 
2\dz dy]? 2\dzx dz]}’ 2\dy dz)’ 


represent rotations of the prism as a whole, round the 
axes of x, y, z respectively ; which have no connexion with 
the positions of its particles relatively to each other. 

The component strains into which all others can be 
resolved with respect to a given set of axes, are thus 
reduced to six, three longitudinal and three transverse. 


7. A pressure, like a strain, is defined by three things. 

1st. The direction of the pressure. 

2nd. The position of the surface at which the pressure 
is exerted. 

8rd. The amount of the pressure as expressed in units 
of force per unit of area of the surface of action. 

A pressure on a plane, in whatsoever direction it may act, 
may be resolved into three rectangular components, one 
normal to the plane, and two tangential. The normal pres- 
sure may be compressive or tensile: when compressive, it 
is considered as positive; when tensile, negative. 

In an elastic solid which is im equilibrio, let a cube be 
conceived to exist with its faces normal to the axes of 
coordinates, and let the pressures throughout its extent 
be uniform. This cube exerts on the matter round it, and 
is reacted on by three pairs of normal pressures, at the 
faces respectively normal to the axes of 


® Y, 2%; 
which may be denoted by 
FP, Py Py 
the pressures at opposite faces being equal. 


Let ABCD represent the section of this cube by the 
plane yz. On the faces AB and CD, parallel to zz, let 


E2 
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a pair of tangential forces act in the directions denoted by 
the order of the letters, tending to produce distortion by 
making the angles B and D acute and A and C obtuse. 
Let a pair of forces of similar tendency act on the faces 
CB and AD, parallel to zy. These two pairs of forces are 
equal and opposite to those which the cube, in conse- 
quence of the transverse displacements of its particles, 
exerts on the surrounding portion of the solid. No dis- 
placement of the relative situations of a system of particles 
can give the system a tendency to revolve as a whole round 
an axis. Such a tendency must exist in the cube unless 
the tangential faces on the forces AB, CD are equal to 
those on the faces CB, AD. 

Therefore the tangential pressure parallel to z, on a plane 
normal to y, is equal to the tangential pressure parallel to y, 
on a plane normal to z: a theorem first proved by Cauchy. 

The common value of those forces may be denoted by 

Q,, 
as they are both perpendicular to z. 

Similar reasoning shews that the two pairs of tangential 

forces perpendicular to y have one common value 


Q.. 
In like manner, those perpendicular to z may be denoted 
by ; 
Thus the pressures exerted by and on the cube are 
reduced to six, three normal and three tangential. 


8. The composition of pressures applied to different planes, 
and their reduction to new axes, depends on the following 
principle. 

Conceive a small triangular pyramid, with its apex at 
the origin of rectangular coordinates, its sides being formed 
by the three coordinate planes, and its base by a plane 
in any given direction intersecting them. Let pressures, 
in one given direction, act on the three sides, and be 
balanced by a pressure in the same direction on the base. 
Each of the three sides is equal to the base multiplied by 
the cosine of the angle between the normal to the base 
and the normal to the side in question. Therefore the 
total pressure on the base is equal to the sum of the pressures 
on the sides, each multiplied by the cosine of the angle 
between the normal to the side in question and the normal 
to the base. If the normal to this base is one of three new 
axes of rectangular coordinates, the total pressure thus found 
may be reduced to normal and tangential pressures by multi- 
plying it by its direction-cosines with respect to the new axes. 
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9. I annex, for convenience of reference, the general 
fornrule which have been deduced from this principle. 

Let z, y, z be rectangular axes of coordinates, and 
P,, P,, P, Q,, Q, Q, normal and tangential pressures 
which act as shewn in the following table: 


Normals. Planes. Pressures parallel to 
z y 2 

x y2 YP Q 

y ze AQ PP @ 

z ay 2 2 P, 


Let R,, R,, R, be the rectangular components of the total 
pressure at a plane, the direction-cosines of whose normal 
are @,, d,, ay. 

Then R, = a,P, + a,Q, + a,Q,, 

R, = 4,Q, + a,P,+ a,Q,, eeeerne (1) 
R, = 4,Q,+ 4,Q,+4,P,, 

Let this normal be taken as the axis of 2 in a new 

set of rectangular axes z'y’z’, which make with the original 


_ the angles whose cosines are given in the following 
table : 








Original Axes, New Axes. 
a ” ae 
z a, b, C, 
y a, b, c, Direction-cosines. 
z a, b, C, 


Let P,P, P,, Q,'Q,'Q,' be the normal and tangential pres- 

sures, as reduced to the new axes: then 
P| = Pa? + Pa} + Pa; 7} 

+ 2Q aa, + 2Q,a,a, + 2Q.a,4,, 
Pj = Pb? + Pb + Pd; 

+ 2Q.),b, + 2Q,6,b, + 2Q,65,, 
Py = Pic? + Pic) + Pe, 

+ 2Q.¢,c, + 2Q,¢,c, + 2Q,¢,¢,, 
Q' = P,b,c, + P,b,c, + P,b,¢, 

+ Q, (b,c, b,c.) + Q, (b,¢, v b,c.) 3 Q, (b,c, 43 b,¢,), 
Q! = Pca, + P,c,a, + P,c,a, 

+ Q, (¢,a, + ¢,a,) + Q, (¢,4, + ¢,4,) + Q, (c,a, + ¢,a,), 
Q, = P,a,b, + P,a,b, + Pa), 


+ Q, (a,b, + a,6,) + Q, (ap, bi a,b,) 2) Q, (a,6, a,b,); 


. (2). 
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By the substitution of N for P and 7 for Q, the formule 
given above are made applicable to the reduction of strains 
to new axes of coordinates. 

I shall not here recapitulate the many elegant and impor- 
tant theorems which MM. Cauchy and Lamé and Clapeyron 
have deduced from those equations, as they do not relate 
to the branch of the theory of elasticity of which this paper 
treats. 

I may mention that in their memoir in the seventh volume 
of Crelle’s Journal, MM. Lamé and Clapeyron have used 
N and T to denote pressures, and have expressed strains 


simply by the differential coefficients r » &e. 


§ II. Physical Relations between Pressures and Strains, so 
Jar as they are independent of Hypotheses respecting 
the Molecular constitution of matter. 


10. In almost all investigations which have hitherto been 
made respecting the elasticity of bodies which have different 
degrees of elasticity in different directions, it has been the 
practice to take some hypothesis as to the molecular con- 
stitution of solid bodies as the basis of calculation from 
the outset of the inquiry. It appears to me, however, that 
the more philosophical course is, to ascertain in the first 
place what conclusions can be attained as to the Laws of 
Elasticity without the aid of any such hypothesis, and 
afterwards to enquire how far the theory can be simplified, 
and what additional results can be gained by introducing 
suppositions respecting the ultimate constitution of matter. 

For the present, therefore, I shall make no assumption 
as to the questions, whether bodies are systems of physical 
points, or of atoms of definite bulk and figure, or are 
continuous, or have a constitution intermediate between 
those three; and I shall use the word particle in its literal 
sense of a small part. 


11. I shall restrict the present inquiry to homogeneous 
bodies possessing a certain degree of symmetry in their 
molecular actions, which consists in this: that the actions 
upon any given particle of the body, of any two equal 
particles situated at equal distances from it within the sphere 
of molecular action, in opposite directions, shall be equal 
and opposite. 

Substances may possess higher degrees of molecular sym- 
metry, but this is the lowest. 
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The statement that a body is homogeneous means, when 
applied to molecular action, that the mutual action of a 
pair of particles, situated at a given distance from each 
other in a given direction, shall be equal to that of any 
other pair of particles equal to the first, situated at an 
equal distance from each other in a parallel direction. 


12. It is known by observation, that strains and pressures 
are physically connected. It is also known by observation, 
that the pressure with which a strain is connected consists 
in a tendency of the body to recover its natural state, and 
is opposite or nearly opposite in direction to the strain; thus 
longitudinal condensation is accompanied with positive nor- 


-mal, or nearly-normal pressure ; longitudinal dilatation, with 


negative normal, or nearly-normal pressure; and distortion 
in a given plane, with tangential pressure in the same plane, 
of opposite sign. 

It is known by experiment, that when a pressure and 
the strain with which it is connected are given in direction, 
and when the strain does not exceed a certain limit, being 
in most cases the utmost limit to which a structure can be 
strained without danger to its permanency, the pressure 
and the strain are sensibly proportional to each other. The 
quantity by which a strain is to be multiplied to give the 
corresponding pressure is a Coefficient of Elasticity, and is 
expressed, like a pressure, by a certain number of units of 
force per unit of surface. 

I have said that a strain and the corresponding pressure 
referred to the same plane are opposite or nearly opposite in 
direction ; for they are not of necessity exactly opposite for 
all directions of strain, except in substances which are pos- 
sessed of the highest degree of molecular symmetry ; that is 
to say, which are equally elastic in all directions. For those 
having lower degrees of symmetry, the following proposition 
is true. 


Tuerorem I. Jn an elastic substance which is homogeneous 
and symmetrical with respect to molecular action, there are 
three directions at right angles to each other, in which a longi- 
tudinal strain produces an exactly normal pressure on a plane 
at right angles to the direction of the strain. 


Those three directions are called Azes of Elasticity. The 
proposition is equivalent to an assertion, that the lowest 
degree of symmetry of molecular action necessarily involves 
symmetry with respect to three rectangular coordinate planes. 
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This theorem has been often demonstrated for systems of 
atoms. But it is easily seen that the truth of these de- 
monstrations depends, not on the special hypotheses which 
they involve, but on the fundamental condition of symmetry. 


The following demonstration involves no hypothesis. 


Let a point O in the interior of a body be assumed as the 
origin of rectangular coordinates, 
the axes being considered as 
fixed, and the body as moveable c =” 
angularly in all directions about B 
the origin. Space round O is ~-y~D 
divided by the coordinate planes 
into eight similar indefinitely- G 
extended rectangular three-sided ad 
pyramids. Let those pyramids 4% E 
be designated as follows, accord- 
ing to the signs of the coordi- 
nates comprised in them. 


+2 





=z 
Signs of Designation of 
y z Pyramid, 
+ + ceccccsecee A 
+ # cscvssvose B 


~ + sovccevece 


+ - + «te candies 
+ + ~~ eee ee eeees 
+ 


+ sd 2006604460 


To express the relative situations of these pyramids, as 
taken in pairs, let the following terms be used : 


Diametrically opposite—when the pyramids touch at the 
apex only: comprising the following pairs, 


A,G; B,H; C,E; D, F. 
Diagonally opposite—when they touch at an edge: com- 
prising the pairs 
A,H; D,E; B,G; C.F; 
A,F; B,E; D,G; C,H; 
A,C; B,D; EG; F, iv. 




















Laws of the Elasticity of Solid Bodies. 57 


Contiguous—when they touch in a face: comprising the 

pairs A,B; D,C; H,G; E,F; 
A,D; B,C; F,G; £,H; 
A,E; B,F; C,G; D,#H. 

Each pair of contiguous pyramids forms a rectangular 
wedge, which has an opposite wedge touching it along the 
edge, and a contiguous wedge touching it at each of its two 
aces. 

The pairs of opposite wedges are 

AB, GH; CD, EF; 
AD, FG; BC, EH; 
AE, CG; BF, DH. 
The pairs of contiguous wedges are 
AB, CD; CD, GH; GH, EF; EF, AB; 
AD, BC; BC, FG; FG, EH; EH, AD; 
AE, BF; BF, CG; CG, DH; DH, AE. 

According to the condition of symmetry already stated, the 
portions of matter comprised in any pair of diametrically- 
opposite pyramids must be symmetrical in their actions on 
a particle placed at O, or on any pair of equal particles sym- 
metrically placed with respect to O, whatsoever may be the 
angular position of the body with respect to the axes. 

uppose the body to receive a longitudinal strain in the 
direction of the axis of z. Let a small circular area w be 
conceived to exist in the plane of zy, with its centre at O; 
and let this area be the base of a cylinder extending indefi- 
nitely in a negative direction along the axis of z, and denoted 
by wz. The pressure on the plane zy is proportional and 
parallel to the resultant of the actions of the four pyramids 
A, B,C, D, on the cylinder wz, divided by the area o. 
The action of each of those pyramids consists of a normal 
component parallel to z, and a tangential component parallel 
to the plane zy. In order that the total pressure may be 
normal, those tangential actions must balance each other ; 
which can only be the case when the tangential action of the 
wedge AB parallel to the axis of y is equal and opposite to 
that of the contiguous wedge CD, and the tangential action 
of the wedge BC parallel to the axis of z is equal and oppo- 
site to that of the contiguous wedge AD. 

The pair of contiguous wedges AB, CD, touch in the 
plane of xz, having the axis of z for their common edge. If 
the actions of this pair of wedges on wz, when longitudinally 
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strained along z, are unsymmetrical, this cannot arise from 
the form, position, or strain of these wedges, which are 
exactly symmetrical with respect to each layer of particles in 
wz, but from the nature of the particles occupying the 
wedges. Now by rotating the body through a right angle 
about the axis of z, we can bring the particles which formerly 
occupied CD into AB, and the particles which formerly oc- 
cupied GH (which consists of two pyramids, diametrically 
opposite and therefore molecularly symmetrical to A and B) 
into CD. In this new situation of the body with respect 
to the axes of coordinates, the resultant of the tangential 
actions, parallel to y, of the wedges AB and CD, on oz, 
though not necessarily egwal, will be opposite in direction 
to the original resultant: and-this change will have been 
produced, not abruptly, but continuously, so that the value 
of the resultant must have passed through zero. Therefore, 
whatsoever may be the situation of the axis of 2 amongst the 
particles of the body, it is possible, by rotating the body 
about that axis, to find a position in which the tangential 
actions of the wedges AB and CD, parallel to y, on the 
cylinder wz, shall balance each other. And by similar rea- 
soning’ it may be proved, that whatsoever may be the situ- 
ation of the axis of y amongst the particles of the body, it is 
possible, by rotating the body about that axis, to find a 
position in which the tangential actions of the wedges BC 
and AD, parallel to z, on the cylinder wz, shall balance each 
other. 

Therefore by combining rotations about the axes of z 
and y, it is possible to find a position of the solid with respect 
to the axes of coordinates, such, that the tangential actions of 
the four pyramids A, B, C, D, on the cylinder oz, arising 
from a longitudinal strain along z, shall be in equilibrio, and 
that the total pressure on zy shall be normal. 

The direction, with respect to the solid, which fulfils this 
condition, is called an Azis of Elasticity. 

Let -20+2z, being now an axis of elasticity, be considered 
as fixed in the solid. 

From the manner in which the two pairs of wedges 
AB, CD and BC, AD, are composed of the four pyramids 
A, B, C, D, it is clear that the actions of the pair of 
diagonally-opposite pyramids A, C, are symmetrical, and also 
those of the diagonally-opposite pyramids B, D. From this 
and the symmetry of the actions of diametrically-opposite 
pyramids it follows, that the actions of the four pairs of 
contiguous pyramids, A, FE; D, H; B, F; C, G, are sym- 
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metrical, and also those of the two pairs of diagonally- 
opposite pyramids, Z, G; F, H. This symmetry of action 
(subject to the condition of symmetry of strain) is not dis- 
turbed by rotation about the axis of z. 

Let the small circular area w be now conceived to exist in 
the plane yz, and let the cylinder of which it is the base 
extend in a negative direction along the axis of z, and be 
called the cylinder wz. Let the solid receive a longitudinal 
strain along the axis of z. The action of A on wz is sym- 
metrical to that of E, and the action of D to that of H; 
therefore the tangential actions of the wedges AD, EH, 
parallel to z, balance each other. It remains only to make 
the tangential actions of the wedges AE, DH, parallel to y, 
on wz, balance each other; which is to be done by rotation 
about the axis of z. 

The solid is now in such a position that z, as well as z, is 
an axis of elasticity. 

The pairs of contiguous pyramids are now all molecularly 
symmetrical about their common faces. Therefore the pairs 
of continuous wedges AB, EF; ALE, BF, are symmetrical 
in their actions on a cylinder wy, when longitudinally strained 
along y. 

Therefore y also is an axis of elasticity; and the theorem 
is proved. 

It is not necessary to the existence of rectangular axes of 
elasticity that the body should be homogeneous (in the sense 
in which I have used the word) throughout its whole ex- 
tent, but only round each point throughout a space which is 
large as compared with the sphere of appreciable molecular 
action of each particle. Hence the rectangular axes of elas- 
ticity may vary in direction at different points of the same 
body ; and some, or all of them, may follow the course of 
a system of curves, as they do in a rope, a piece of bent 
timber, or a curved bar of fibrous metal. 


13. The axes of elasticity are evidently those which ought 
to be selected as axes of coordinates, for the resolution of all 
ressures and strains, in researches on the laws of elasticity. 
he strains and pressures being so resolved, we shall have 
the expression - AN, 


for part of the normal pressure on the plane yz; A, being 
the coefficient of longitudinal elasticity for the axis of z. 
But this is not the whole of that pressure; for it is known 
by observation, that the normal pressure on a given plane 
is augmented by condensation, and diminished by dilatation 
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of the particles, in a direction parallel to the given plane as 
well as normal to it. The normal pressure P, on yz, there- 
fore, depends not only on the longitudinal strain W, along z, 
but also on the longitudinal strains N, and N, along y and z. 
Applying similar reasoning to the other normal pressures, 


they are found to be represented as follows: 
Azis, Plane. 


2....42.... P=- AN, - BN, - BN, 
yiicge sees Bee BIN AN BN, [8 
2....2y.... P=- BN, -B'N,- AN, 

The tangential pressures are represented, in terms of the 


distortions, in the following manner : 
Plane. 


yz.... Q=-2C7T, 
20 100. Q=- 20,7, pee ese ee ees (4) 
ry.... Q=-2C7, 

These six equations are merely the representation of ob- 
served facts, framed with regard to the principle of axes 
of elasticity. 

They contain twelve coefficients of elasticity, which may be 
thus classified : 

A,, A,, A,, are the coefficients of longitudinal elasticity for 
the axes of z, y, z, respectively ; 

B,, B,', are the coefficients of lateral elasticity in the plane 
of yz: the former expressing the effect of a strain along z in 
producing normal pressure parallel to y; the latter, the effect 
of a strain along y in producing normal pressure parallel to z. 

B,, B,, are the coefficients of lateral elasticity in the plane 
of zz, an 

B,, B,, in the plane of zy. 

C,, C,, C,, are the coefficients of transverse or tangential 
elasticity, or of rigidity, in the planes of yz, zz, and zy, 
respectively. The possession of this species of elasticity is 
the property which distinguishes solids from fluids, and is 
that upon which the strength and stability of solid structures 
entirely depend. When a beam, or any other portion of 
a solid structure, takes a set, as it is called, (or undergoes 
permanent alteration of figure,) it is the rigidity which has 
been overstrained, and has given way. So far as I am 
aware, however, it has not hitherto been directly referred 
to in researches on the strength of materials, except in those 
relative to torsion. 

The principal object of the present inquiry is to determine 
what mutual relations must necessarily exist amongst those 
twelve coefficients of elasticity in each substance. 
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yet seen, represent the elasticity called into play 
kinds of distortion, measured respectively by the 


is to say— 

TurorEM II. The coefficient of rigidity is the 
all directions of distortion in a given plane. 

Let ABCD be the section at right 
angles to the edges of arhombic prism 4H 
having any angles; and GE and FH 2 
two lines normal respectively to the 
faces of the prism. Let this prism 
undergo a small alteration in the 
angles of its section ABCD. 

Whether we estimate the distortion 
so produced, as a transverse displace- 
ment of the particles in lines parallel : 
to AB, and varying along the strain- G 


FH, the result, so far as the relative transverse 

Also, the tangential pressures are the same at 
of faces AB and CD, and at the pair of faces BC 
as a whole round an axis; which is impossible. 


fore the coefficient of rigidity is the same for all 
in a given plane. 


potheses respecting the constitution of matter. 


ticity, the coefficient of rigidity is equal to one-fo 
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14. The three coefficients of rigidity, so far as we have as 


by three 
alteration 


of the angles of the three rectangular sections of a cube 
whose faces are normal to the three axes of elasticity. I 
shall now however prove, that the tangential pressures pro- 
duced by equal distortions are equal, so long as the plane in 
which the distortion takes place is unchanged, and are not 
altered by any change of the direction, in that plane, of the 
sides of the figure on which the distortion is measured: that 


same for 


Ee 





normal G‘E, or as a transverse displacement of the particles 
in lines parallel to AD, and varying along the strain-normal 


displace- 


ments of the particles are concerned, will be the same. 


the pair 
and AD; 


for otherwise a relative displacement among the particles of 
a body would produce a force tending to make it revolve 


Therefore the tangential forces produced by equal trans- 
verse displacements relatively to two strain-normals which 
make any angle with each other are equal, provided the 
displacements are in the same plane with the normals ; there- 


directions 


15. This theorem leads to another, which expresses the 
relations between the twelve coefficients of elasticity, as far 
as it is possible to determine them independently of hy- 


TuroreM III. In each of the coordinate planes of elas- 
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of the sum of the two coefficients of longitudinal elasticity 
Sor the axes which lie in that plane, diminished by one-fourth 
part of the sum of the two coefficients of lateral elasticity in 
the same plane. 

For example, let the plane be that of yz, in which the 
coefficient of rigidity is C,, those of longitudinal elasticity, 
A, and A,, and those of lateral elasticity, B, and BY. 

‘Let 27)’ represent a distortion in the plane yz, relative 
to two new axes y’, z in the same plane, and let the angle 


yy = 6. Let this distortion be resolved with respect to the 
original axes, according to equation (2). Then 
N,=0; N,=-2T7,; cos@sin@; N,=27) cos sin @; 
2T, = 27; (cos’@ -sin’#); Z,=0; TZ,=0. 
The corresponding pressures referred to the original axes, are 
P, = - 2T;' (B, - B;) cos 4 sin 8, 
P,=- 2T/ (- A, + B,) cos 6@ sin 8, 
P,=- 2T; (- B/ + A,) cos 6 sin 8, 
Q, = - 2C,T;' (cos’@ - sin’#), Q,=0, Q=0. 
Let us now determine, according to equation (2), from 


the above pressures, the tangential pressure Q,’ as referred 
to the new axes. Then 


Q,/ = - 27, {C, + cos’@ sin’@ (.4, + A, - B, - B! - 4C)}. 
But by the preceding theorem we have also 
Q/=- 27/C, 
for all values of @; which cannot be true unless the co- 


efficient of cos*@ sin’@ in the first value of Qis=0. Con- 
sequently 


) 
C, = ~(4, + A, - B, = B,’). 


By applying similar reasoning to the 
planes of zz and zy it is also proved that 


1 
C, : q (4s + A, - B, * B,), 





1 
C,= git A, - B, - B,) 


being the algebraical statement of the theorem enunciated. 
Thus the number of independent coefficients of elasticity 
is reduced to nine, of which the other three are functions; 
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and this is the utmost reduction of their number which can 
be made without the aid of suppositions as to the constitution 
of matter. 

The determination by experiment of nine constants for 
each substance is an undertaking almost hopeless ; it is there- 
fore desirable to ascertain whether, by the introduction of 
a yeaa hypothesis, their number can be further re- 

uced. 


§ III. Results of the Hypothesis of Atomic Centres. 


16. Almost all the investigations of the laws of elasticity 
which have hitherto appeared, are founded on the hypothesis 
of Boscovich: that matter consists of physical points or 
centres of force, or of atoms acting as if their masses were 
concentrated at their centres; which physical points or atoms 
occupy space, and produce the phenomena of elasticity, be- 
cause the forces which act between them, and which depend 
on their relative distances and positions, tend to make them 
remain in certain relative positions, and at certain distances 
apart. 

P Although the results of this supposition are not verified 
by all solid substances ; still it seems probable that its errors 
are to be corrected, not by rejecting it, but by combining it 
with another, to which I shall afterwards refer. 

I shall now, therefore, shew to what extent the laws of 
elasticity are simplified by adopting Boscovich’s supposition 
of atomic centres of force, acting on each other by attrac- 
tive and repulsive forces along the lines joining them. It 
will be seen, that in consequence of the course adopted, of 
determining in the first place the necessary relations between 
the coefficients of elasticity which must exist independently 
of all special hypotheses, this investigation is almost entirely 
freed from the algebraical intricacy in which it would other- 
wise be involved. 

17. All the consequences peculiar to this hypothesis flow 
from the following single theorem, in which the term perfect 
solid is used to denote a body whose elasticity is due entirely 
to the mutual attractions and repulsions of atomic centres of 
force. 


THrorEMIV. In each of the coordinate planes of elasticity 
of a perfect solid, the two coefficients of lateral elasticity, and 
the coefficient of rigidity, are all equal to each other. 

Take, for example, the plane of yz. The proposition enun- 
ciated is equivalent to the assertion, that the tangential 
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pressure parallel to y at the plane of zy, produced by a 
given transverse strain 27) = = , which consists in a dis- 
z 


placement of the atomic centres parallel to y and varying 
with z, is equal to the normal pressure parallel to z at the 
same plane zy, produced by a longitudinal strain N, = Ze , 
which consists in condensing or dilating the atomic centres 
in a direction parallel to y, provided that longitudinal strain 
is equal in amount to the transverse strain. 

The pressure on a given area of the plane zy, is the effect 
of the joint actions of the atomic centres on the negative side 
of that plane upon the atomic centres on the positive side. 

In the natural or unstrained condition of the body, this 
pressure is null; shewing that those forces neutralize each 
other. When the body is strained therefore, the pressure 
is the resultant of the variations of all those forces, arising 
from the displacements of the atomic centres from their 
natural relative positions.* 

Let m and pw denote a pair of atomic centres, m being 
situated on the positive side of the plane zy, and mu on the 
negative side. ‘The force acting between m and p is supposed 
to act along the line joining them, and to be a function of 
its length. When the relative displacement of the atoms is 
very small as compared with their distance, the variation 
of this force will be sensibly proportional to the variation 
of distance, multiplied by some function of the distance. 


It may therefore be denoted by 

gr.dr, 
where r denotes the distance (um). Let this line make with 
the axes the angles a, [3, y. 

Let the strain to be considered, in the first place, be 
transverse ; the displacements being parallel to y and varying 
with z; the rate of variation being 

dn_. 
dz” 2% 
and the force to be estimated being in the direction y. 
Then the displacement of m relatively to w is 


An = 2T,r cos y. 
The variation of their distance apart is 
dr = cos BAn = 2T,r cos B cos y. 





* Small quantities of the second order relatively to the strains 7), &c., 
are here neglected, 
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The variation of the force acting between them is 
gr. Sr = 2T,rgr.cos B cos y. 
And the component of that variation parallel to y, which 


forms the part of the tangential pressure due to the action 
of ~ on m, is 


cos Bgr. Sr = 27 rpr.cos’B cosy ...... (a). 
Next, let the strain be longitudinal, parallel to y, and 


denoted by dn 
eis dy : 
Then the displacement of m relatively to pu is 
An = N,r cos ps. 


The variation of their distance apart is 
dr = cos BAn = N,r cos’. 
The variation of the force acting between them is 
or. or = N,rgr cos’. 


And the component of that variation parallel to z, which 
forms the part of the normal pressure on the plane zy due 
to the action of u on m, is 


cos yor. dr = N,rgr cos’B cosy........ (b). 


On comparing the expressions (a) and (b) it will be seen 
that the quantities by which 27; and N, are multiplied are 
identical. Therefore the tangential force in the direction y 
on the plane zy produced by a distortion in the plane yz, 
and the normal force in the direction z produced by a longi- 
tudinal strain along y, are equal when the strains are equal, 
Sor each pair of atomic centres. They are therefore equal 
for a perfect solid, because its elasticity is wholly due to the 
mutual actions of atomic centres; and the theorem is proved 
for the plane yz, and may in the same manner be proved 
for the other coordinate planes of elasticity. It is expressed 
algebraically as follows : 


Plane 
yz....B,=B, =C, 
OB, 00 eye Ble OC) occ ccwsece (6). 


ay....B,= B/=C, 


18. The combination of these equations with the equa- 
tions (5) of Theorem III. leads immediately to the following 
results : 
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A, = 3(C,+ C,- C) 
A, = 3(C,+ C, - C)) ore 


A, = 3(C,+ C€,-C))) 
that is to say, 


Tueorem V. In each of the three coordinate planes of 
elasticity of a perfect solid, the coefficient of rigidity is equal 
to one-sixth part of the sum of the two coefficients of longi- 
tudinal elasticity ; 
and consequently, 

For each axis of elasticity of a perfect solid, the coefficient 
of longitudinal elasticity is equal to three times the sum of the 
two coefficients of rigidity for the cvordinate planes which 
pass through that axis, diminished by three times the co- 
efficient of rigidity for the plane normal to that azis. 


We have now arrived at the conclusion, that in a body 
whose elasticity arises wholly from the mutual actions of 
atomic centres, all the coefficients of elasticity are functions 
of the three coefficients of rigidity. Rigidity being the dis- 
tinctive property of solids, a body so constituted is properly 
termed a perfect solid. 

When the three coefficients of rigidity are equal, the body 
is a perfect solid, equally elastic in all directions. The 
equations 6 and 8 become 


A=8C; B=GC, 


agreeing with the results deduced by various mathematicians 
from the hypothesis of Boscovich. 


§ I1V.— Results of the Hypothesis of Molecular Vortices. 


19. The great and obvious deviations from the laws of 
elasticity as deduced from the hypothesis of Atomic Centres, 
which many substances present, render some modification of 
it essential. 

Supposing a body to consist of a continuous fluid, diffused 
through space with perfect uniformity as to density and all 
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other properties, such a body must be totally destitute of 
rigidity or elasticity of figure, its parts having no tendency 
to assume one position as to direction rather than another. 
It may, indeed, possess elasticity of volume to any extent, 
and display the phenomena of cohesion at its surface and 
between its parts. Its longitudinal and lateral elasticities 
will be equal in every direction; and they must be equal to 
each other by equation (5), which becomes 


0=-A-B; C=O. 


If we now suppose this fluid to be partially condensed 
round a system of centres, there will be forces acting be- 
tween those centres, greater than those between other points 
of the body. The body will now possess a certain amount of 
rigidity ; but less, in proportion to its longitudinal and lateral 
elasticities, than the amount proper to the condition of perfect 
solidity. Its elasticity will, in fact, consist of two parts, one 
of which, arising from the mutual actions of the centres of 
condensation, will follow the laws of perfect solidity; while 
the other will be a mere elasticity of volume, resisting 
change of bulk equally in all directions. 


In a paper on the Mechanical Action of Heat, in connexion 
with the elasticity of gases and vapours, ( Transactions of the 
Royal Society of Edinburgh, Vol. xx. Part 1.), I have at- 
tempted to develope some of the consequences of a sup- 
position of this kind, called the Hypothesis of Molecular 
Vortices.* It assumes, that each atom of matter consists of 
a nucleus or central physical point, enveloped by an elastic 
atmosphere, which is retained in its position by forces attrac- 
tive towards the atomic centre, and which, in the absence of 
heat, would be so much condensed round that centre as to 
produce the condition of perfect solidity in all substances: 
that the changes of condition and elasticity due to heat arise 
from the centrifugal force of revolutions among the particles 
of the atmospheres, diffusing them to a greater distance from 
their centres, and thus increasing the elasticity which resists 
change of volume alone, at the expense of that which resists 
change of figure also; and that the medium which transmits 
light and radiant heat consists of the nuclei of the atoms, 
of small mass, but exerting intense forces, vibrating inde- 
pendently, or almost independently, of their atmospheres ; 
absorption being the communication of that motion to the 
atmosphere, so that it is lost by the nuclei. 





* An abstract of that paper is published in Poggendorff’s Annalen for 
1850, No. rx. 
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20. A body so constituted, in which the rigidity is con- 
siderable, may be called, in general, an imperfect solid; and 
it is obvious, that its various elasticities may be represented 
in the following manner. 


Tueorem VI. In an imperfect solid, according to the 
hypothesis of molecular vortices, each of the coefficients of 
longitudinal and lateral elasticity is equal to the same 
function of the coefficients of rigidity which would be its 
value in a perfect solid, added to a coefficient of fluid elas- 
ticity which is the same in all directions. 


Denoting this fourth coefficient by J, we have the follow- 
ing equations, giving the values of the coefficients of longi- 
tudinal and lateral elasticity in terms of the coefficient of 
fluid elasticity, and of the three coefficients of rigidity : 

A,=38(0,+0,-C)+J 
A, = 3(C,+C,-C)+J 


A,=3(C,4+C,-C)+JI 





B.-C 4d a ceseces (8). 
B,=C,+ JI 
B,=C,+ 5 


The utmost number of independent coefficients is thus 
increased to four. 

If the coefficients of rigidity be progressively diminished 
without limit as compared with the coefficient of fluid elas- 
ticity, the body will pass through every stage of the ge- 
latinous state; and when the coefficients of rigidity vanish, 
its condition will be that of a perfect fluid, in which the 
longitudinal and lateral elasticities are all equal, and repre- 
sented by the single coefficient J. 

It is to be observed, that in this condition the independent 
actions of the nuclei or physical points at the atomic centres 
upon each other, which are the means of radiation, may be 
very great; their sensible effect on the elasticity of the body 
being neutralized by other forces, exerted by the parts of the 
atmospheres. 

If two of the coefficients of rigidity are equal (as C, = C,) 
the body is equally elastic in all directions round an axis, 
which in this case is that of z; and equations (9) become 


A, =6C,-3C,4+J7 
A,= A, =8C,+J7 
B,=C,+J 

B,= B,=C,+ JI 


vee | 
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When the three coefficients of rigidity are all equal, the 
body is an imperfect solid, equally elastic in all directions. 
The results of this condition have been investigated by Pro- 
fessor Stokes, M. Wertheim, and Mr. Clerk Maxwell. 


Equations (9) in this case become 
A=8C:+J; B=C+J........ (9B). 


Note respecting previous investigations. 


(18. a). The investigations of Poisson (Mem. de l’ Acad. des Sciences, 
xvill.), of M. Cauchy (Exercises des Mathematiques, passim), and of 
Mr. Haughton (7rans. Roy. Irish Acad., XX1.), respecting the elasticity 
of substances unequally elastic in different directions, are all founded 
on the hypothesis of atomic centres. So far as they relate to substances 
possessed of rectangular axes of elasticity, they agree in expressing 
the elasticity of such bodies by means of szz coefficients, corresponding 
respectively to those which I have denoted by 


Ay Ay Ay Cy Cy Cy 


None of those investigations indicate any relations amongst these 
six coefficients, 

The researches of Mr. Green on the propagation of vibratory move- 
ment (Camb. Trans. vil.) differ materially from those which preceded 
them, inasmuch as they are applicable, not merely to systems of atomic 
centres or physical points, but to solid substances constituted in any 
manner whatsoever.* So far as they are applicable to bodies possessed 
of axes of elasticity, they involve nine coefficients: three of longitudinal, 
three of lateral, and three of transverse elasticity. The following Table 
exhibits a comparison between Mr. Green’s notation and that of this 
paper. 








In the + dene Coefficients of Elasticity. 
te) 
Longitudinal. Lateral. Transverse. 
Mr. Green ...| G H I P QR IL MWN 
This paper ... | 4, A, A, B, B, B, CG, G 














There is nothing, however, in the researches of Mr. Green, to indicate 
any mutual relations amongst those nine coefficients; and to establish 
such relations, indeed, it appears to me that the subject must be in- 
vestigated, not dynamically, but statically. 

It may here be observed, that Mr. Green’s equations contain three 
additional coefficients, to represent the effect of a strained condition 
of the medium on the propagation of vibratory movement; but those 
three quantities, being foreign to the subject of this paper, have no 
expressions corresponding to them in its notation. 





* A second paper by Mr. Haughton (Trans. Roy. Irish Acad, xxu,) is 
equally comprehensive. 
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In the equations of the propagation of light, Mr. Green effects an 
apparent reduction in the number of coefficients by introducing the 
supposition that the vibrations are of necessity wholly tangential to 
each wave-front. But this supposition is quite at variance with the 
nature of elastic solids, and is obviously intended by the author as 
merely an assumption for the purpose of facilitating calculation, and 
obtaining approximately true results, in the case of luminiferous un- 
dulations. 


Mr. M‘Cullagh’s researches on the propagation of light (Zrans. Roy. 
Irish Acad. XX1.) involve a similar assumption. 

The result peculiar to the investigations contained in the present 
paper, is the establishment of certain mutual relations amongst the dif- 
ferent elasticities of a given substance, whereby the six coefficients 
of Poisson and Cauchy are reduced to functions of three, and the nine 
coefficients of Mr. Green to functions of four; the former representing 
the condition of a medium whose elasticity is wholly due to the mutual 
actions of atomic centres; the latter, that of a substance whose condition 
is intermediate between those of a system of centres of force, and of 
a continuous and uniformly diffused fluid. “ 

General equations of vibratory movement, in the particular case of 
uncrystallized media, agreeing with those of Mr. Green, are given by 
Professor Stokes in his memoir on Diffraction (Camb. Trans. 1x.). His 


two coefficients of Elasticity have the following values in the notation 
of this paper: 


Prof. Stokes. This paper. 
: Ag ‘ g 
a 5° (80 +J) D’ 
Cy 
2 _ 
, a 


g denotes the accelerating force of gravity; and D, the weight of unity 
of volume of the vibrating medium, 

a and }, in Professor Stokes’s paper, are the velocities of propagation 
of normal and tangential vibrations respectively. 

In the researches of Poisson, Navier, Cauchy, Lamé, and others, 
on the elasticity of bodies equally elastic in all directions, the coefficients 
are often expressed in terms of two quantities, denoted by & and K, 
in the following expression for a normal pressure on the plane yz, 

P,=-kN, - K(N,+N,+N,): 


k represents a species of longitudinal elasticity, under the condition that 
the volume remains unchanged; and XK, an elasticity resisting change of 
volume. Their values in the notation of this paper are as follows : 


k= A-B=2C; K=B=CiJ. 


It is evidently sg Nag to apply an analogous notation to bodies 
unequally elastic in different directions. 


M. Wertheim has recently made a most elaborate and valuable series 
of experiments on the elasticity of brass, glass, and caoutchoue, according 
to a method suggested by M. Regnault, for the purpose of determining 
the laws of elasticity of uncrystallized substances (Ann. de Chim. et de 
Phys., ser. 111, tom. XX111.). He concludes that for brass and glass, and 
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for caoutchouc moderately strained, the following equation is nearly 
if not exactly true, in the notation to which I have just referred, 


k=K; 
which, in the notation of this paper, is equivalent to the following, 
J=C; B=2C; 4=4C. 


M. Wertheim has investigated the consequences which must follow 
in the solution of several problems connected with elasticity, if this 
law be universally true for solid bodies. 


This supposition must be regarded as doubtful; and it is not, indeed, 
advanced by M. Wertheim as more than a conjecture. So far as our 
present knowledge goes, it seems more probable that the relations be- 
tween C and J may be infinitely varied. If the effect of heat is to 
diminish C’ and increase J, thefe may be some temperature for each 
substance at which M. Wertheim’s equation is verified. In the sequel 
I shall consider more fully the consequences to be deduced from M. 
Wertheim’s experiments on this subject. 

de 


§ V. Coefficients of Pliability, and of Extensibility and Com- 
pressibility, Longitudinal, Lateral, and Cubic. 


Examples of their Experimental Determination. 


21. Coefficients of elasticity serve to determine pressures 
from the corresponding strains. We have now to consider 
the determination of strains from pressures. 

To determine a distortion from the corresponding tangen- 
tial pressure, it is sufficient to multiply, using the negative 
sign, by the reciprocal of the proper coefficient of rigidity. 
This reciprocal may be called a coefficient of pliadility. 

A similar process, however, cannot be applied to the 
calculation of longitudinal strains from normal pressures ; 
because, as each normal pressure is a function of all the 
three longitudinal strains, so each longitudinal strain is a 
function of all the three normal pressures. 

Let the longitudinal strains be represented in terms of the 
normal pressures by the following equations, 


N, = -a,P,+6,P, + b,P, 
N,= §,P.-a,P,+0,P, }........(10). 
N, = bP, + 6, P, - a,P, 


Then the coefficients in these equations are found, by 
a process of elimination, to have the following values in 
terms of the coefficients of elasticity. 
Let 
K = 24 (07C,+ 0,07+ C70, + 007+ 07C,+ €,07- C3-C3- C2) 
~ 52€,C,C, + J{8(C,C,+ €,0,+ EC) - 4(07+ 07+ C))}. 


is 2 
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Then 
1” 7ise = 9(C,-C,)+ 4C,J} 
aL (ser-na-ayesan 
1 2 2 
a, = 7180, - 9(C,-C,'+ 407} (11). 
b ” 7iHCs C,- C,)C,- C,C,+ 2(C,+ C,- C)F} 


b, = 18,4 G,- C)G,- 6,6, + 2(C,+C,- CJ} 





1 
b= K {8(C,+C,-C,)C,-C,C,+2(C,+ C,- CJ} 

The above coefficients may be thus classified : 

a, a,a,, are the coefficients of longitudinal extensibility and 
compressibility parallel respectively to the three axes of 
elasticity. 

b, b, 6,, are the coefficients of lateral extensibility and com- 
pressibility for the three coordinate planes of elasticity, serving . 
to determine the effect of a normal pressure on those dimen- 
sions of a body which lie at right angles to its direction. 

From the manner in which the coefficient J enters into 
the common denominator K, it is obvious that when the 
coefficients of rigidity diminish without limit as compared 
with that of fluid elasticity, the six coefficients of linear 
extensibility and compressibility increase ad infinitum. 

In a body whose three coefficients of rigidity are different, 
the coefficient of cubic compressibility, that is to say, the 
quotient of the sum of the three longitudinal strains by the 
mean of the three normal pressures, with the sign changed, 
has no fixed value unless some arbitrary relation be fixed 
between those pressures. Let them be supposed, then, to be 
all equal ; let their common value be P, and let the coefficient 
of cubic compressibility in this case be denoted by 0: then 

d=- Ata = a, +a,+0,-2(6, 48,46, | 
= 7 18(C,0,40,0,+0,0,)- 4(07+63+0.)} ia 
Hence ." J+ 6(C,+0,+C)) 


196C,0,C, 








~ 8(,C,4+ CC, + 0,0) - 4( 0,74 O74 CP) 
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So that this coefficient is the sum of the three longitudinal 
coefficients of compressibility, diminished by twice the sum 
of the three lateral coefficients. It does not, like them, in- 
crease ad infinitum when the rigidity vanishes; its ultimate 
value in that case being 1 


J’ 
the reciprocal of the coefficient of fluid elasticity ; as might 
have been expected. 


If C,=C,, so that the body is equally elastic in all 
directions round the axis of z, equations (11) and (12) take 
the following forms: 


K=40,{12C,C,-6C?- 3+ J(40,- C)} ) 


i 5 si 20,47 
"= eBC'+4CI)= Doors IGG C) 


t,=4,= {80 -9(0,- CO, + 40,7} 





b, = 7 {60,0,-80,- 03+ J(40,-20)} 











J C,+ JI 

Mh ROAC+ 20))= sg aGF- 207s (80,20) 
ul ad _ 46,-C, 

b= 5 (16C,C, - 4C/) = 120,0,- 60? - C?+J(40,-C) 

1 490," 

gore 1+, ~ ee 


vee (12A),, 


For bodies equally elastic in all directions the coefficients 
of compressibility and extensibility take the following values: 


~ 5C* + 307’ 1007+ 6CJ") (op), 
wterpe ities c bupes 
d= 8a — 6b 50a 3/7" *s J+8C. 


In substances of this kind the coefficient of cubic compres- 
sibility is the same, whether the three normal pressures are 
equal or unequal, being equal to the sum of the three longi- 
tudinal strains divided by the mean of the three normal 
pressures with the sign changed: that is to say, 


N, + N,+N, 
P,+ P,+P, 


v=-3 
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One of the most frequent errors in investigations respect- 
ing the elasticity and strength of materials, and the propa- 
gation of sound, has been to confound the coefficients of 
longitudinal elasticity with the reciprocals of the coefficients 
of longitudinal compressibility. The equations of this sec- 
tion shew clearly how widely these two classes of quantities 
may differ. 


The reciprocal of the longitudinal extensibility, -, is what 
is commonly termed the Weight of the Modulus of Elasticity. 

22. The following formula may be found useful in the 
determination of the coefficient J of fluid elasticity from 
experimental data. 

Let us suppose that the three coefficients of rigidity of 
a substance, C\, C,, C,, have been determined by experiments 
on torsion, and that some one of the coefficients of compres- 
sibility and extensibility in equation (11), or those derived 
from it, has also been determined by experiment. Let the 
actual value of this coefficient be called ¢, and the value 
which it would have had, had J been =0, ¢,. Also let K, 
denote the value which the denominator K would have had, 
had J been =0, and let m be the factor by which J is 
multiplied in the numerator of ¢, and m, in the denominator. 





Then Win OS Moree 5 sing snes os OOD 
me -n 

When applied to coefficients of longitudinal extensibility, 
this formula labours under the disadvantage, that a compara- 
tively slight error in the experimental data may cause a 
serious error in the determination of J. Let us take, for 
example, an uncrystallized substance, and make successively 
the two following suppositions, 


J=0, J=C: 
it will be found that the results are, respectively, 
1 
a= a 0.4, a= a* 0.375, 


being in the ratio of 16: 15; so that any uncertainty in the 
experiments is in this case increased fifteen-fold in computing 


the value of rik Hence it appears, that without very great 


precision in the experiments, the coefficient of fluid elasticity 
cannot be satisfactorily determined by a comparison of the 
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effects of longitudinal tension with those of torsion. It is 
especially desirable, that the two sets of experiments should 
be made on the same piece of the material. 

The best data for calculations of this kind would be experi- 
ments on cubic compressibility, in conjunction with experi- 
ments on torsion; for as equations (12), (12A), and (12B) 
shew, in order to determine J, we have simply to subtract a 
certain symmetrical function of the rigidities from the re- 
ciprocal of the cubic compressibility. In the process of 
calculation, the errors in the experiments on rigidity are 
multiplied, on an average, by 3 only, while those of the 
experiments on compressibility sustain no augmentation what- 
soever. 

Next after data of this kind, may be ranked experiments 
on longitudinal extensibility, as compared with the cubic 
extensibility or compressibility of the same piece of material. 
Of this method, suggested by M. Regnault and carried into 
effect by M. Wertheim, I shall presently speak more fully. 

Were it possible to ascertain the velocity of sound in an 
unlimited mass of an elastic material, along each of the axes 
of elasticity, the coefficients of longitudinal elasticity could be 
determined with great precision by the formula 

_vD 

g 3 
where o is the velocity of sound, D the weight of unity 
of volume of the substance, and g the accelerating force of 
gravity. But it is only practicable to determine the velocity 
of sound along prismatic or cylindrical rods; and, as I shall 
shew in a subsequent paper, it is impossible, in the present 
state of our knowledge of the molecular condition of the 
superficial particles of solid bodies, to assign theoretically 
the ratio in which the velocity of sound along a rod is 
less than its velocity in an indefinitely extended mass. That 
ratio is only known empirically in a few cases, having va- 
rious values lying between 1 and v3. 


23. The experiments of M. Wertheim, on longitudinal 
and cubic extensibility (Ann. de Ch. et de Phys., ser. 111. 
tom. XXIII.) were made upon brass and crystal; the results 
being calculated on the supposition that those substances are 
homogeneous, and equally elastic in all directions. There 
can be no doubt of the correctness of this supposition with 
respect to well-annealed crystal; and with respect to brass, 
it is probably very near the truth. 
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In those experiments a cylindrical tube of the substance 
to be examined was strained by longitudinal tension. The 
increase of length was observed directly. The increase of 
bulk was found, by observing the depression in a capillary 
tube connected with the summit of the strained tube, of 
a column of liquid with which they were filled. Let R 
denote the tensile force reduced to unity of surface; let Z 
be the original length of a given portion of the tube, U its 
original volume, AZ and AU the increase of those quantities 
by the tension R; and let the axis of z be that of the tube. 
Then we have 


AL AU 
N, = - > N, + N, . N, aaa U > 
P,=-R; P,=0; P,=0: 
and consequently, for uncrystallized substances, 


1 ab, 413-0 
- U *eeeeeevee 





ee 
To determine the coefficients of rigidity and fluid elasticity 
from these data, we have the following formule: 





gt a \ 
Ba — 400 3 AL _AU 
a: eu wae (14A). 
3a AL U 
e o(S- 2) o(= “a 2) 


The experiments of M. Wertheim were made on three 
tubes of brass and five of crystal. In the following Table 
those tubes are designated as M. Wertheim has numbered 
them. The coefficients a and 0, transcribed or calculated 
from his statement of the mean results of numerous experi- 
ments on each tube, express the fraction by which the 
material is elongated, or increased in bulk, by tension at 
the rate of one kilogramme on the square millimétre; that 
is to say, 1422.84 pounds avoirdupois on the square inch. 
(The common logarithm of this number is 3.153004.) The 
reciprocals of those coefficients, and the coefficients of elas- 
ticity, as calculated by equation (14A), are given in kilo- 
grammes on the square millimétre. 























Table of Coefficients calculated from M. Wertheim’s experiments on the Extensibility 
of Brass and Crystal. 





Reciprocals of the Exten- 
sibilities in Kilogrammes 
on the square Millimétre. 


Coefficients of Elasticity in Kilogrammes 


Extensibilities per Kilogramme 
on the square Millimétre. 


on the square Millimétre. 


3 
-S 
> 
=a) 
3 
3 
> 
=> 
8 
3 
~ 
RQ 
) 
Ss 
> 
-] 
3 
8 
Ny 





Longitudinal. 
a 


Cubic. 
v 


- 
a 


1 


B 


Rigidity. 
c 


Fluid. 
J 


Longitud. 
A 


Lateral, 
B 








Brass...... Tube I. 
M ceseen: 
© ste © TEE 

CrysTAaL ... Tube I. 
6s II. 

III. 
IV. 
V. 





0.0000939 
0.0001015 
0.0001035 


0.0002596 
0.0002324 
0.0002873 
0.0002258 
0.0002284 





0.0000904 
0.0000942 
0.0000979 


0.0002803 
* 
0.0002568 


0.0002543 
0.0002234 


10645.2 
9855.2 
9664.9 


3852.5 
4302.6 
3481.1 
4429.0 
4379.1 








11058 
10620 
10216 


3569 
3894 


3933 
4476 





3973 
3663 
3600 


1459.2 
1288.0 


1687.4 
1637.7 


4436 
4515 
4216 


1136.6 
1747.0 


1120.9 
1746.8 








16355 
15504 
15016 


5514.2 
5611.0 


6183.1 
6659.9 





8409 
8178 
7816 


2595.8 
3035.0 


2803.3 
3384.5 








* Tube II. of Crystal was accidentally broken. 
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The various degrees of elasticity of the brass tubes are 
ascribed by M. Wertheim to the relative frequency with 
which they were subjected to wire-drawing, to reduce the 
thickness of metal. It may be observed, that this operation 
seems to increase the rigidity more than the fluid elasticity ; 
a fact which might naturally have been expected. 


The means of the three sets of results for brass are given 
in the following Table: 


Kilogrammes on | Lbs. Avoid. on the 


Coefficients of the sq. Millim, square Inch. 
Rigidity ....ccccocescccccccccces C 3745.3 5,327,100 
Fluid Elasticity ..........0000 J 4389.0 6,242,700 
Longitudinal Elasticity ...... A 185625.0 22,224,000 
Lateral Elasticity ........ csoedd 8134.3 11,579,000 


Reciprocals of Extensibilities. 








Longitudinal (or Weight of| 1 

the Modulus of Elasticity) } = 10,064.4 14,301,000 
0 EE A OC = 10,6310 | 15,121,000 
Coefficients of Extensibility Per Kilog. on the | Per Ib. on the square 

and Compressibility. square Millim, Inch. 
Longitudinal......... a 0.00009946 0.000,000,0699 
GeRIR ca cesccevecese d 0.00009406 0.000,000,0661 
Lateral ......0 sovnsin b 0.00003405 0.000,000,0239 





The following result is calculated from the experiments of 
M. Savart on the torsion of brass wire (Ann. de Chim. et de 
Phys., August 1829): 


Kilog. on the Lbs. on the 
square Millim, square Inch, 
Coefficient of Rigidity ...... C 3682 5,237,100 
The difference being...........+ 63.3 90,000 





Hence we see, that the rigidity of wire-drawn brass, as 
determined directly by torsion, differs from that calculated 
from the longitudinal and cubic extensibilities by only one- 
sixtieth part, being a very small discrepancy in experiments 


of this kind. 


The following Table gives the means of the four sets of 
results, I., III, IV., V., for crystal: 
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Kilog. on the 
square Millim. Lbs. on the square Inch. 
1’ Geeucesee 1518 2,159,100 » 
JF ceneetives 1438 2,045,300 
Bh seasons 5992 8,522,600 
BB sesectaee 2956 4,204,400 
1 
a ofeneneees 4039 5,746,100 
1 
SB ftteenee 3968 5,643,800 
Per Kilog. on the Per lb. on the square 
square Millim, Inch, 
B cccccsccsces 0.0002476 0.0000001740 
D cccccccccees 0.0002520 0.0000001772 
BD rccccccoceee 0.0000818 0.0000000575 





It is obvious that the above mean values for crystal are not 
to be relied upon as equally accurate with those for brass ; 
for the wide discrepancies between the results of the experi- 
ments on the five crystal tubes shew that this substance, like 
every kind of glass, is subject to great variations in the 
physical properties of different specimens. 


24. So far as I am aware, there is no substance, whose 
elasticity varies in different directions, for which experi- 
mental data as yet exist, adequate to determine the three 
coefficients of rigidity, and the coefficient of fluid elasticity. 

Supposing the three coefficients of rigidity of a substance 
of this kind to be known by experiments on torsion, the 
process of MM. Regnault and Wertheim would readily 
furnish data for calculating the fluid elasticity. 

For example: let a tension R per unit of area be applied 
to the ends of a tube whose axis is one of the axes of 


elasticity ; say that of z Let = be the fraction by which 


its volume is increased, as before. Then 
AU_ N,+N,+N, 


MEE Seay Bk ia 
w+e(15). 


= 5 1807- 20,(0,+0,)- 6(C,- OF} 





Let the above equation be abbreviated into 
AU _ 9(C) 


RU K,+mJ’ 
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where K = K,+ mJ, as in equation (13). Then 


I= = 157 (0) - x.) ae 


The formule corresponding to equation (15) for tubes 
whose axes are parallel to y and z, are easily found by 
permutations of the indices 1, 2,3. The sum of the three 


a2 40 . . : “ 
values” of RU thus obtained is obviously = 0. 


{It may be remarked, with reference to §17 of the preceding paper, 
that the effect of alterations of direction in the lines joining pairs of 
rticles is not taken into account in the investigation of the elastic 
orces arising from the states of strain which are there considered. It 
Bea to me that this effect, except for particular laws of force, will be 
of the same order as that which depends on the alterations of the mutual 
distances between the particles; and that if it be taken into account, the 
demonstration of Theorem IV. fails. 

This objection occurred to me after the whole of the paper was in 
type, and i immediately suggested it to the author; but, as he was not 
convinced of the correctness of my view, he desired that the paper 
should be published as it stands, reserving additional explanations or 
modifications, if necessary, for the next Number of the Journal.—w. T.] 





MATHEMATICAL NOTES. 


I.—A Demonstration of Taylor’s Theorem. 
By Homersuam Cox, B.A., Jesus College, Cambridge. 

Tue following concise proof of Taylor’s Theorem, with an 
expression for the remainder after any number of terms, 
appears to be free from any objectionable assumption. 

If the quantities f(a), f(a), f"(a), &c. be finite, the fol- 
lowing expression, in which » is a positive integer, a and h 
finite constant quantities, 

n=l 


Slatz)-fla-f (@.2-f"(a). = -.f*"(a). erway 


= , }? . n-1 
2 fai) SOS ORS 2 -- SO) a oy} 


ooee (1), 


is zero when z= 0, and also when z= h. 


A function which is zero at two limits cannot be always 
increasing nor always decreasing. Hence, if (1) and its 
derivatives be continuous, there is some value (z,) of the 
variable between 0 and A, for which the differential coefficient 
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of (1) (¢.e. its rate of increase) is zero. Or 


n 


S (atx)-f (a)-f'"(a).2-...- at { f(ath)-f(a)-f'(a).h-...}...(2) 


is zero when z=2,. (2) is also zero when z=0. Therefore, 
as before, there is another intermediate value (z,) between 
z, and 0, for which the differential coefficient of (2) is zero. 
That differential coefficient is also zero when z = 0. 
Continuing the process to m differentiations of (1), we find 
that 
1.2 


S*(a+2)-—"" {flath)-fla)-f@h-.} 


is zero when z has some intermediate value between 0 and A. 
This value may be expressed by 0h, where @ is a proper 
fraction. Then 





1.2...” 


S*(a+ Oh) - a {fla+h)-fla)-fi(a)h...}=0, 


or f(at+h)=f(a)+f(ah f@* 


. hk hn 
Stil lila SF 


1.2.3...” 
If the last term of the second side of this equation decrease 
indefinitely as » increases, 


Sla+h) = fla+f'(ah+f'(a) * + +. ad infinitum ; 


which is Taylor’s Theorem. 








IT.— Demonstration of the known Theorem, that the Arithmetic 
Mean between any number of Positive Quantities is greater 
than their Geometric Mean. 


By A. THACKER. 


Ir z be a positive quantity, and » integral, we have, 
by the Binomial Theorem, 





ene ce) 
(142) 1424572 : ll 
n 2 


2+... and 


2.3 
NEW SERIES, VOL. VI.—Feb. 1851. G 
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1 
Se OM etre 
(14 Fo ) = 14+24+emee . 2 — ee 
n—1 2 





2 tee 
4 2.3 
1 1 
Here 1-->1- , 1-2>1-—2, and so on; hence 
n -1 n n—-1 


every term involving x in the first series is greater than the 
corresponding term in the second; and all the terms are 
positive. Therefore, obviously, 


(142) >(14 SV 


Now let there be ” positive quantities, a,, @,,... @,, ar- 
— in order of magnitude, a, being the least. 
hen 


n 
(* + ete. as{1 ty tenet sane 


n na, 








n-l 
ah 4 Atti t a, na} by (1). 


t (n -1)a, 


, + A, ++. +a,\"" 
>a, 
n—-1 





In the same way 


n-l n-2 
Gt Aste t GV" (G+ at ot 4, 
n—1 . n-2 


Seee Oo 4'ca 6 


G,,., e a, ' 
~— > a,.,4,+ 


Hence, by multiplication we get 


eee a . 
(48 tent ts) >A, 4, 
n 


A, +, +o0t @ 


i 
or = ®>(a,a,...@,)". Q.E.D. 


This proof seems simpler and more symmetrical than the 
one given by Cauchy, Cours d’ Analyse, p. 458. 
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Ir there be n things, A, B, C, &c.—out of which a com- 
bination of m is to be taken. Some combinations have no break, 
as ABCD...; some have one or more, as AB| D|G.... 

Let m, stand for the number of ways in which m can 
be taken out of m. Then the number of ways in which m 
can be taken out of m, with neither more nor fewer than 


p breaks, is PLR a) ae 
from which of course it follows that (0, being unity) 


m =0,..1 +t ae + 2,,.,.3 + veceee 


m-1 n-mtl n-mt+1 n-mtl 


A. DE M. 





ON THE CONSTRUCTION OF THE NINTH POINT OF INTER- 
SECTION OF TWO CURVES OF THE THIRD DEGREE, WHEN 
THE OTHER EIGHT POINTS ARE GIVEN. 


By Tuomas Wepptez, F.R.A.S., Royal Military College, Sandhurst. 


Denore the eight given points by 1, 2,3.... 8; also let 
(12) = 0 be the equation to the straight line passing through 
the two points 1, 2; and (12345) = 0,* the equation to the 
conic passing through the five points 1, 2, 8, 4, 5. 

If the constants and yw be properly taken, the equations 
to two particular curves of the third degree passing through 
the eight given points, will be 

(12845). (67) =X. (12846). (57) ...... (1), 


and (12345). (68) = w.(12346).(58)...... (2). 
Divide the former equation by the latter, and reduce, 
therefore ® . (57). (68) = w.(58).(67)...... on teh 


which is evidently the equation to the conic passing through 
the points 5, 6, 7, 8, and the “ ninth” point sought. 

Again, let us interchange the points 1 and 8 in all that 
precedes. ‘The equations to two particular curves of the 
third degree passing through the eight given points will thus 


be (82845) . (67) = p.(82346).(57) ........ (4), 
and (82345). (61) = o.(82346).(51)........ (5), 


where p is such a constant as to make (4) pass through the 
point 1, and o such as to make (5) pass through 7. 





* Of course, (12345) will = (12). (34) + & (14) . (23), where the con- 
stant & is determined so that the conic shall pass through the point 5. 


G2 
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Divide (4) by (5); therefore 
p.(57).(61)=o@.(51).(67)........6 (6), 
which is the equation of the conic passing through the points 
1, 5, 6, 7, and the “ ninth” point. 

Hence, the point sought will be the fourth point of inter- 
section of the two conics (3) and (6), three of the points 
5, 6, 7, of intersection being already known. 

The method of finding this point algebraically, by elimi- 
nating 2 or y from the equations (3) and (6), (always bearing 
in mind that we know three roots of the resulting biquad- 
ratic), seems therefore evident enough, and I have only to 
shew how the point may be found geometrically. 

Before doing so, I must however be permitted to state 
that I lay no claim to the preceding analysis. It was com- 
municated to me by the Rev. T. P. Kirkman, in a letter 
dated April 16th, 1850; and I immediately inferred the con- 
struction about to be given. It would seem however that 
Mr. K. was not the first to solve this important problem, for 
in a subsequent letter to me he said, “I have heard from 
Dublin that Mr. Hart had made known in the University 
the method of finding the ninth point that I have given you, 
about a month before I hit upon it. The proof he gives is 
pretty much the same as mine. Let 

(94) . (28567) — (92). (43567) = 0 
be the curve through six points 234567. If this contains 
1, 8, we have (%§),=7, a given ratio, and (j5),=7,, a given 
ratio, so that the anharmonic ratio of the points 2481 is given, 
and 9 is on a given conic.” 

To facilitate the subsequent investigation, I shall suppose 
that, in the preceding analysis, the origin of coordinates has 
been taken at P the intersection of the lines (81) and (72); 
that the absolute term in each of the equations (123845) = 0, 
(12346) = 0, (82345) = 0, and (82846) = 0, is + 1; and that 
(67), (57), (68), (58), (61), and (51) have been multiplied by 
such constants that the values which these symbols take at 
any point (zy) are equal to the portions of the straight line 
drawn through (zy) parallel to a line Z (assumed at plea- 
sure), and intercepted between (zy) and the lines (67), (57), 
(68), (58), (61), and (51) respectively. Also by the notation 
12, (without the parenthesis), I mean the distance between 
the points 1 and 2, by P2 the distance between P and 2, 
& 


C. 
In the conic (3), we know the four points 5, 6, 7, 8, and 
T shall now shew how a fifth point may be found. 
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Find the other points a and a’* in which the conics (12345) 
and (12846) are intersected by the straight line (81), and the 
other points 4, b', in which the same conics are intersected by 
the straight line (72). Now, (1), the equation to determine 
Ais _ (12845), . (67), 

(12846), .(57),’ 
where (12345), &c. mean the values which (12345), &c. 


take when the coordinates of the point 8 are substituted for 
x and y. 








ie 81. 8a 
Now aagengscst eae vol. 11. p. 74), (12345), = Pi Pe’ 
. 8a : 
and (12346), = Pr Pali also (67), and (57), are the portions 


of the line drawn through the point 8 parallel to Z, and in- 
tercepted between 8 and the lines (67) and (57) respectively ; 
and they are therefore known lines: therefore 


. 84. Pa.(67), 
~ 8a’. Pa. (57), 
_ 7b. Pb’. (68), , 
7b. Pb.(58)’ 
X_ 8a. Pa’. 7b’. Pb. (67), . (58), 
ee eee (57), .(68), °°" (7); 
and this determines the ratio : pu. ; 
Through the point 8 draw a line parallel to Z, meeting the 
line (57) in ce, and (67) in d; also suppose & to be the other 
point in which this line intersects the conic (3). At the point 
k we have 


(58) = 8, (68) = k8, (57) = ke, and (67) = kd; 
therefore (3), rX.ke = p.kd, 
or, ek gi) Ce errs | ) | 

Hence we may find a fifth point on the conic (3) in the 
following manner. 

Join 8 and 1, and 7 and 2, by straight lines intersecting 
in P; and find a, b, the other points of intersection of these 
lines with the conic passing through the points 12345; also 
find the other points a’, b' of intersection of the same lines 
with the conic passing through 12346. Through 8 and 7 
draw any parallel lines, the former line meeting the lines 


Similarly, be 








* This can, of course, be done in several ways, one of which immediately 
follows from Pascal’s theorem. 
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(57) and (67) in ¢ and d, and the latter meeting (58) and (68) 
ine and f. To 8c, 8a, and Pa’ find a fourth proportional p ; 
to 8d, 8a’, and Pa, a fourth proportional g; to 7f, 7b’, and 
Pb, a fourth proportional r; to 7e, 7b, and Pb’, a fourth 
proportional s; and, finally, to g, p, and r, find a fourth pro- 
portional ¢. Divide ed in k, so that 
ke: kd::8: t, 

then & will be a point on the conic (8). 

In like manner a point /’ may be found on the conic (6); 
and having thus found a fifth point on each conic, we may 
now proceed as follows. 

Having given five points 5, 6, 7, 8, & on one conic, draw 
the tangents to the conic at the points 6 and 7, and let them 
intersect in Z; also having given five points 1, 5, 6, 7, 4’ on 
the other conic, draw tangents at the points 6 and 7, inter- 
secting in M; join LM; join also the points 5, 6 and the 
points 5, 7 by straight lines intersecting LM in A and B 
respectively ; join A, 7 and B, 6 by straight lines inter- 
secting in 9; then 9 is the fourth point of intersection of the 
two conics (3) and (6), and therefore the required ninth point 
of intersection of the two curves of the third degree. 

The truth of this construction is easily seen, for the two 
conics (3) and (6) having the same inscribed quadrilateral 
5697, the intersection of each pair of tangents at the opposite 
angles 6 and 7, must lie on the line joining the intersections 
of the opposite sides of the quadrilateral. 

It will be observed, that if we multiply (2) by an arbitrary 
constant @, and add the result to (1), we have 


(12345) . {(67) + 0. (68)} = (12346). {X(57) + Ow. (58)} 


for the general equation to curves of the third degree passing 
through the eight given points. 

From the last equation we also infer that the equation to 
a curve of the third degree may be written 


C.s=C'.s' 


in an infinite number of ways; where C and C’ are of the 
second degree, and s and s’ of the first. This equation seems 
to have some analogy to the equation of a conic circum- 
scribed about a quadrilateral, and several interesting infer- 
ences may be drawn from it. 


Nov, 22, 1850. 
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ON THE THEORY OF LINEAR TRASFORMATIONS,. 
By Geroree Boot, Professor of Mathematics, Queens’ College, Cork. 


In the prosecution of any special branch of analysis, it is 
desirable sometimes to pause and endeavour to take a con- 
nected view of the methods and the results already attained. 
Such a retrospect may serve both to afford an estimate of 
its actual state of progress, and to indicate the direction in 
which future effort may most usefully be engaged. In the 
present paper I desire to contribute something towards the 
accomplishment of this object for the Theory of Linear Trans- 
formations. At the same time I wish to make some additions 
to that theory, which, in the course of the brief survey which 
is proposed, will readily fall into their proper place and con- 
nexion. I shall endeavour to shew, that whenever the trans- 
formation of the algebraic equation of a curve or surface is 
effected by the substitution of new axes of coordinates given 
in character but unknown in position, the discovery both of 
the relations among the constants of the two equations, and of 
the linear relations among the variables as dependent upon 
those constants, may be reduced to an application of the 
theory of homogeneous functions of the second degree. 

What the main objects of a theory of linear transformations 
are, and what are the principal methods that have been 
devised for their accomplishment, will appear from a con- 
sideration of the following well-known problem. Let 2, y, 
and 2’, y’, be two sets of rectangular axes in the same plane 
and having the same origin. Let also 


az + 2bzy + cy? @1......0000(I1), 
G2” + Waly’ + Cy*® = 1. .ccrevees (2) 


be the two forms which the equation of a line of the second 
order assumes when referred to those sets of axes respectively. 
It is required to determine the relations connecting a, 5, ¢ with 
a’, b',c’, as also the linear relation connecting 2, y with z’, y’, and 
determining the relative position of the axes. In particular, it 
is required to determine a’, c’ as functions of a, 4, c, when 
b= 0. 

The method originally employed for the solution of this 
problem, consisted in assuming for the linear relations the 
general forms z= az’ + By’, 


year+ Py’, 
in substituting these values of z and y in the first member 
of (1), and equating the coefficients of 2”, z'y’, and y” in the 
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result, with the corresponding coefficients in the first mem- 
ber of (2); and, finally, in eliminating a, , a’, 3’, from the 
three equations thus formed, and the three equations (ne- 
cessary in a rectangular transformation) 


a +f* =1, 
«? +f" =1, 


aa’ + BB’ = 0, 

leaving two final equations between a, b, c, and a’, b’, c’, from 
which, if 5' = 0, the values of a’ and c’ may be determined. 
By this method, and its obvious extension in the case of 
three or more variables, it has been found possible to trans- 
form any homogeneous equation of the second degree into 
another equation of the same’ degree, wanting the terms 
which contain the products of the variables zy, zz, &c.* 

In a paper published in the Cambridge Mathematical 
Journal, vol. 111. pp. 1, 106, it was shewn that the linear 
substitutions above described and the consequent elimina- 
tions might be entirely dispensed with, by employing in their 
stead the characteristic equation of rectangular transforma- 


tions, z’+y’= 2" + y” (for curves), 


ety +2=2" + y? + 2” (for surfaces). 
For the former of these cases, the following was the form 


which the problem assumed. Required to determine the 
relations connecting abc with a’d'c’ when we have simul- 
taneously gy? . Qbay + cy? = a'z + 2'z'y' + cy’, 
P+yaz?+y”, 
the ultimate relations between 2, y and z’, y’ being linear. 
Required also the expression of the latter relations. 
Exhibited under this form, the problem was seen to be 


a particular case of the following more general problem. 
Given any pair of homogeneous equations, 


ee fui si cive ican cis OD 
DE enkennbness sienna eee 


of any order m, and with any number of variables m, in 
each member, the m variables in the second members being 
connected by unknown linear relations with the variables 
in the first members: required the relations among the con- 
stant coefficients of the given equations; also the linear 
relations. 





* The complete analysis of the corresponding problem for homogeneous 
equations of the nth degree will be given in a sequel to this paper. 
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Of the general solution of this problem contained in the 
paper referred to, the following is that part which refers 
to the determination of the relations among the constant 
coefficients. 

Writing Q+AR=Q+hR .........4. (5), 


and supposing 2, y... to be the variables in the first member, 
z', y’, &c. to be those in the second, form the two sets of 
equations 


d(Q+hR)_ d(Q+hR)_ 


= 0, * ei. 
d(Q+hR)_ d(Q' +hR’) 
sa” ia iia” iaiediae tse 


From each set eliminate the variables, and there will result 

two equations involving h, the coefficients of the one being 

functions of the constants entering into Q and R, those of 

the other functions of the constants entering into Q’ and F’. 

The condition that those equations shall be equivalent de- 

termines the relations between the two sets of constants. 
Thus, in the well-known case 


ax® + by’ + cz’ + 2dyz + 2exz + 2fzy = a'u” + b'y? + cz”, 
P+yt2? = 27+ y7 +2", 


we obtain from the first members, after multiplying the 
second equation by A, adding, and taking the first differ- 
ential coefficients divided by (2), 


(a+h)x+ Sy + ez = 0, 
fae+(b+h)y + dz =0, 
ex + dy+(c+h)z=0. 


Whence, on elimination, 
(a+h)(b+h)(c+h)+2 Der.—(ath) d’-(b+ h)e*’-(c+h) f’=0...(8): 


and if in this equation we change a, 5, c, to a’, b’, c’, and 
d,e, f, to 0, we get for the second member, the corresponding 
equation (a' + h)(b'+ h) (e' + h) = 0. 


The condition that these equations shall be equivalent re- 
latively to h requires that a’d’c' shall be the values of A, (with 
signs changed) derived from the cubic equation (8). 

It will be seen that this theory essentially depends upon 
the properties of that function of the constant coefficients, 














i 
| 
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which is obtained by eliminating the variables of a proposed 
homogeneous function Q from the several derived equations 


dQ dQ 
— = 0, dy = 0, &c. 


That function of the constants in Q is represented in the 
paper referred to by 6(Q); and it is obvious that the number 
of the equations among the constants assigned by the theory 
in the simultaneous transformation of any pair of homoge- 
neous equations of the same degree Q and FR into Q' and RF 
respectively, will be equal to the number representing the 
degree of 0(Q). In fact, those equations are determined by 
the conditions that 0(Q + AR) =.0, 0(Q' + AR’) = 0, shall be 
equivalent relatively to h. 

If Q and R are of the second degree, containing m vari- 
ables, 9(Q) will be of the m™ degree, and m relations will 
be given by the theory. Now this is precisely the number 
required. For in Q and R together, there will be m(m + 1) 
terms; and substituting in these functions for the variables 
z, y, .... their linear values in terms of z’, y’, .... and 
equating with the second members Q’, R’, there will result 
m(m +1) relations among the constants, from which, after 
eliminating the m* constants involved in the linear equations, 
there will remain m relations among the constants of Q, R, 
Q’, R’, and these are the m relations given by the theory. 
It appears therefore that for quadratic functions the theory 
is complete.* 





* It is not without a real appreciation of Mr. Sylvester’s merits, that 
I feel constrained to remark that the theorem contained in the postscript 
to his paper on the ‘Correlation of Two Conics,”’ in the last number of 
this Journal, is original in form only. 

The case which Mr. Sylvester considers is the. following. A quadratic 
function Q of m variables z,, 2, .... 2, is transformed into a quadratic 
function Q’ involving only the n —r variables 2,,,, rig, ...... Z,, the re- 
maining r variables being eliminated by the linear equations 


G,L, + AgLy......+ ApLy, = 0 
bz, + ba,...... +b,7,=0 
12, + NgWlgqe eres. + 4%, = 0 


Mr. Sylvester deduces a relation between the coefficients of Q and Q 
and the determinant 


(r equations). 


yy Age neese a, 
6, b,. + b,. 
yy MereeeeeDy 


I have made a little change of notation for convenience. 
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In the case of homogeneous functions of the n order 
with two variables, 0(Q) is of the order 2(m — 1), and gives 





It is obvious that there will in general be more than one relation con- 
necting the above elements. But all the independent relations which exist 
will be furnished by the general method contained in the memoirs already 
referred to (Journal, vol. 111. pp. 1, 106). 

For the transformation in question is included in the transformation 


Q = 2, 
where Q is a quadratic function of z,, z,....7, and Q' of y:, ye... Yn, the 
linear relations being Oy + Ugh ge concert Ayn = Yry 


6,2, + Oges.....t Oy = Yep 
942, + Myhqereees + TyBn = Yes 
Gry = Yn Tre = Yr T= Yn 

provided that, after effecting the transformation, we make y,, yz, y, vanish, 
and change Yu) Yrig-++-Yn MtO Lary Lyg. ++ +Lyy Tespectively, the y’s being 
introduced merely for convenience. 

To determine the whole series of relations connecting the constants of 
Q and Q with those of the linear system, we must take the squares of the 
n linear equations, which we will for convenience represent under the forms 


G1 =» V2 = Qe ee02+-Gn = Ins 
Then will the condition that the equations 
O(Q + hygy + hydy---eet Mngn) = 9, 
O (QD + hygy + hgge'..0.+ Pngn’) = 9, 
shall be equivalent relatively to h,, h,..../,, furnish the necessary relations 
among the constants. 

But the relations which are necessary, are more than, in the case con- 
sidered by Mr. Sylvester, are required. For as y,, y,....y, vanish, we 
may confine our attention to such relations as involve the coefficients of 
those terms only in which the above variables do not enter, Of such 
relations the complete series will be given, and one out of the number will 
be identical with the result to which Mr. Sylvester’s theorem leads, 

It is shewn in the original memoir, how all the results of the method 
may be expressed symbolically by operations performed upon @(Q). 
Adopting that method in the present instance, I find the following ex- 

ression for the particular relation to which Mr, Sylvester has been led. 

et A be any coefficient of Q, a, the corresponding coefficient of g,, a, that 
of g,, and similarly for the second member. Let 


d 

270A = Py &e., 

and in like manner 2a,’ = =¢,, &c., then the particular relation in 
question will be aA 


PP POD) 2 ene (Qs 


E being the determinant obtained by equating to 0, the first members of 
the linear system, and eliminating the variables. 
From the constitution of the function 6(Q’), and from the circumstance 


that W,, W,, &c., reduced to 


d 
ng. > 
=a, dQ, a 


dd’ aB’ &c., where A and B are coefficients 


of y,*, y,", &c., it follows then that the second member of the above equation 








\ 
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2(n -1) relations among the constants. Now the number 
of terms in Q and R together in this case will be 2(m + 1). 
There will therefore be 2(m + 1) relations between the con- 
stants of Q, R, &c. and those (four in number) of the linear 
system, whence, eliminating the latter, we have 2(m — 1) re- 
lations among the constants of Q, R, Q’, R’. Here also, 
then, the theory gives the number of relations required. 

When both the number of the variables and the degree 
of the functions exceed 2, the theory gives a greater num- 
ber of relations than is required. Whence it may be inferred 
that some of the relations thus given are independent. 

Another property of the function 0(Q), intimately con- 
nected with the above and noticed in the same memoir, is 
the following. If Q be linearly transformed to R, then 


yn 
E™ 0(Q)=0(R).....0.. 000 (9), 
E being that function of the constants in the linear system which 
is obtained by equating to 0 ; the second members, and elimi- 
nating the variables, y being the degree of 0(Q), ” that of 
Q, and m the number of the variables. 

Farther, it is noticed that, since by differentiating the linear 
equations we obtain precisely the same relations between the 
differentials dz, dy, .... and dz’, dy',.... as exist between 
z,y,.... and 2’, y',...., and since also the values of the 
differentials are independent of the values of the variables, 
we may treat the successive derived equations 


dQ dQ qq’ ,, ad ,, 
Sea a ae OS 
#Q,,., €Q #Q,, 82. 
Tat dz ial eee dy = 77 dz” + &c,...(11), 





reduces to 6(R), where R is what Q’ becomes after y,, ye....y, are made 
to vanish. Hence we have 

Py Py ---+-9,0(Q) = B*0(R). 
: have ascertained that Mr. Sylvester’s result is reducible to the above 
‘orm. 

There cannot be a doubt that for the discovery of the actual relation 
in question, the above theorem is far more convenient than Mr. Sylvester’s. 
It is, however, quite possible that the particular form under which Mr, 
Sylvester’s theorem is exhibited, may render it a more convenient instrument 
for the researches to which he proposes to apply it. The theorem of mine 
upon which he has commented, ought not to be disconnected from the 
system of which it forms a part. 

Mr. Sylvester has, I am assured, too much love for truth to feel offended 
at observations which are made, not with a view to establish a claim of 
priority, for which I care little, but to place in its true light a mathematical 
question, otherwise very likely to be misunderstood. 
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(we confine ourselves for illustration to the case of two 
variables,) as homogeneous equations among the differentials 
dz, dy, dz’, dy’, just as if the differential coefficients 


dQ #Q 
dz’ dz*’ 


were absolutely constant. This principle is of great utility 
when the functions Q and R are not of the same degree. 
For instead of discussing the equations directly, we may 
commence by the discussion of the second differential equa- 
tions, which will be of the second order, with reference to 
dz, dy, dz’, dy’. 

These are all the really essential principles involved in 
the memoir referred to. I desire here to add to them two 
others which I shall proceed to demonstrate. 

ist. Let there be two variables, z and y, in the first mem- 
bers which are linearly connected with z' and y’, the variables 
of the second members, by the equations 


&e. 


w= da + py’, 
Y DNA + WY! occeccccrceeee (12). 
From these we shall find 





ga HEY 
ry ns rp’ 
ve Na + Ay 
y a rw sat pun * 
Now 4. os os whence we get 


dz” de de” dz dy’ 
d 1 Pe ' ,a 
Bagi B"H) 
d l d d 
iy" awe (hae tay) 


Let us represent Aw’ - A'w by E; the above system may 
then be put in the form 


. , a 
( -# ae)> 


(% o- BB) eres (18). 


LJ 
de 
« 


tI Bie 


dy 
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But this is precisely what the system (12) would become 
if therein we changed 


a . 
eal Fae ~ ss 
a’ into + f ‘aber a - 

ee Edy’ y E dz’ 


Now if this change is permissible in the linear system, it is 
permissible in any equation derived from that system. We 
may therefore state the following principle : 

If o(z, y) = W(2’, y') in virtue of linear relations connect- 
ing z and y with z’ and y’, then is the equation 


d d 1 d 1d 
— 2 ee TS oo oe ee eeee 14 
(5 =) (5 dy’ az) (14) 
symbolically true. The utility of this result will shortly 


appear. 

Consider, secondly, the case of any rectangular trans- 
formation, whether on a plane or in space. Taking for 
illustration the latter case as being the more general, we have 


a= az’ + by' + cz, a =ar+ay+a'z, 
yaar +b y' + cz, y =br+ Uy + bz, 
z=a'z' + b'y'+c'z, z= cx+ cy +c'z. 
Whence we find 
d d d d 
+b6—+e 


dz” da’ dy’ dz’ 


© wal ae wy < 

d dz' dy dz'’ 
eee uy d, 
d: dz’ dy’ dz” 


from which it appears that the system of relations between the 

symbols <2 = and — e 
dx’ dy’ dz’ dz’’ dy'’ 

as that connecting 2, y, 2, with z’, y’, 2. Hence the following 

theorem : 

Tf o(x;, y, 2) = W(x’, y’, 2') wherein x, y, z and x’, y', z' are 
rectangular coordinates having the same origin, then is the 
equation sw d dad 

p (a dy’ u)7¥ (ae dy’ x) eee (15) 
symbolically true. 


. is precisely the same 
dz’ ’ 
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Or, in other words, In any equation obtained by rectangular 
transformation, we may change the variables x, y, &c. into 


the corresponding operating symbols + ‘ 2 » Se. 


Some illustrations of this principle will also be given in a 
subsequent part of this paper. I have thought it necessary to 
exhibit together what appear to me to be the really funda- 
mental principles of the theory, and I shall now shew their 
application to an important department of the inquiry which 
was originated by Mr. Cayley. 


Hyperdeterminant Functions. 

A year or two after the publication of the paper to which 
reference has chiefly been made, Mr. Cayley was led to the 
discovery that, for all homogeneous functions with two vari- 
ables of an order higher than the third, there exist other 
functions than @(Q), possessing those properties which I had 
regarded as peculiar to it. For the function of the fourth 
order Q = az‘ + 4bz’y + 6cx’y’ + 4dzy’ + ey‘, Mr. Cayley dis- 
covered the constant function ae - 4bd + 3c’, as possessing 
the requisite characters. Thus, if that function be represented 
by #(Q), then, in the transformation of the simultaneous 
equations Q=-Q, R=R, 
two of the relations among the constants are given by the 
condition that the equations 

o(Q+hR)=0, o(R+hAR’)=0, 
shall be equivalent. Moreover, 
E* 9(Q) = 9(Q’), 
y being the degree at #(Q) and ¢(Q’). 
Subsequently it was discovered that the function 
ace + 2bde - ad’ - eb’ - c’, 
which we will represent by ¥(Q), possesses the same proper- 
ties ; and thus, instead of the six equations among the con- 
stants given by the condition of the identity of 
6(Q + AR) = 0, and 0(Q' + AR’) = 0, 
we have the two equations given by the condition of the 
identity of $(Q rs hR) = 0, ¢(Q' + hR’) = 0, 
the three equations given by the condition of the identity of 
V(Q+AR)=0, ¥(QV+AR')=0, 


¢(Q” 9(Qy 


and the single equation 





v(Qy ¥(Qy’ 
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That the two sextuple systems are equivalent, may be 
proved by means of a relation also found to exist in the 
above case, viz. 


9(Q) = (Q)’- 279 (Q/. 


To illustrate the advantage of the system to which Mr. 
Cayley’s researches led, I may be allowed to mention, as 
the result of actual examination, that the reduction of the 
homogeneous function Q to the form a’z* + 6c'x*y” + ey’, is a 
matter of great difficulty, when the equations derived from 
6 (Q) are employed, but is made easy by the employment of 
the other system. The functions, 9(Q), which have been 
called determinants, and the more recently discovered func- 
tions which have been denominated hyperdeterminants, enter 
as constituent elements into the forms of solution of algebraic 
equations, and the solution of the equation of the fourth 
degree may be effected by their aid in a manner similar to 
that which is employed for the cubic equation in the memoir, 
vol. 111. p. 119. 

In the first volume of this Journal (new series) p. 104, Mr. 
Cayley has adopted a method for the discovery of hyper- 
determinants, founded upon the principle of separation of 
symbols. I would, however, venture to suggest the follow- 
ing mode as more easy of application. Let (14) be a homo- 
geneous equation of the n™ order ; then we have 


d d d d 
E (> a)" (wy , Fg) ++ (08), 
by which we can operate, not only upon the equation 
¢(z, y) = (2, y’) from which it is derived, but upon any 
other equation obtained from the same system of linear trans- 
formations. 
For example, let the given equation be 


ax‘ + 4bz*y + 6ex’y’ + 4dzy® + ey* = ax" + &c...(17), 
. ee Te d 
we have, on changing z into dy’ yinto- 7» &e., 
da‘ & da is, & 
- Se" ee .== (a —,- &c. )...(18). 
oP”, 4b Ta? hea (4 dy e (18) 
And operating with this result upon the given equation, we 
et 
' ae - 4bd + 8c’ = ge - 4b'd’ + 8c”), .. . (18). 
Hence ae - 4bd + 3c’ is a hyperdeterminant of the second 
degree. 
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To obtain one of the third degree, let us first consider any 
equation of the second degree, 


az’ + 2bry + cy® = ax” + &........ (19); 

the operating equation hence derived is 
d’ ad ee Es 
‘_ a a EB (a ar 8), 
which, applied to the previous equation, gives 
ac -}'= ze oS ag See (20). 
Now the equation (17) after two differentiations, gives 
(ax*+ 2hay+cy*)da*+ 2 (bx*+ 2cxy+ dy’) dady+(ca*+ 2dzy +ey*)dy’ 
= (a'x” + 2b'x'y’ + cy”) dz? + &e., 

which, by a principle already stated in this paper, may be 
treated in all respects as a homogeneous equation of the 


second order, between dz, dy, and dz’, dy'. Whence, by 
(27), we have 

(ax* + 2bay + cy*)(ca® + 2dxy + ey’) - (bx* + 2exy + dy’) = - 
U being what the first member would become if each of the 
letters were dashed. Perform on this equation expanded 
the operations represented by (18), and we get 


U, 


ace + 2bed ~ ad’ - eb’ - c= ai (a'c'e - a); 


whence ace + 2bcd - ad’ - eb’- c’, is a hyperdeterminant 
of the third degree. And for all orders, these functions 
may thus be determined by the performance of a single 
operation upon a single function. 


On applying this method to the homogeneous function of 
the fifth order, 


ax’ + d5baty + 10cz*y’ 4 10dzx*y® + S5ery* + fy’. 


I find, beside Mr. Cayley’s function of the fourth order, viz. 
AC - B’, wherein 


A =2(bf- 4ce+ 3d"), B=af- 3be+2cd, C=2(ae- 4bd+ 8c’), 
the following function of the eighth order, viz. 
A (8 - 7’) + B(yB - a8) + Clay - 6"), 


NEW SERIES.—VOL. VI. May, 185). H 
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wherein a = bdf - be’ + 2cde+ ef -a, 
8B = adf - ae’ — bef + bde + ce - cd’, 
3y = acf — ade - bf + bd’ + bee - cd, 

8 = ace — ad’ - be + 2bed - c’. 

It appears from the researches of Mr. Salmon and Mr. 
Cayley, that 0(Q) is made up of two parts, one being the above 
function of the fourth order squared, the other the above 
function of the eighth order with a numerical coefficient. 
We may gather from what precedes, that the employment of 
the hyperdeterminant functions would not in any material 
degree facilitate the transformation of homogeneous functions 
of the fifth degree, since these, like 6(Q), would introduce 
equations of the eighth order. They are however in all cases 
of great theoretical interest, and their discovery constituted 
a most important step in the theory of the linear trans- 
formation of functions of two variables. 


Of Rectangular Transformations. 


The remarkable property expressed by equation (15) en- 
ables us to deduce relations among the constants in any case 
of rectangular transformation with a facility which is quite 
peculiar. 

Suppose that we have 


ax’ + 2bry + cy* = a'x” + Q'z'y' + cy”, ...(24), 
the two systems 2, y, and 2’, y' being rectangular; then we 
have also a+ yt= ats y? 
Now by (15), changing in these equations z, y, 2’, y’ into 
‘, = s ay” we have 
ait tb ater ana a 2+ &e, 
eae 
da * dy” da dy? 
Operate with these equations upon (24), and we get 
a + 20°+ c= a" + 2b +c”, 
a+craic, 
which are the relations required, the system being equivalent 
to the well-known system 
ac-Bea'c-b", at+e=aie, 
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Let g = g' be a homogeneous equation in which q is of the 
form 1.2...0 
q-3 
1.2...@ 1.2... 1.2.07 


the numerical factor of each coefficient being the same as the 
corresponding numerical coefficient given by the multinomial 
theorem, and q’ being a function similar in form of z’, y’, 2’. 





Y 
ax*yz", 


Then if in the above we change z, y, &c. into é P £ » &e., 
ow 

and operate upon the given equation, we shall obtain the 

same result as if we rejected in the given equation the 

variables, and substituted for each literal factor its square. 

Thus from the equation 


aa’ + 3ba*y + 8ery’ + dy’ = a'z" + &e. 
we should get a’ + 30° + 3c? + d’=a" + &c. 
Also, confining our attention to three variables z, y, z, since 
+t Zar sy? + 2”, 
re er" ee 
mar? a 


Operating with this equation upon the primitive 7 times in 
succession, we have 


- @#.#¥ ad ‘ 
(+ art ga) oo (gat bee... (2095 


wherein, by giving to ¢ the values 1, 2, 8, &c. up to the 
greatest integer in jm, we obtain a system of equations, to 
each of which the previous rule may be applied. 

Thus, in the rectangular transformation of a homogeneous 
function of the fifth degree represented by 


ax? + 5ba*y + 10cz*y’ + 10dz*y’ + dexy* + fy’ = a'z” + &c...(27), 


we have 


we obtain first the equations 
(a+c)a°+8(b+d)a*°y+ 3(c+e)ay’?+(d+f)y’=(a'+c')z”...(28), 
(a+ 2c+e)x+(b+ 2d+f)y =(a' + 2c + ¢')a' + &...(29), 
and from the above three, the constant relations 
a’ + 5b? + 10c° + 10d* + 5e° + f? = a" + &e., 
(a+cf+8(b4+d)+8(c+efv+(difyYs(a+c’)+ &e., 
(a+ 2c+ ef +(b+ 2+ fy =(a + 2c’ + ef + &e....(80). 
To find the two remaining relations among the constants, we 
H2 
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may operate by means of (29) on (28) or (27). The difficulty 
here and in other applications of the method is not in de- 
ducing results, but in ascertaining how far the results obtained 
are independent of each other. I cannot however but think 
that this is a question, the further study of which will lead 
to important results, with reference even to objects whose 
attainment is not directly sought,—the theory of functional 
equations for example. 

We learn from what precedes, that in the rectangular 
transformation of a homogeneous function of the 2n™ order, 
whatever the number of the variables, there will exist n re- 
lations of the second, and one relation of the first order 
among the constants, and that when the proposed function is of 
the order 2” +1, there will exist 2 +1 relations of the second 
order among the constants. For the function 


ax*+ by*+ cz*+ 3dz*y + 8ery’+ 8fz'z+ 3gxy'+ Shy’z+ Siye’+ 6hayz 
transformed into a'z* + &c., these relations will be 
@+R4+ 04+ 38(P+ P+ fPig+h'+)+ 6 =a" + &., 


(a+et+gy+(b+d+ifpr(e+fr+hP=(are's+ g')+ &. 
On Transformations in Space generally. 


The character of a system of rectilineal axes may be con- 
sidered as determined when the angles zy, yz, zz are known. 
Two such systems of axes being given in character, but not 
in mutual position, the problem of linear transformations 
may be considered as having reference to the two following 
objects. 

First, the discovery of the relations between the coefficients 
of the equations of a proposed curve or surface as referred to 
the supposed systems of axes. 

Secondly, the discovery of the linear equations connecting 
the two sets of coordinates, and thereby of the mutual position 
of the axes in terms of the coefficients of the two equations 
of the proposed curve or surface. 

I propose here to shew that the former of these objects can 
as far as needful be effected by the theory of quadratic 
functions, subject only to the inconvenience produced by an 
occasional uncertainty as to the independence of results, and 
that the second of the above objects can always be effected 
without any such restriction. 

Let cosyz=a, coszz=(3, coszy=y, te. let a be the 
angle which the axes y and z make with each other, and so 
on for the rest. In like manner, let cos y'z' = a’, cos2’z' = [3', 
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cos zy’ = y'; then we have the relation 

w+y+ 2+ 2ayz + 2Brz + yey = 2" + y+ 27 + &e....(31), 
an equation of the second order which determines the cha- 
racter of the transformation to be effected. ‘The homo- 


geneous equation, the relations among whose coefficients are 
to be determined, we will represent by 


8 ere one fh, 
Q being a homogeneous function of z, y, z, Q of z', y’, 2’ 
both of the same order n. 
Taking the second total differentials of (31) and (32), we 
have 


dx* + dy’ + dz’ + 2adydz + 2Bdadz + 2ydady = a'z” + &c., 











d’Q . d’Q , d’Q r d’Q d’?Q 
ie dz’ + dy? dy’ + 7 dz* + 2 dydz dydz + 2 se dxdz 
aQ dQ ,., 
+2 dady cS Zz? dz” + &e., 


and we may consider these as a pair of homogeneous equa- 
tions of the second order, with reference to the elements 
dz, dy, dz, and dz’, dy’, dz’, regarding the coefficients in the 
second equation, viz. de? ay? 
Accordingly there will result among the coefficients of the 
two equations, three relations, one of which will be (Cambridge 
Journal, vol, 111. p. 18, 1st Series), 
d’Q d’Q d’Q d’Q d’Q d’Q 
L—,; — —; +2: 1 — 
dz * ud dy’ + dz * aw : wr " oF Joke 
1 + 2apsy - a - p= y° 
dQ’ 

t L de + &e, 

1 + 2ap'y' + &c. 
wherein L=1-a', M=1-f', N=1-y7', S=By-a, 
T= ya- B, U=af -y. 

The above equation may be represented under the form 


&c. as relatively constant. 

















RQ ae B'S 2 ccccccccscee (84), 
wherein X represents the operative function 
1 d d ) 
L — + M—, + &c. |...(35), 
1 + Quy - a’ - B’- 7° ( Had dy’ ( ) 


and A’ a similar operative function relatively to 2’, y’, z’. 
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As Q and Q are functions of the n** order, the equation 
(34) will, when the operations represented by K and K’ are 
performed, be of the (m—- 2)" order; and repeating the 
operation, the equation ; 

K°Q = K?Q 
will be of the (m - 4)™ order, and so on. 

Whatever integer value ~ may therefore have, we shall 
eventually obtain by the above process an equation either of 
the second or of the first order; of the second order if x is 
even, of the first order if x is odd. The coefficients of that 
equation will be rational functions of the coefficients of the 
original equation Q = Q’, and of a, 3, y. 

If m be even, we thus obtain, in addition to the quadratic 
equation (31), another quadratic equation, which may be 
employed as the former one has been to deduce a third 
quadratic equation, and so on in succession, as far as may be 
necessary.* The relations which exist among the coefficients 
of these quadratic equations determined by the proper 
method, will express the required relations among the coef- 
ficients of the given equation. 

If m is odd, the final equation in the first stage of the 
above process, being of the first order, cannot be directly 
employed to effect any subsequent reductions on the primitive 
equation (82). We may however effect the desired reductions 
in the following manner: The equation already found being 
of the first order, will, on being squared, give a quadratic 
function, whence, with (31), we shall have two quadratic 
functions. If then we take the second total differentials of 
these equations and of the primitive equation Q = Q, we shall 
have three quadratic functions relatively to dz, dy, dz, 
dz’, dy’, dz’. Let these, for convenience, be represented by 

wert, yay, 22; 

then the relations which connect the constants of these 
equations are determined by the conditions that the equations 

O(x + hy + kz) = 0) 

O(a’ + hy’ + kz’) = 0f 
shall be equivalent relatively to h and &. Among the equa- 
tions afforded by this condition, there is one which will 
involve at the same time the coefficients of all the three 
equations (Journal, vol. 111. p. 109, Ist Series). This equation 
will give a formula of reduction similar to that which we 





* At least for oe useful purpose: vide Sequel. I have found that the 
equations are not inde 


pendent throughout. 
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before obtained. Hence we shall have as before, representing 
the operating function by Z and L’, 
LQ=LY, LQ=L'd, &., 

the last of which will be linear as before. ‘The relations 
which connect the coefficients of these linear equations with 
those of (31) will be the relations sought, and it is evident 
that they will be expressed in rational functions of the 
original coefficients. 

It appears from the above, that it is possible to deduce the 
relations which connect the constant coefficients of homo- 
geneous functions of two and three variables, and of any 
integral order linearly transformed by methods derivable 
from the theory of quadratic functions, whenever the trans- 
formation in question represents a geometrical change of 
axes ; the character of the two systems of axes, but not their 
relative position, being known. If the systems of axes are 
both rectangular, the operating equations K = K’ assigned 
in the outset of the above process will be 

e « ¢° ¢ .¢ @ (37 

dx * dy’ * 2 de® dy” “rrr ) 
agreeing with a result previously arrived at by different 
considerations. 

The solution of the problem which we shall proceed to 
consider, is not only theoretically possible, but may be prac- 
tically accomplished with considerable facility. 


Determination of the Linear Relations. 


Given the two forms which the algebraic equation of a 
curve or surface assumes when referred to two distinct systems 
of rectilineal axes having a common origin, tt ts required to 
determine the linear equations by which the coordinates of the 
one system are connected with those of the other. 

The proposed equations being cleared of radical signs, and 
reduced to rational and integral forms, an equation will 
readily be formed between the homogeneous functions of the 
highest order which they severally involve. This equation 
let us represent by Q=d. 


Representing also by a, 3, y, the respective values of 
cos yz, COs £2, Cos zy, we shall have, as in the last example, 


ety + 2+ 2ayz + 2Brz + 2yey = x? + &e....(38). 
From these equations we shall, as in the last example (35), 


(37), obtain KQ=-KQ, K’Q=K’Q, &., 
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whence, finally, we obtain an equation of the second or of the 
first degree, according as Q and Q’ are of even or of odd 
degree. 

If the degree of Q and Q’ is odd, the final equation of the 
above system will be one of the linear equations sought, and 
the other linear equations will be obtainable either by the 
method already explained, or by squaring the equation 
formed so as to produce a quadratic function, and referring 
the solution to the following case. 

If the degree of Q and Q' is even, the process of reduction 
described will lead to a quadratic function which we will 
represent by 

ax’ + by’ + cz’ + Wdyz + exz + Afzy’ = a'x” + &c....(39). 
Multiplying (38) by A and adding to (39), and differentiating 
the two equivalent systems of equations 


(at+h)x +(ft+hy)y+(e + hB)z=0 
(ft+hy)cr+(b+h)y +(d+ haz -o| 
(e +hB)x+(d+ha)y+(c+h)z =0 
and (a +h)a+(f' +hy)y +(e +hB)z =0, 
&e. &e. &e. 
eliminating the variables from either system, we find a cubic 


equation for determining A: that quantity being determined, 
the second and third equations of (40) give 


a ss y 
(b+ h)(e+h)-(dihay (d+ ha)(e + hs) - (f+ hy)(c +h) 
Z 
(f+ hy)(d + ha) - (6 + h)(e + hB)’ 
which we may represent by 
zy 2 











1 = m > n oY (41). 
In like manner the second system gives 

z y 2 

7 io ee (42 

se Dag (42); 


and it is clear that whenever (41) is satisfied, then is (42) 
satisfied also, and vice versd. 
Now differentiate (38), and divide the result by the square 
root of (38), and we have 
(x + yy + Bz) dx + (yx + y + az)dy + (Pa + ay + z)dz 
(a + y? + 2 + Qayz + Wrz + 2yary)}t 
re (2 + yy + B2') dx + &e. 








(a +y* + &.)} 
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The first member of the above equation is homogeneous 
and of the order 0 in respect of x, y, z, and the second isa 
similar function of z’, y’,z. Hence we may substitute in 
them /, m,n for z, y, z, and I’, m’, n’ for 2’, y’, 2: we may 
also, after doing this, replace dz, dy, dz by 2, y, z, &c., since 
the relations are the same in form. Whence we have 

(1+ ym + Bn)x + (yl + m-+an)y + (Bl+am+n)z 
(+m? + n® + 2amn + 2B3ln + 2ylm}* 
_U+ ym + Bn’')x + &e. 
"hams &oe . (48). 

In this equation /, m, n, U’, m,n’ are functions of h. By 
giving therein to fA, then, its three values dependent on the 
solution of the cubic equation above referred to, we shall 
obtain three distinct equations, which will complete the 
linear system. 

When the axes are rectangular, the results of the above 
theory are greatly simplified. The reduction of the proposed 
equation Q = Q' to a quadratic, is effected by performing as 
often as necessary the operations represented by the equation 

Efe oye ee 
dz’ dy dz' dz* dy? dz 
Supposing the result to be of the form (39), we have 
(a+h)(b+h)(c+h)+ 2def-(a+h)d*?-(b+h)e-(c+h) f?=0...(44) 
for the cubic determining . The values of the subsidiary 
quantities 7, m, n, l’, m’, n, are simply 
L=(b+h)(c +h)-@, m=de -f(c +h), n=fd -(b +hj)e, 
VaW+hj(e+h)-d*, m=de-f(e+h), n=fd-(U+h)eé, 
and finally, for the general type of the linear system, we have 
le+my+nz Ux + my + nz (45); 
(P+ m+ nt (U7 4+ m* 4 neo > 
wherein it is only necessary to give to h its three values in 
succession. 

Let us suppose that the second member of (39) is of the 
form a‘z? + b’'y? + cz, then the three values of A determined 
by the cubic equation (44) are - a, - 0, -c’. If the first 
of these be employed in (45), we obtain, on making 

@=0, ¢€=0, f'=0, 
l=(0-a)(c-a), m=0, n'=0, 
le + my + nz _ 
(P+ m+ n*h 

















whence (45) gives 
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When we employ the second value of h, viz. when - 0’ is 
employed, the second member of (45) assumes the form 3. 
Its real value however is y’. This is proved by deducing the 
values of 1, m,n, I’, m’, n’, not from the second and third 
equations of (40), but from the first and third, and proceeding 
as above; for as the three equations of the system (40) are 
not independent, it is obviously indifferent which two of 
them we employ. The final result is, that the second mem- 
ber of (45) becomes 2’, y’, or 2, according as we make 
h=-a, or -0', or -c¢, whenever the second member of 
(39) is of the form az? + by? + ¢2z”. 


Jan, 20, 1851. 





ON THE REDUCTION OF THE GENERAL EQUATION OF THE x!" 
DEGREE (SEQUEL TO A MEMOIR ON THE THEORY OF 
LINEAR TRANSFORMATIONS). 


By Georce Boor: 


In the preceding memoir on the Theory of Linear Trans- 
formations, I have endeavoured to give a brief sketch of the 
history of this peculiar and rather isolated branch of analysis, 
and to exhibit in their due order and connexion the main 
principles upon which it rests, as far as they are at present 
known to me. In the present essay I pass onward to their 
most important application, the reduction, whenever possible, 
of the general equations of curves and surfaces of the n™ 
degree. The more immediately practical character of this 
object is my apology for making it the subject of a distinct 
paper. ‘There may be minds to which the properties of 
hyperdeterminants and the laws of transformations geome- 
trically inconceivable may present little that attracts, but 
to which it may still appear worth while to learn how to 
determine when the equation of an actual curve or surface is 
reducible to a proposed symmetrical form, and how to effect 
its reduction. 

What is termed the reduction of the general equation of 
the second degree, viz. 


ax’ + by’ + cz’ + 2dyz + 2exz + Ufxy = 1, 


consists in transforming it, by referring it to a new system of 
rectangular axes, to the form 


a2? + by? + cz? =1, 
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an object the accomplishment of which is known to be always 
possible; but it is not always possible to effect a similar 
reduction for the general equation of the mn degree 


az” + by" + cz" + ndx*"'y + &e. = 1. 


Whenever » is of an order greater than 2, there must exist 
conditions among the constants a, b, c, d, &c., in order that 
the above equation may, by some system of rectangular trans- 
formations, be reduced to the form 


ax" + Vy + cz" = 1: 


accordingly one of the final objects of the theory of linear 
transformations, with reference to this case, is the solution 
of the following problem. 1s¢. To ascertain, in any given 
instance, whether the proposed transformation is possible. 
2ndly. When it is so, to effect that transformation by deter- 
mining the values of a’, b’, c. 38rdly. To determine the 
linear relations connecting 2, y, z, with 2’, y’, 2’, and the 
consequent mutual position of the two systems of axes. 

I shall shew that the problem thus stated can be completely 
solved, and with scarcely any difficulty greater than attends 
its solution in the case of equations of the second degree. 
Two illustrations of the method will be given: the corre- 
sponding reduction by oblique transformation, together with 
other reductions having for their object the removal of par- 
ticular sets of terms, as for instance of those which would 
involve odd powers of the variables, may be effected, when 
possible at all, by similar methods: of the latter problem an 
illustration will also be given. As the illustration proposed 
will each serve as the representative of a class of questions, 
I deem it unnecessary to preface them by any further general 
statement of theory, but shall at once proceed to the appli- 
cation. 


Example I. 


It is required to ascertain when it is possible to reduce the 
general equation of the fourth degree, 


ax‘ + by* + cz + 4dz*y + 4ex*z + 6fx*y’ + 12ga*yz + 6ha*z’ + dizy’ 
+ 12j2y*2 + 12hayz + 4laz + 4my’z + 6ny’2’ + 4oy2* = 1...(1), 
to the form C2! + Fy 4 Cz wl... cece es es AB), 


by rectangular transformation, and to determine in such case 
the values of a’, 0’, c’, and the linear relations connecting the 
two sets of variables z, y, z, and z, y’, 2 together. 
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By the preceding memoir we have the symbolical equation 
a a A a a (3) 
dz dy’ dz dz” dy® dz*°***** ; 


Let the first member of (1) be represented by Q, and the 
first member of (2) by Q’, then we have 


EE us acesewens vctectnt 
whence by (8) 


HQ FQ dQ _ a ae dQ (5): 
de” dy dda" dy® de” 


substituting herein for Q and Q' their values, performing the 
differentiations, and dividing by 12, we have a result of the 
form 
az’ + By’ + yz" + 2yz + Qexz + Wey = az” + b'y? + c'z”...(6), 
wherein acat+frh, S=g+mto, 

B=bi fin, c=e+ 7 +], 

y=ethin, S=d+t +h. 


Now this being an equation of the second degree, we have, 
as in the concluding part of the preceding memoir, the cubic 
equation 


(a+h)(B+h)(y+h)+ 286 -(a+h)&-(B+h)P-(yt+h) 0 =0...(7), 


whence the three values of A with signs changed will de- 
termine a’, 0’, c’. 
Further, if we write 


p='8-(B+h), g=h-S(ath), r=(a+h\(Br+h)-%, 


pe+qy t+ rz 


we have ps ger) 


=z’ ory’ orz’..... -. (8), 
according as we make h = - a’, or — 8’, or - c’, in the values 
of p, g, ®, whence the three linear relations are determined. 
Now the above results, viz. the values of a’, 5’, c', and the 
three linear relations, have been found on the supposition that 
the proposed reduction of the equation of the fourth degree 
is possible ; they are necessary consequences of that supposition, 
for if the equation Q = Q’ is possible consistently with the 
assumption that 2, y, z, and 2’, y’, z’ are rectangular systems 
of axes, then is the equation of the second degree (6) true, 
and the assigned values of a’, d', c’, and the assigned linear 
relations necessarily follow. To determine whether the 
primitive equation admits of the transformation proposed, 








A —— 
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it is now only necessary to substitute in the second member 
of (4), that is in the function a’z* + b'y'* + c’'z", for a’, b', ¢, 
their determined numerical values, and for 2’, y’, 2’ their 
determined expressions as linear functions of z, y, z. If the 
transformation is a possible one, the two members of the 
equation will become identical; if they do not become 
identical, it may certainly be inferred that the transformation 
is impossible. 

The logic of the above investigation may be thus stated : 

1st. Either the proposed reduction is possible, or it is not 
possible. 

2nd. If it is possible, then the equation Q = Q’ is true, 
and the linear relations (8) deduced from it are true, and 
therefore satisfy the equations Q = Q’; hence, if the linear 
relations (8) do not satisfy the equation Q = Q’, the reduction 
is not possible. 

3rd. If the reduction is not possible, no set of linear re- 
lations representing a rectangular transformation will satisfy 
the equation Q = Q’, therefore the system (8) will not satisfy 
that equation ; hence, if the linear relations do satisfy that 
equation, the reduction is possible. 

Wherefore the satisfying of the equation Q = Q’ by the 
linear system (8), is a criterion of the possibility of the 
reduction proposed ; and that reduction being ascertained to 
be possible, the values of the coefficients a’, d’, c’ are truly 
assigned by the above process. 

It will be seen that we only investigate the relations among 
the constants a, b, c, &c. a’, b’, c’, as far as is necessary to the 
determination of the latter set of quantities. For this purpose 
three relations suffice, and in the present instance these 
relations are involved in the use which is made of the cubic 
equation (7). Theory, however, assigns twelve relations 
among the constants of the original equation, so that after 
the determination of a’, 0’, c’, there still remain nine con- 
ditions to be satisfied. ‘The expression of these conditions, 
as is by the preceding memoir shewn, is always theo- 
retically possible, or rather it is shewn to be always possible 
to deduce a series of rational equations among the constants in 
which the proposed conditions will certainly be involved, 
although in a case so complex as the above great difficulty 
might arise in determining how far the different results 
obtained would be independent: fortunately it is quite un- 
necessary to engage in so troublesome an inquiry. The 
substitution of the linear values of z’, y’, 2’ in the second 
member of the equation Q = Q', permits us at once to see 
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whether the transformation is possible; and the single con- 
dition of the resulting identity of the two members supplies 
the place of the nine conditions among the constants to which 
reference has been made. 

The above example will serve to illustrate the method 
which is to be employed whenever it is required to ascertain 
whether an equation of an even degree 2n is reducible to the 


form a'z'™ + By'™ + c'z™ = 1, 
If Q=Q' be the equation connecting the transformed 
homogeneous functions, then will 


a Pe Ge @& + outta) Q 

dz dy dz} ~ \dz* dy® dz” 
give an equation of the second order, determining a’, J’, c’, 
and the linear relations. 


Example II. 
To reduce if possible the equation 
ax’ + by® + cz° + 3dz*y + 3ea*z + 3fzy* + 6gryz + Shaz" 
+ 8ty*z + 3yy2*= 1... .(9), 
to the form a ae ae ee (10) 
by rectangular transformation. 


Representing as before the respective first members of the 
above equations by Q and Q’, the equation 


HQ dQ dQ dQ’ dQ da 
et ae t <5? ee + et ee 
dx dy’ dz dz" dy dz 
gives, on dividing by 6 and assuming 
a+fth=a, bidijy=P, ctet+te=y, 
the equation az+ By + yz=a'2' + Dy’ + cz. 
Now the transformation being rectangular, we are permitted, 
according to the previous memoir, to change in the above 


equation 2 into a’? into rd &c.: performing this change, 


and operating as the equation Q = Q’, we have 
dQ dQ dQ, dQ a”. .dQ. 


°e Oat a a at a 


which, on performing the differentiations and dividing by 8, 
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gives a(az* + 2day + 2crz + fy’ + 2gyz + hz’) 
+ B(dx’ + Wfzy + 2gaxz + by? + Biyz +72") = ae + by” + c%z” 
+j (ea® + 2gry + 2haz + ty® + Byz + cz’), 
whence, if we write 
aa+Pd+ye= A, af+ Bhi yi= B, ah+ Py +ye=C, 
ag+PBti+y=D, ac+ Bgtqh= EF, ad+ Bf+ yo =F, 
we shall have 
Az’ + By’ + C2 + 2Dyz + 2Exz + 2Fry = a®x” + b?y" + c%2". 


The remainder of the solution of this problem (11) will be 
identical with that part of the solution of the previous problem 
which follows equation (6), if only we therein substitute 
A, B, C, &c. for a, 3, y, &c., and a”, 6”, c” for a’, bY, e’. 

The above example will serve as a type of the process to 
be employed in the reduction of all equations the degree of 
which is odd, as the previous one serves for those whose 
degree is even. In each case the reduction will be effected 
by the symbolical equation 


 £f @ a a da’ 


da” dy’ * ae dx" dy” * ae? 
applied as often as may be necessary, in order to reduce the 
equation to the first or the second degree. 

A remarkable difference will be observed to exist in the 
character of the two solutions which we have exhibited: 
when the proposed equation is of an even degree, then 
a’, b', c’ are given by a cubic equation, and three definite 
values are obtained for them; but when the proposed equa- 
tion is of an odd degree, the resulting cubic equation deter- 
mines a”, 6”, c®, whence a’, 0’, c’ admit each of a double 
sign ; in fact the signs of the three terms which compose the 
function a’z* + b’y* + cz” are arbitrary. Now this conclusion 
is agreeable to the requirements of the case: for consider the 
particular term a'z*, and let the linear value of the variable 
z which it contains, be 

og - PEt Gy +02 
“Teac 
then, if the sign of a’ be changed, and if the sign of the 
above linear value of 2’ be changed also, the value of the 
term after substitution will remain unaltered: but any coef- 
ficients of the linear value of z' may be changed in sign 
without departing from the conditions of rectangular trans- 
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formation, and the radical sign in the denominator of the 
expression for z' indicates that this change is permissible in 
the present case. 

Hence if the sign of a’ be changed, the sign of the linear 
value of z’ must be changed also. 

In the following examples, another symmetrical form of 
the reduced equation will be considered. 


Example III. 


It is required to ascertain the conditions under which the 
equation of the fourth degree (1) is reducible to the form 

a'z* + By + cz + 6d'y"2" + 6e'x"2" + 6f'x"y” = 1...(18), 
and to assign in such case’the value of the coefficients 
a’, b', c', d', e', f’, and the linear relations connecting z, y, z 
with 2’, y’, 2’. 

Representing as before the first members of the given and 
the transformed equations by Q and Q’, and performing the 
same process of reduction, we have 
ax’ + By’ + yz" + Wyz + Bere + Way 

=(a' +e + f')a? +(b' 4+ d'+ f')y® +(e +e + d)z2”...(14), 
a, 8, y, &c. having the same values as in (6). Hence also 
we derive the same cubic equation (7), whose roots with 
signs changed, which we will represent by a’, 3’, y’, deter- 
mine the coefficients of the second members of (14): thus 
we have ad+é4fi aa 
vidi f= P oer rrrrer 
ec+dtieé oy 
wherein it is to be remembered that a’, 3’, y are known 
quantities. By substitution, (14) thus becomes 


az’ + By* + yz’ + 2dyz + ere + Wey = az? + Vy? + yz”. 
Between this result and (6) the only difference is that 


a, 3’, y’ in the second members stand in the place of a’, b’, ¢’ ; 
hence, continuing in the track of the former solution, we find 


p= &-«(B+h), q = - 8(a+ h), r=(a+h)(P+h)- &, 


a pr + gy +r 





=z ory Org... .... (17), 


Vp’ +g’ + 9°) 
according as we give to hf the value - a’, or — (3, or — yin 
the expressions for p, g, and r: the linear relations are thus 
completely determined. It remains to determine the values 
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of a’, b,c’, d’, e’, f’, the coefficients of the transformed equa- 
tion, together with the conditions which render the trans- 
formation possible. 

If we substitute the values of 2’, y’, 2 given by (17) in 0 
the first member of (13), and equate coefficients with Q the 
first member of (1), we shall have a series of equations which 
will be linear with respect to the unknown quantities a’, }’, c’, 
d',é, f’. Any three independent equations out of this set, 
together with the system (15), will determine the six elements 
sought. The condition that the transformation is possible 
is, that the six quantities thus being formed, the remaining 
linear equations are identically satisfied by their values. 

The example thus discussed is, like each of the two former 
ones, the representative of a class. By an analysis similar in 
all respects to that which we have adopted, it may be deter- 
mined whether any proposed equation of the n degree, 
h being even, can be reduced to a form which shall involve 
none but even powers of the variables; the coefficients of the 
linear theorems will be functions of each root in succession 
of a cubic equation, and the coefficients of the transformed 
equation will be determined by a system of linear equations, 
three of which will be similar in form to the equations of the 
system (15), while the remaining ones will be found by 
substitution, and the equating of coefficients in the manner 
displayed in the example just considered. It is obvious that 
that example is more general than the first example, the 
solution of which is necessarily involved in the solution now 
given. 

I shall not enter in this paper into the discussion of the 
same system of problems modified by the introduction of 
oblique coordinates. The method of reduction is explained 
in the previous memoir, and is in its main points similar to 
that employed in the present paper, only necessarily more 
complex: and with respect to the whole theory I would 
observe, that while it is premature to ask whether those new 
problems of which it vn a solution are likely to arise in 
the more extended application of mathematics to the inter- 
pretation of nature or not, it is always desirable to know 
what objects it is within the resources of analysis to accomplish, 
and what transcend them: and easy as the present class of 
questions may now appear to be, they seemed to the author 
but a short time ago to belong for the most part to the latter 
division. 

Jan, 20, 1851. 
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ON THE THEOREMS IN SPACE ANALOGOUS TO THOSE OF 
PASCAL AND BRIANCHON IN A PLANE. 


PART III. 
By Tuomas WEDDLE. 


In a note* at the end of the first part, I stated that I 
had discovered certain other theorems analogous to those of 
Pascal and Brianchon, which however I subsequently found 
had been already given by M. Chasles. This I learnt from 
M. Chasles himself, who, in answer to an application from me 
requesting to know if these theorems had been discovered by 
him, gave copious extracts from his “Apergu Historique” ; 
and in concluding, he was pleased to express himself thus: 

“Tl ne faut pas, Monsieur, que la coincidence de quelques- 
uns de vos résultats avec les miens vous empeche de publier 
vos recherches; de pareilles rencontres ont souvent lieu et 
sont dans la nature des choses. I] est bon, du reste, que les 
mémes matiéres soient traitées par plusieurs personnes; la 
méthode, le point de vue, les détails, sont rarement les mémes, 
et c’est ainsi que les théories se forment et s’accroissent pro- 
gressivement, et que la connaissance s’en répend.” 

This extract will, I hope, be some apology for the present 
memoir. It will, I believe, be found that though I have 
been anticipated in many of the principal theorems, yet there 
remains much that is original. “La méthode,” “le point de 
vue,” and “les détails,” are all more or less different from 
those of M. Chasles, and I am therefore encouraged to hope 
that the following discussion may be compatible with the 
objects of this Journal, and may not be wholly unacceptable 
to some of its readers. 


I. Uf the faces of one of two tetrahedra intersect the corre- 
sponding contiguous edges of the other in twelve points in a 
surface of the second degree, then also the faces of the latter 
tetrahedron will intersect the corresponding contiguous edges of 
the — in twelve points in a surface of the second degree. 

et ¢=0, u=0, v= 0, and w= 0, be the equations to 
the faces of the second tetrahedron ; then supposing ¢, u, 2, 
and w to have been multiplied by the proper constants, the 
equation to the first-mentioned surface may be denoted by 


Peuvsv+ws+(X+ Ar") tut (wt pw) + (V+ v") tw 
+(p+p°)uv+(o+ o')uw+ (r+ r")ow=0....(1) 


, 





* Math, Journal, New Series, vol. rv. p. 44. 
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Hence ¢' = 0, u' = 0, v' = 0, and w’ = 0, denoting the faces 
of the first tetrahedron that are opposite to ¢, wu, v, and w 
respectively, we shall obtain the points in which the planes 
¢ and uw’ intersect the edge (vw) by putting » and w each 
=0 in (1). This gives 

P+ w+ (N+ A") tu = 0; 
therefore t+rAuw=0, or u+At=0: 
and we may take either of these to denote the point in which 
the plane ¢ intersects the edge (vw); taking the former, the 
point (vw) is denoted by 
v=0, w=0, f+ ru=0. 
Similarly, the points (¢’ww) and (¢'wv) are respectively denoted 
y u=0, w=0, ¢+po=0, 
and u=0, =0, t+vww=0. 
Hence the equation to the plane which passes through these 
three points is t+ru+ mo + vw = 0, 
and this equation is therefore identical with ¢ = 0. 
In a similar manner, we may express w’, v', and w’ in 


terms of ¢, u, v, and w, so that the equations to the faces 
of the first-mentioned tetrahedron are 


t =t +Au+ pot+ vw =0 
u=u+rAt+pv+ow=0 
dite henatorés pavscnae «Qh 
w=wi+vt +out+ rv =0 


Express* ¢, uw, v, and w in terms of ¢’, u’, o', and w’, by means 
of (2); therefore 
Kt =at + + po’ + v'w' 
ku = Bul + n't + p'o' + ad 
ko = 70 + pl + p'u'+ st vee ee o(8)5 
kw = Sw + vt +¢o0'u + rv’ 
where k=1-N-p'-v'-p?-o?- 2° +2" + wo" + vp? + Dyp 
+ 2hvo + Quvr + 2por — Wrpo — 2Wrvp - 2wovp: 





* The remainder of this demonstration was suggested to me by Mr. 
Hearn immediately after communicating the investigation by which I 
originally satisfied myself of the truth of (I). I intended to give both 
Mr. Hearn’s investigation and my own, but the length to which I find this 
paper will extend has obliged me, though with some reluctance, to omit 
one of them. 
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a =1 -p'- 0 - r+ por, 

Bol-w-—v- + Quyrr, 

y=1-NM-v-o' + 2dv0, 

&=1-2' - p’ - p> + 2p, 

NM =A(r*- 1)- r(uo + vp) + mp + ve, 

p' = w(o* - 1) - o(Ar + vp)+ Apt vr, 

v' = v(p*- 1) - p(wo + Ar) + prt Ao, 

p =p(¥-1)-v(Art wo) + Apt or, 

o' = o(p’ - 1)- wir + vp) + Av + pr, 
and r= 1(d’- 1) - A(po + vp) + pV + po. 
Hence the surface of the second degree whose equation is 


a't"+3'u?+y'0?+ 80+ (x “tees (us — )eos(vs oo t'wo' 
r ” v 
+ (o + er we + (< + =a) ul'w' + (© + | v'w' = 0...(4), 
P oc Tt 

passes through the twelve points in which the faces of the 
tetrahedron (¢uow) intersect the corresponding contiguous 
edges of the tetrahedron (¢'u'v'w'): thus at the point (¢'w'v) we 
have ¢' = 0, wu’ = 0, and (3), y'v' + r'w' = 0, and these satisfy 
(4). 

Returning to the equations (2), we see that the four 
straight lines (¢’), (uu’), (vv'), and (ww’'), are all situated in 
the hyperboloid of one sheet whose equation is 


Apvl + Apou® + ppt’ + vorw* + (uo + vp(Atu + row) 
+ (Ar + vp) (puto + cuw) + (Ar + wo) (view + puv) = 0...(5) ; 
for this equation may be written 
{Arpt + (wo + vp) Au + (Ar + vp) mo + (Ar + wo) vo} 
+ (Au + po + vw)(pou + pro + orw) = 0, 
and, (2), this is satisfied by ¢=?¢'=0. Hence 


II. If the faces of one of two tetrahedra intersect the corre- 
sponding contiguous edges of the other in twelve points in a 
surface of the second degree, then shall the corresponding faces 
of the two tetrahedra intersect in four straight lines, belonging 
to the same system of generators, in an hyperboloid of one 
sheet. 
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It is evident from (3), that the straight lines (¢t'), (ww’), 
(vv), and (ww') are situated in the hyperboloid whose 
equation is 
Nw vt? + Np'o'u? + p'p'r'v? + Vo'r'w? + (wo + v/p')\(Nt'u' + r'v'w’) 
+(A'r' + v'p')(wto' + o'u'w’)+ (Nr + wo’) (V't'w' + p'u'v’) = 0...(6), 
and hence (5) and (6) must denote the same hyperboloid. 

Conversely, 


III. If the corresponding faces of two tetrahedra intersect in four 
straight lines belonging to the same system of generators in an hyper- 
boloid of one sheet, then shall the twelve points in which the faces of 
one of these tetrahedra intersect the corresponding contiguous edges 
of the other lie in a surface of the second degree. 

For if ¢=0, w=0, v= 0, and w= 0, denote the faces of 
one tetrahedron, then (supposing ¢, wu, v, and w to have been 
multiplied by the proper constants) the faces of the other 
tetrahedron may be denoted by (2), (see Journal, New Series, 
vol. v. pp. 61, 62); and hence the faces of the tetrahedron 
(t‘u'v'w’) will intersect the corresponding contiguous edges of 
the tetrahedron (¢uvw) in twelve points that lie in the surface 
of the second degree of which (1) is the equation. 

Take the reciprocals of the theorems (1), (2), and (3), and 
we get 


IV. If the twelve planes drawn through the angular points of one 
of two tetrahedra, and the edges in the corresponding faces of the 
other, touch a surface of the second degree, then also the twelve planes 
drawn through the angular points of the latter tetrahedron, and the 
edges in the corresponding faces of the first, shall touch a surface of the 
second degree. 


V. If the twelve planes drawn through the angular points of one 
of two tetrahedra, and the edges in the corresponding faces of the 
other, touch a surface of the second degree, then shall the four straight 
lines joining the corresponding angular points of the tetrahedra lie 
in an hyperboloid of one sheet, and belong to the same system of 
generators. 

VI. If the four straight lines joining the corresponding angular 
points of two tetrahedra lie in an hyperboloid of one sheet and belong 
to the same system of generators, then shall the twelve planes drawn 
through the angular points of one of these tetrahedra and the edges 
in the corresponding faces of the other touch a surface of the second 

ree. 

The theorems (11.) and (v.) are M. Chasles’ analogues to 
the theorems of Pascal and Brianchon, but they are here 
enunciated in somewhat different terms. I shall return to 
them presently. 
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Again, it is easy to see from (2), that the equations to the 
four straight lines joining the corresponding angles of two 
tetrahedra whose opposite faces intersect in an hyperboloid, 


are i 
Xr b v | 
a 
p oc AN 
w ft _u Pitt. wees 3 (7); 
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a a a 


and it is easily shewn that each of these lines is situated on 
the hyperboloid whose equation is 
(mo — vp) (rt + Aww’) + (vp — Ar)(ot'd’ + pu'w’) 
+ (Ar - po) (pt'w’ + vu'v') = 0....(8). 

Hence 

VII. If the corresponding faces of two tetrahedra intersect in four 
straight lines belonging to the same system of generators in an hyper- 
boloid of one sheet, then shall the four straight lines which join the 
corresponding angles lie in another hyperboloid of one sheet, and will 
belong to the same system of generators. 

It is to be observed that we might, by aid of (3), have 
denoted the four straight lines joining the corresponding 
angular points by 


, &e., 


~|s 
Bie 


w 
y 
hy 


he 


co 


and then the equation to 
would be denoted by 
(wo — v'p')(r'lu + Now) + (Vp - Nr’) (o'lv + p'uw) 
+ (Nr - wo')(p'tw + Yur) = 0... .(9). 

It thus appears that (8) and (9) denote the very same 
hyperboloid, and are therefore identical equations. 

Conversely, 

VIII. If the straight lines which join the corresponding angles of 
two tetrahedra lie in an hyperboloid of one sheet and belong to the 
same system of generators, then shall the corresponding faces intersect 


in four straight lines belonging to the same system of generators in an 
hyperboloid of one sheet.* 


perboloid in which they lie 





* The above is Chasles’ extension of Poncelet’s theorem :--If the four 
straight lines joining the corresponding angles of two tetrahedra intersect 
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This is the reciprocal of the last theorem, but I shall give 
an independent proof. 


Let ¢= 0, w= 0, v=0, and w=0 denote the faces of one 
tetrahedron. Since the first mentioned hyperboloid passes 
through the angular points of this tetrahedron, its equation 
must be of the form 


Atu + Biv + Ctw + Duv + Euw+ Frw = 0; 


or, supposing ¢, w, v, and w to have been multiplied by the 
proper constants, we may write the equation thus, 


a(tu + ew) + b(tv + uw) + c(tw + uv) =0....(10); 


and I shall now shew that this may be put under the form 
(> - = tusow)s (2 - 7) (tose) (5 - P\(twosuw)=0..(1 1). 
n m m p pn 








in a point, the corresponding faces will intersect in four straight lines in one 
plane. 

In this case we may exhibit the equations to the faces of the tetrahedra 
in neat and symmetrical forms. Let ¢=0, u=0, »v =0, and w= 0 denote 
the faces of one tetrahedron, and S = 0, the equation to the plane in which 
the corresponding faces intersect; then, supposing ¢, wu, v, and w to have 
been multiplied by the proper constants, we may denote the faces of the 
other tetrahedron by ¢ — 2S =0, w—2S=0, v—2S=0, and w—-2S=0: 
hence writing 7+ S, U+S, V+S, and W+S for ¢, u, v, and w re- 
spectively, we see that we may denote the faces of one tetrahedron by 


T+S=0, U+S=0, V+S=0, W+S=0...... (2), 
and those of the other by 
T-S=0, U-S=0, V-S=0, W-S=0...... (A). 


In this case, the twelve points in which the faces of the tetrahedron (6) 
intersect the corresponding contiguous edges of (a) lie in a surface of the 
second degree, whose equation is 


28° + (7+U4+V+W)S+TU+TV+TW+UV+UW+VW =0....(¥). 


Also the equation to the surface of the second degree passing through the 
twelve points in which the faces of the tetrahedron (a) intersect the corre- 
sponding contiguous edges of (f) is 


28° —-(T+U4+V+W)S+TU+TV+TW+UV4+UW+VW=0....(8) 


Deducting (6) from (y), we see that these two surfaces intersect in two 
conics (real or imaginary) in the planes S=0 and T+U4+V4W=0, 
Hence 

The surfaces (y) and (6) have two symptotic planes, one of which coincides 
with the plane in which the corresponding faces intersect, 

So far as I can see, this is not generally true when the faces intersect in 
an hyperboloid, for the surfaces (1) and (4) do not seem to intersect in two 
plane curves, 
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For assume FS ate) 
n m 
tale eer pee (12). 
© Ae te 
pn y, 
Now m_n\’ pm = BY 
n m]/\m p)/\p n 
(22). (2.2Y,,(¢-2f 
n m m p pn 


is an identical equation. Hence, (12), we have 
ab'ch? = a‘ + b+ ct - 2a°b - 2a’c* - 207c’. 
This equation determines /, and then the three equations 
(12) enable us to find the values of the ratios ~, f, and”. 


Hence we may assume (11) as the equation to the first 
mentioned hyperboloid. 


, uv w : 
Now either - = —=— OF pun ne = mw satisfy (11), and 


hence one of these must denote the straight line drawn from 
the angle (wow) of the tetrahedron (tuvw) to the corre- 
sponding angle of the other tetrahedron. It is manifestly 
indifferent which system we take, suppose the former, so that 


the line referred to is denoted by <= = = = . Ina similar 
manner it may be shewn that the straight line drawn from 


the angle (vw?) must be denoted by either a or 
mn p 


mv = nw = pt: but the latter system of equations must be 


. , uv Ww 
rejected, for the equations -=—=—, and mv =nw = pt, 
Pn m 


being satisfied by mv = nw = pt = mu, the two lines drawn 


from (uvw) and (vwt) would intersect in a point, and could 
not therefore belong to the same system of generators; hence 
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the line drawn from (vw?) must be denoted by ~ = ~ ices 


Similarly the equations of the lines drawn from (wtw) and 
(tuv) may be found; and collecting the whole, we see that 
the equations of the four lines joining the corresponding 
angles of the two tetrahedra may be denoted as follows : 


Zig Bim Big sic 


Sis Sl/ex View ZI 


Latarcepan 





Sin VIF Flo is 


~— 


Again, let # = 0, w= 0, vo = 0, and w’ =0 be the equa- 
tions to the faces of the second tetrahedron; then supposing 
t', u’, v, and w’ to have been multiplied by the proper con- 
stants, we may assume 


t=at +puwt+ne +m 

u= bu + pt + mv + nw 

v=cv + ne + mu + pw 

w=ew+mt +nu+ py 

Hence the equations to the straight line joining the points 
(wow) and (u'v'w’) are 


cnininw varck ten 


Uu 7] w 


Pp m mm 
and since these equations must be identical with the first 
equations (13), we must have p,=p, and n,=n. Con- 
sidering in a similar manner all the four lines, we find that 

P, = P2 = Ps = Po = Ps 

and n, =n, =n, =n, =N. 
Hence the equations to the faces of the first tetrahedron may 
be denoted by 

t=at +pu'+nv + mw =0 

u = bu + pt + mv +nw =0 

o=cv + nt + mu + pw’ =0 bevoe ANB 
and w= ew +mt+nu +p =0 


. 
> 


and consequently the opposite faces intersect in straight 
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lines (¢¢’), (we’), (vv), and (ww’), which are situated in the 
hyperboloid whose equation is 


t? + wu? + 0? + wr? 4 (> + =) (t'u’ + vw’) + (z + *) (tv' + uw’) 
n m m p 


ae . 
+(F 42) cw +uv)=0........(16): 


thus when ¢ = 0, this equation becomes 


: ; 7 ul v w 
( pu’ + nv +mu)(S +o 4S) ao, 

pn m 

which, (15), is satisfied by ¢ = ¢ = 0. 
Again, let t= 0, w= 0, vo = 0, and w = 0 be the equations 
to the faces of a tetrahedron, and 
C++ 0° + w+ 2Atu + Qutv + 2vlw + 2puv + 2ouw 
+ 2rvw = 0... .(17) 


be the equation to any surface of the second degree. The 
preceding equation may be written 


(¢+ Aw + po + vwy = (A? - 1)? + (wW- 1)? + (¥- 1) 

+ 2(Ap — p)uv + 2(Av - o)uw + 2(py - 7) ow; 
and under this form we see that the cone 

(A? — 1) u? + (w? - 1) 0°... .+ 2 (uv — T) ow = 0, 

whose vertex coincides with the point (wow), touches the 
surface (17) in the plane ¢+ Aw + wo + vw = 0; hence this 
plane is the polar of the angular point (wvw) of the tetra- 
hedron (tuvw) with respect to the surface (17). In a similar 


manner we shall obtain the polar planes of the other angular 
points, and collecting the whole, we have 


t +Au+ po + vw =0 
u+M + pv +ow=0 
v=v0+pl +pu+tTw=0 
w=wivt +ou+Tv =0 


gs 
i] Ul 


isin es SM 


Hence, if we express /, u, v, and w in terms of ¢, w, v, 
and w’, we shall have 


Kt=at +Nu+po+vw =0 
ku = ul + NU + pv + cw =0 
ko=yu +ptl +pu+rw =0 
kw =S8w+vt +o0u +70 =0 
where k, a’, &c. have the same values as in (3). 


er. 
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Now (17) may be written 
tt + uu’ + vv + ww' = 0, 

and substituting for ¢, u,v, and w, this becomes 
al? + Bu? + y'v? + Sw? + We’ + Qt + 2Wtw' 

+ 2Qpu'v’ + 2o'u'w' + 2r'vw' = 0. 
Multiplying this by a’, we shall have a result which may be 
put under the form 
(at + Nu + w+ vw'y = (A? - ’’)u?...4+ 2(wV - a'r')vw, 
and hence the plane a¢ + Nu’ + wv + vw’ = 0, that is, ¢= 0, 
is the polar plane of the point (wow). We thus infer the 
following theorem (which indeed follows at once from the 
theory of poles and polars). 

IX. If the angular points of one of two tetrahedra be, with respect 
to any surface of the second degree, the poles of the corresponding 
faces of the other, then also the angular points of the latter tetrahedron 
will be the poles of the corresponding faces of the first. 

Since the equations (18) coincide in form with the equa- 
tions (2), we infer this theorem: 

X. If two tetrahedra be such that the angular points of each are 
the poles relative to a surface of the second degree of the corresponding 
faces of the other, then shall the corresponding faces intersect in four 
straight lines belonging to the same system of generators in an hyper- 
boloid of one sheet, and the four straight lines joining the correspond- 
ing angular points will lie in another hyperboloid of one sheet, and 
will belong to the same system of generators. 

Conversely, 

XI. If the corresponding faces of two tetrahedra intersect in four 
straight lines belonging to the same system of generators in an hyper- 
boloid of one sheet; or, if the four straight lines joining the corre- 
sponding angular points of two tetrahedra lie in an hyperboloid of 
one sheet, and belong to the same system of generators, then shall the 
angular points of each tetrahedron be the poles relative to a certain 
surface of the second degree of the faces of the other. 

For if ¢= 0, w= 0, v= 0, and w=0 denote the faces of 
one tetrahedron, then, as has been shewn, the faces of the 
other may be denoted by (2), and these equations coinciding 
with (18), we see that the angular points of the tetrahedron 
(tuvw) are the poles relative to the surface (17) of the faces 
of the tetrahedron (¢'w'v'w’). 

We may, in passing, notice the following interesting case 
of (x.). 

XII. If a tetrahedron be inscribed in a surface of the second 
degree, and another be circumscribed about the same, the points of 
contact of the faces of the latter coinciding with the angular points of 
the former, then shall the corresponding faces, Se. (as in X.), 
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In this case, if ¢= 0, w= 0, v= 0, and w=0 denote the 
faces of the inscribed tetrahedron, the equation to the surface 
may be written 


Alu + ptv + viw + puv + cuw + Tow = 0,...(20), 


and the equations to the faces of the circumscribed tetra- 
hedron (which are the tangent planes touching at the angular 
points of the inscribed tetrahedron), will be found to be 


Au + po + vw =0 
M+ pv +ow=0 
pte + pu+tw=0 
vi+ou+Tv =0 


iets bane 


Again, : 

XIII. Any three contiguous edges of one of two tetrahedra may be 
considered to correspond to three angular points of the other, and a 
plane can of course be drawn through each edge and the corresponding 
angular point. Draw in this manner three planes for every three 
contiguous edges of one of these tetrahedra, thus forming four sets of 
three planes each. If the three planes of each set intersect in a 
straight line, then also the three planes of each of the analogous sets 
that can be drawn, in like manner, for every three contiguous edges of 
the second tetrahedron, will intersect in a straight line. 

Let ¢=0, w= 0, v= 0, and w = 0 denote the faces of the 
second tetrahedron ; then supposing ¢, uw, v, and w to have 
been multiplied by the proper constants, the equations to the 
faces of the other tetrahedron may be denoted by 


f=t +rAu+po+vw =0 
wu=uU+M+pv+ow=0 

v=0 +t +po+ Tw =0 

w=w+vte +our+Ty =0 

Now, considering the trihedral angle (¢v'w’), the edges 
(v'w’), (t’w’), and (¢v’) will correspond to the angular points 
(uvw), (utw), and (utv) respectively ; hence (22), the equations 


to the three planes drawn through these edges and corre- 
sponding angles will be 


See 


vo = pw, 
pw =H, 
and ti =w; 





* Since the plane Au + uv + vw = 0 passes through the vertex (uvw) of 
the cone puv + cuw + Tew = 0, it must either meet it in one point only, 
touch it in a straight line, or intersect it in two straight lines: now (20) 
may be written in the form ¢(Au + wv + vw) + puv + cuw + Tew = 0, which 
reduces to puv + cuw + Tow = 0, when Au + wv + vw = 0, and consequently 
the plane Aw + wv + vw = 0 must touch (20) in the point (wow), 
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and that these three planes may intersect in a straight line, 
we must have “on 

Considering in like manner the trihedral angles (¢u'‘w’) 
and (¢‘w'v’), we get o, = o and p,= pp; and we then find that 
the three planes for the trihedral angle (u‘v'w’) intersect in 
a straight line.* 

Hence the equations (22) coincide with (18), and ¢, wu, », 
and w expressed in terms of ¢, w’, v', and w’ will have the 
values given in (19). 

Now the edges (vw), (¢w), and (tv) of the trihedral angle 
(tow) will correspond to the angular points (u'v'w’), (u'fw’), 
and (w't'v’) respectively, and the equations of the three planes 
drawn through these corresponding edges and angles will, 


(19), be vv ns pw, 
pwe=rt, 
and Ti= Vv, 


and these intersect in the straight line rt = v'v=yp'w. Ina 
similar manner, we may shew that each of the sets of three 
planes corresponding to the trihedral angles (tuw), (¢wv), and 
(wow) intersects in a straight line; and thus (x111.) is es- 
tablished. 

It is evident from what has just been shewn, and (v11.), 
that the straight lines joining the corresponding angular 
points of the tetrahedra lie in an hyperboloid of one sheet, 
the equation of which is either (8) or (9). Also the equations 
of the four lines in which intersect the four sets of planes 
drawn through every three contiguous edges of the tetra- 
hedron (('wo'w') are gy = ov’ = pw’) 

vo = pw’ = Tt 
’ “4 ’ s@eeeeeeeeeeae 23 
Aw = ot = vu (28), 
and pt = pu’ =v 
and each of these sets of equations satisfies (8). 

Similarly, the equations of the analogous lines for the 

tetrahedron (twow) are 
TU=Cv =pW 
Vo=pwe=rTt 
Nw=ct =vu coveccses se (BO) 
and pt=wu=Xo 
and each of these sets of equations satisfies (9). 





* This shews that if the three planes of each of three sets intersect in 
a straight line, the three planes of the fourth set will also intersect in 
a straight line. 
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Hence the following theorem : 


XIV. If two tetrahedra be such that each set of three planes drawn 
through contiguous edges as in (XIII.) intersects in a straight line, 
then the four straight lines joining the corresponding angular points 
will lie in an hyperboloid of one sheet, and will belong to the same 
system of generators. Also the eight straight lines.in which the eight 
sets of planes intersect will lie in this hyperboloid. 


Conversely, 

XV. Draw, as in (XIII), three planes for every three contiguous 
edges of each of two tetrahedra, thus forming eight sets of three planes 
each. If the four straight lines joining the corresponding angular 
points lie in an hyperboloid of one sheet and belong to the same system 
of generators, then shall the three planes of each set just drawn inter- 
sect in a straight line in the hyperboloid. 

For as we have previously seen, if (¢uvw) and (fu'v'w’) 
denote the two tetrahedra, the connexion between f¢, u, v, w 
and ¢’, uw’, v', w may be expressed either by (18) or (19); and 
it may now be easily shewn that the eight sets of planes 
intersect in the straight lines (23) and (24), which lie in the 
hyperboloid (8) or (9). 


XVI. The three edges that are in the same face of one of two 
tetrahedra may be considered to correspond to three faces of the other ; 
let each edge be intersected by the corresponding face, thus forming 
a set of three points. Obtain in this manner three points on the 
three edges in every face of one of the tetrahedra, thus forming four 
sets of three points each. If the three points of each set range in a 
straight line, then also the three points of each of the analogous sets 
that can in like manner be fownd on the edges in every face of the 
second tetrahedron will range in a straight line. 

This theorem and the two following are the reciprocals of 
(x111.), (xiv.), and (xv.) respectively ; but I shall give inde- 
pendent proofs. 

Let ¢= 0, w= 0, v= 0, and w = 0 denote the faces of the 
first tetrahedron, and the equations (22) those of the second 
tetrahedron. Considering the three edges in the face u, the 
edges (wt), (wv), and (ww) will correspond to the faces ¢’, v’, 
and w’ respectively ; and hence the points (wtt’), (wvv’), and 
(uww’) are to range in a straight line: now (22) these points 
are denoted by 

uw=t =po+vw=0, 


u=v0 =plt +Tw=0, 
and u=W=vt +Tv=0; 


hence the equation to the plane passing through the angular 
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point (ew) and the first and second of these points, is 
t v0 w 
—+-4+—=0, 
ry pf 
and the equation to the plane passing through the same 
angular point and the first and third of these points, is 
t vo w 


oo $9 hon ee, 
tr 2 


‘ 


But since the three points are in a straight line, these two 
equations must denote the same plane, hence t =r. 

Considering in like manner each set of edges that are in 
the planes v and w, we shall get o=o,, and p=p,; and we 
shall now find that the three points in which the edges that 
are in the face ¢ are intersected by the corresponding faces 
u,v, w’, are in a straight line.* 

Hence (22) coincides with (18), and ¢, wu, v, w are ex- 
pressed in terms of ¢, uw’, v, w’ in (19). 

Now, considering the edges in the face ¢’, the edges (¢w’), 
(fv), and (fw’) will correspond to the faces u, v, w re- 
spectively, and the points in which the corresponding edges 
and faces intersect will, (19), be denoted by 


t an u “- pv + ow ‘de 0, 
- sie vo in pu pr Tw “ 0, 
and t=w=cur+rr =0, 


and these points range in the straight line 


In the same manner it may be shewn that the three points 
of each of the three sets of points corresponding to the edges 
in the faces wv’, v', and w’ range in a straight line. Hence 
(xv1.) is true. 

It is evident from what has just been proved, that the 
corresponding faces intersect in straight lines in an hyper- 
boloid, the equation of which is either (5) or (6). Also the 
equations of the four straight lines in which range the four 
sets of points corresponding to the edges in each face of the 
tetrahedron (twvw), are 





* This shews that if the three points of each of three sets range in a 
straight line, the three points of the fourth set will also range in a straight 
line. 
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and each of these sets of equations satisfies (5). 

Similarly, if we accent all the letters in (25), we shall 
obtain the equations to the analogous lines for the edges in 
each face of the tetrahedron (fu‘vw’), and each set of equa- 
tions, thus modified, satisfies (6). Hence 


XVII. If two tetrahedra be such that the three points of each of 
the sets of points found, as in (XVI.}, on the edges in each face 
range in a straight line, then the corresponding faces will intersect 
in four straight lines belonging to the same system of generators in an 
hyperboloid of one sheet. Also the eight straight lines in which the 
eight sets of points are situated will lie in this hyperboloid. 

Conversely, 

XVIII. Find, as in (XVI_), three points on the edges in each face 
of two tetrahedra, thus determining eight sets of three points each. If 
the corresponding faces of the two tetrahedra intersect in four straight 
lines belonging to the same system of generators in an hyperboloid of 
one sheet, then shall the three points of each set just found, range in 
a straight line situated on the hyperboloid. 

This is evident after what has been said. 

To the propositions now proved, we may join theorems 
(1.), (11.), (i11.), and (iv.) established in part 11. (Journal, new 
series, vol. v. pp. 58-60), considering the eight planes in 
(1.) and (111.) to be the faces of two tetrahedra, and the eight 
points in (11.) and (iv.) to be the angular points of two tetra- 
hedra. By comparing the whole we shall get numerous 
propositions, but I shall, for the sake of brevity, insert none 
of them ; nor is it necessary to do so, for th every thing 
that has now been proved is included in the following com- 
prehensive summary. 


SUMMARY (A). 
Two tetrahedra may possess one of the following properties : 


1. The corresponding faces shall intersect in four straight lines 
belonging to the same system of generators in an hyperboloid of one 
sheet. 
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2. The four straight lines joining the corresponding angular points 
shall lie in an hyperboloid of one sheet, and belong to the same system 
of generators. 


3. The faces of either tetrahedron shall intersect the corresponding 
contiguous edges of the other in twelve points in a surface of the 
second degree. 


4. The twelve planes drawn through the angular points of either 
tetrahedron, and the edges in the corresponding faces of the other, shall 
touch a surface of the second degree. 


5. The angular points of each tetrahedron shall be the poles re- 
—_ to a certain surface of the second degree of the faces of the 
other. 

6. The faces taken in any order so that however the corresponding 
faces shall be opposite, shall intersect three and three in order in eight 
points, such that every surface of the second degree passing through 
seven of them shall also pass through the eighth (see theorems 1. and 
1., vol. v. pp. 58-60). 

7. Take the angular points in any order so that however the 
corresponding angular points shall be opposite, and draw (eight) 
planes through every three successive points ; these eight planes shall 
be such that every surface of the second degree touching seven of them 
shall also touch the eighth (see theorems 11. and 1y. éb.), 


8. Any three contiguous edges of either tetrahedron will correspond 
to three angular points of the other, and a plane may be drawn 
through each edge and the corresponding angular point. Draw in 
this manner three planes for every three contiguous edges of either 
tetrahedron, thus forming four sets of three planes each. The three 
planes of each set shall intersect in a straight line. 

9. The three edges that are in the same face of either tetrahedron 
will correspond to three faces of the other ; let each edge intersect the 
corre. ing face. Find, in like manner, three points on the edges 
in every face of either tetrahedron, thus forming four sets of three 
points each. The three points of each set shall range in a straight 
line. 

Now I say, that ¢f the two tetrahedra possess ANY ONE of 
these properties they shall also possess the other EIGHT. 


This enunciation contains 72 (the number of permutations 
of 9 things taken two together) theorems, from 16 of which 
the other 56 immediately follow. All these theorems may 
be presented under different points of view, many of them 
very interesting; but these modifications, with a few ex- 
ceptions to be noticed presently, are necessarily excluded 
here. 

It has been virtually shewn in establishing (x111.), that if 
through each of the edges (vw), (uw), and (uv) of a trihedral 
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angle (wvw), and the pole of the face opposite that angle, 
a plane be drawn, the three planes so drawn will intersect 
in the straight line whose equations are Tu=ov=pw. 
Also, in establishing (xvi.) it has been virtually proved that 
if each of the sides (tu), (tv), and (t) of a plane triangle be 
intersected by the polar plane of the opposite angle of the 
triangle, the three points so found will range in a straight 
line whose equations are t= T'w + o'v+ p'w=0. Hence 
the following theorems (which are reciprocal): 

XIX. The three planes drawn through the edges of a trihedral 
angle, and the poles relative to any surface of the second degree 
of the opposite faces, intersect in a straight line. 

XX. The polar planes relative to any surface of the second degree 
of the angles of any plane triangle, will intersect the opposite sides of 
the triangle in three points in a straight line. 

The theorem (xtx.) may be exhibited in a rather different 
form, thus : 

If two trihedral angles have the same vertex, and be such that the 
edges of one of them pass through the poles relative to a surface of the 
second degree of the faces of the other, then shall the three planes 
passing through the corresponding edges intersect in a straight line. 

Also it may easily be shewn that 

If two trihedral angles have the same vertex, and be such that the 
edges of one of them pass through the poles relative to any surface of 
the second degree of the faces of the other, then also the edges of the 
latter will pass through the poles of the faces of the former. 

Two such trihedral angles also possess several other pro- 
perties, into the investigation of which, however, I cannot 
here enter, seeing that this paper is already longer than I 
anticipated. I shall, however, present these theorems under 
the form of another summary. 


SUMMARY (B). 

If two trihedral angles have the same vertex and possess any one 
of the following properties, they shall also possess the other four. 

1. The corresponding faces shall intersect in three straight lines in 
one plane. 

2. The three planes passing through the corresponding edges shall 
intersect in a straight line. 

3. The non-corresponding faces shall intersect in six straight lines 
in a cone of the second degree. 

4. The non-corresponding faces shall intersect in six straight lines 
that touch a non-developable surface of the second degree.* 





* The six straight lines will touch an infinite number of surfaces of the 
second degree (see Journal, new series, vol. Iv, p. 43, theorem xvit.). 
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5. The edges of each trihedral angle shall pass through the poles 
= to a certain surface of the second degree of the faces of the 
other. 

I come finally to speak of the expressed objects of this 
memoir. 

The forms in which the theorems (11.) and (v.) are here 
given, are those under which they presented themselves to 
my mind, Pascal’s and Brianchon’s theorems being regarded 
as properties of ¢wo triangles: but M. Chasles’ view is rather 
different ; he regards these plane theorems as properties of 
one triangle, and he enunciates his analogues nearly as 
follows : 


XXI. The twelve points in which the edges of a tetrahedron inter- 
sect a surface of the second degree may be considered as lying three 
and three on four planes, each of which contains three points situated 
on edges meeting in the same angle of the tetrahedron ; these four planes 
intersect the faces opposite to these angles in four straight lines be- 
longing to the same system of generators in an hyperboloid of one 
sheet. 

XXII. The twelve tangent planes to a surface of the second degree 
drawn through the edges of a tetrahedron may be considered to inter- 
sect three and three in four points, each of which is the intersection 
of three planes drawn through edges in the same face of the tetra- 
hedron ; the four straight lines joining these points to the angles of the 
tetrahedron opposite to these faces will lie in an hyperboloid of one 
sheet, and will belong to the same system of generators.* 

We may still however take another, and a very interesting 
view of these theorems. 

In Plane Geometry, it is customary to consider Pascal’s 
and Brianchon’s theorems as properties of plane figures 
inscribed in, or circumscribed about a conic; and in like 
manner we may present (11.) and (v.), that is (xx1.) and 
(xx11.), as properties of solid figures inscribed in, or circum- 
scribed about a surface of the second degree. 

We may conceive a hexagon to be generated in either of 
these two ways: Ist, by taking a triangle and cutting off a 
portion towards each angular point by a straight line; 2nd, 





* When the edges of the tetrahedron touch the surface, the four lines 
mentioned in (xx1.) lie in one plane, and the four lines mentioned in 
(xxu.) pass through the same point. I state this here, though the proof 
must be reserved, because M. Chasles has enunciated these particular cases 
in a somewhat defective manner, saying that the four lines in each case lie 
in an hyperboloid of one sheet. This of course is true in a certain sense, 
seeing that in the first theorem the hyperboloid degenerates into a plane, 
and in the latter, into an indeterminate cone passing through the four 
lines. 
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by taking three triangles whose bases are respectively equal 
to the sides of a fourth triangle, and applying the bases of 
the former to the sides equal to them of the latter. In like 
manner we may construct two solid figures, as follows: 


1. A dodecangular octahedron is a solid figure generated 
by taking a tetrahedron, and cutting off a portion towards 
each angular point by a plane. 


2. An octangular dodecahedron is a solid figure generated 
by taking four tetrahedra whose bases are respectively equal 
to the faces of a fifth tetrahedron, and applying the bases of 
the former to the faces equal to them of the latter.* 

Now a moment’s consideration will make it clear that (11.) 
and (v.) are really equivalent to the following theorems: 


XXIII. If a dodecangular octahedron be inscribed in a surface of 
the second degree, the opposite faces shall intersect in four straight 
lines belonging to the same system of generators in an hyperboloid of 
one sheet. 


XXIV. Jf an octangular dodecahedron be circumscribed about a 
surface of the second degree, the four straight lines joining the opposite 
angular points will lie in an hyperboloid of one sheet, and will belong 
to the same system of generators. 


Conversely (see 111. and vi.), 


XXV. If the opposite faces of a dodecangular octahedron intersect 
in four straight lines belonging to the same system of generators in an 
hyperboloid of one sheet, then shall the solid figure be inscribed in a 
surface of the second degree. 


XXVI. Uf the four straight lines joining the opposite angular 
points of an octangular dodecahedron lie in an hyperboloid of one 
sheet and belong to the same system of generators, the solid figure will 
be circumscribed about a surface of the second degree. 

It is evident that if ¢= 0, w=0, v= 0, and w= 0 denote 
four of the faces of a dodecangular octahedron inscribed in 
a surface of the second degree, the equations to the other 
four faces may be denoted by (2). 

Also the equations to the faces of an octangular dodeca- 
hedron circumscribed about a surface of the second degree 
may be got as follows. By (2) the equations to the planes 
passing through the point (ww) and the straight lines (¢w’), 





* I am aware that the terms ‘‘dodecangular octahedron,”’ and ‘* octan- 
pee dodecahedron” are defective, inasmuch as other solid figures may 

ave the same number of angles and faces. However, I want names for 
these solids (so as to be able to enunciate the propositions), and I cannot 
invent better. 
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(¢'v’), and (¢’'w’) respectively, are 


u=M, v=pt, and w =v, 


and these are the equations to three of the faces of the 
octangular dodecahedron. In a similar manner the equations 
to the other faces may be got; and collecting the whole and 
dropping the accents, we find that the equations to the twelve 
faces may be denoted as follows: 


u=A, v=pl, wervt 
t=Au, vV=pu, w=aUu 
t=pv, U=pl, W=TD 
t=yvw, U=ow, t= Tw 


Possibly some persons to whom this subject is new may 
be inclined to ask, Wherein consists the analogy between 
four straight lines (in space) situated in an hyperboloid, and 
three points (in a plane) ranging in a straight line, or 
between the same and three lines (in a plane) intersecting 
in one point? ‘To such persons (if any) the following view 
(though not the only one that might be taken) may not 
perhaps be without its use. To a point in a plane may 
correspond either a point or a straight line in space; and 
to a straight line in a plane may correspond either a straight 
line or a plane in space, so that a straight line in space may 
be considered to correspond either to a point or a straight 
line in a plane; consequently a number of straight lines each 
intersecting the same straight line (or lines) in space may 
be considered analogous either to straight lines in a plane 
passing through the same point, or to points ranging in a 
straight line. Now when we say that four straight lines lie 
in an hyperboloid and belong to the same system of gene- 
rators, we evidently affirm neither more nor less than that 
every straight line intersecting three of the four lines will also 
intersect the fourth, and we may therefore, if we please, 
substitute the latter for the former in all the preceding 
theorems in which mention is made of an hyperboloid; and 
under this form we see that each of the four lines intersects 
each of one of an indefinite number of straight lines. 

It will be observed that in (xxim.) and (xx1v.) the angles 
and faces of a solid figure are considered analogous to the 


angles and sides of a plane one, while in theorems i. of 


edges 


Part 1. (Journal, new series, vol. 1v. p. 27), the angles 
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faces 
edges 
least one more combination that might be considered, and if 
> 
there be any — ser then for — a 
theorem, the 4°45 og and ‘3 8e| oF the solid figure would 
edges faces J 
be deemed analogous to the angles and sides of a plane one. 
I have not been able to discover such theorems, but they 
may possibly exist. 

Again, we may view Pascal’s and Brianchon’s theorems as 
properties of a system of straight lines intersetting two and 
two in order, or of a system of points joined two and two 
in order by straight lines; and-we should have in space an 
analogous system of planes intersecting two and two or three 
and three in order; a system of straight lines intersecting 
two and two in order, or situated two and two in order in 
planes ; or a system of points connected two and two in order 
by straight lines, or three and three in order by planes: all 
of which are in fact virtually the same system. Now, in 
accordance with this view, we have theorems (1.) and (11.) 
in Part 11. (Journal, new series, vol. v. p. 58), in which 
points and planes in space are considered analogous to points 


\ are considered analogous to the same. There is at 


and straight lines in a plane; also in theorems 4 of 


straight ais 
points 


and mee lin } are considered analogous to the same; 
po ae Pascal’s 


and in this case also for se we 


as yet no theorems in which foal t > and { — at 


are considered analogous to points and straight lines. 
I may here add the following theorem : 
If the corresponding faces of two tetrahedra intersect in four 


straight lines in one plane, the twelve straight lines in which the 
non-corresponding faces intersect will touch a surface of the second 


degree.* 

The truth of this is easily shewn. Let 

T+S=0, 0U+S8=0, V+S=0, Wi+S8=0 27) 
and 7-S=0, U-S=0, V-S=0, datas ) 


Part 1. (Journal, new series, vol. 1v. p. 39), { 


} theorem, we have 





* Of course we shall get another theorem by transforming the above by 
the theory of reciprocal polars, 
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denote the faces of the two tetrahedra (see the foot-note at 
p- 118); then it is easily shewn that the surface of the second 
degree, whose equation is 


48a ™+U'°+ V'2+ W*?-27T0U-27T7V -2T7W 
-2UV-2UW-2VW....(28),* 


touches the twelve straight lines in which the non-corre- 
sponding faces of the two tetrahedra intersect. 

I introduce this rather elegant theorem here, chiefly to 
observe that (the converse of it not being true) I have made 
many attempts to generalize it in such a way that it may 
become convertible, but without success. For some time I 
imagined that it would be sufficient to suppose the opposite 
faces to intersect in an hyperboloid instead of a plane, but 
I have satisfied myself that the theorem is not then true. 
I can render the theorem Jess general so as to become con- 
vertible, by supposing the corresponding edges to intersect, 
in which case the faces of the tetrahedra will form those of 
an octahedron, and the theorem will then coincide with pro- 
position (v1.) in Part 1. (Journal, new series, vol. tv. p. 34); 
but I am unable to seize the general and convertible theorem 
of which that given above is a particular case. 

In conclusion, I may mention that the following are such 
of the preceding theorems as I find in Chasles’ “ Apercu 
Historique :” (11.) and (v.) under the forms (xxt.) and (xxu1.), 
(vitl.), (x.), (X1L.), (XIX.), (Xx.), together with two or three 
others that are included under the first five conditions of 
Summary (4). Indeed, all the twenty theorems comprised 
under these five conditions may be considered implied in 
Chasles’ “ Apercu,” but as he has systematically neglected 
to mention the converse propositions, he only enunciates 
about one half of them. Of course it is not pretended that 
any of the twenty theorems comprised in Summary (8) are 
substantially new; they are here, however, presented in a 
compact and connected form. 


Nov. 15, 1860. 





* It is interesting to observe that the surface (28) touches the surfaces 
(y) and (6) mentioned in the foot-note at p. 118, along the conics (real or 
imaginary) in which these surfaces are cut by the planes 


T+U4V4W+28S=0, and T4+U4+V4+W-—28=0 


respectively. 
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ON CERTAIN DEFINITE INTEGRALS. 
By Artuur Cavey. 


Suppose that for any positive or negative integral value 
of r, we have ¥(z+ra)=U,4z, U, being in general a function 
of x, and consider the definite integral 


I= | petedz ; 


¥z being any other function of z. In case of either of the 
functions ¥z, ¥z becoming infinite for any real value a of z, 
the principal value of the integral is to be taken, ¢.e. I is to 
be considered as the limit of 


ie +f) 4esvede, (e= 0): 


and similarly, when one of the functions becomes infinite for 
several of such values of z. 


(rela 
We have I= (..-f 4 o-) peWede. 


Or changing the variables in the different integrals so as to 
make the limits of each a, 0, we have 


raf [Sp(a + ra)¥ (x + ra)| dz, 
= extending to all positive or negative integer values of 7, ¢.e. 
r-f ya [SUV (a + ra)]da........ (A), 


which is true, even when the quantity under the integral 
sign becomes infinite for particular values of zx, provided the 
integral be replaced by its principal value, ¢.e. provided it 
be considered as the limit of 


(J < +f wets U¥(« + ra) de, 


or | Ya [SU ¥ (x + ra) dz; 
where a or one of the limiting values a, 0 is the value of z, 
for which the quantity under the integral sign becomes 
infinite, and « is ultimately evanescent. 

In particular, taking for simplicity a = 7, suppose 


Y(r+m=t+ ye, or P(x+ rm) =(+/) oe. 
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Then observing the equation 
5 223 1 
“+r 


according as the upper or aii sign is taken, and assuming 
bz = x", we have finally 


[ <3-9 (- a ~ | pe l(a) ‘cot |de, 


ede ve((Z wg 


—}| cosecz |dz 
-» a! Ty a) , 


the former equation corresponding to the case of (+m)=y2, 
the latter to that of (x + m) = —- ya. 
Suppose pa = ve, g being a pati integer. Then 
“pede .,[° pede 
-o ah 2 - 2 3 

Also if ¥(z+m)= ya, then ¥,(x+m)=y,2; but if Y(e+m)=-yYa, 
then ¥,(7+7)=+ 2, the upper or under sign according 
as g is even or odd. Combining these equations, we have 





= cotz or cosecz, 








~(z +m) =z, g even or odd, 


[oe lle) e)e 
I, Ygz (+ ai cot 2 |de 


~(x + wm) =- Ua, g even, 


_ See .S C eg Ye ye[(Z ig ‘te z|d £7 


Ff vor[(5) cosec x | dx; 


Y(a+m)=- yz, g odd, 


[ =- Oy her (4) cosee 2 |e 


dz 
a | a 
= Tye voe( (3. (é)" cosec e] dz. 
f 


In particular y ine =, 


ca) ° _\y-l w Bel 
f dz = = we . sin 2 (=) cosec x | dz, 
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[ sin z hd go dz = g"" “sine [ @ ao «| dz 
_— ils ede (35) , 


g even, 


7 fl 
[ sin gz ( z) cosec z| dz =g"" [ sine (5 a cosec | dz, 


g odd, 
L- singz cotzdr=m, g even, 
0 


| singz coseczdr=m, g odd, 


0 
[ tan zdz 
0 Zz 


the number of which might be indefinitely extended. 
The same principle applies to multiple integrals of any 
order: thus for double integrals, if 


W(x+ra, y+rb) =U, W(z, y), 
F. ‘a ¥(2, y)¥(2, y)dedy “J, (x, y) ZU, ,¥(x+ra, y+sb) 


= 0, &c., 


In particular, writing w, v for a, b, and assuming 
(w+ rw, y + sv) =(+Y (+) 0, y). 
Also ou, y) = (x + ty), where as usual ¢ = Vy- 1 


a si vee SM |" 9 (x, D(z) . a ‘ee td 





where O(z+w)=3 (¢ yOy = 9 

(z+ ty + rw + sve) 
= extending to all positive or negative integer values of r 
and s. Employing the notation of a paper in the Mathematical 
Journal, “On the Inverse Elliptic Functions,” (old series) 
tom. iv. p. 257, we have for the different combinations of the 
ambiguous sign, 


1. -, -,... O(@+ ty) = 





G (x + ty) 1 
y@+iy) g@+ ty)’ 
G(x+t) F(x + ty) 
y@+iy) o(e+ty)’ 
.. g(x + ty) _f(@ + ty) 
3. +, -».. O(@+ y)= rate) “sat ey 
y (a + + fy), 
y(x + ty)’ 


2. -, +5. O(2 + ty)= 








4, +, ty O(@ + ty) = 
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where 9, f, F are in fact the symbols of the inverse 
elliptic functions (Abel’s notation) corresponding very nearly 
to sinam, cosam, Aam. It is remarkable that the last value 
of © cannot be thus expressed, but only by means of the 
more complicated transcendant yz, corresponding to the H(z) 
of M. Jacobi. The four cases correspond obviously to 


1. (c+ rw, y + sv) =(-J"*Y(@, y). 
2. b(a+ rw, y + sv) = (-)Y (a, y). 
3. P(v@+rw, y + sv) = (-)P (a, y). 
4. P(a+ rw, y + sv) =p(2, y). 


The above formule may be all of them modified, as in the 
case of single integrals, by means of the obvious equation 


| W(gx, gy) dady _ gt | W(x, y)dady 
(x + wy)" (x + ty)" 
The most important particular case is 


°° oe + ty)dady _ 
ES. (r+ty) a 
for in almost all the others, e.g. 


2 re party dady Se w fv ; (é ol 1 1 
J ~oJ-m (etty)* —T(w)Jo | ie o(r+iy) pe 
the second integration cannot be effected. 


Suppose next (2, y) is one of the functions y(z + ty), 
g(a +), G(x + ty), G(x + ty), so that 


P(x+rw, y + sv) = (+) (40, h(a, y), 
where U, = (—Ytghe(re-tei)g -g-ae 


(see memoir quoted). Then, retaining the same value as 
before of ¥ (z, y), we have still the formula (B), in which 


(4¥ YU, 
a+ iy +1w + svi- 


But this summation has not yet been effected ; the difficulty 
consists in the variable factor «*’*) in the numerator, 
nothing being known I believe of the decomposition of 
functions into series of this form. 


On the subject of the preceding paper may be consulted 
the following memoirs by Raabe, “Ueber die Summation 
periodischer Reihen,” &c., Crelle, tom. xv. p. 355, and 
“Ueber die Summation harmonisch periodischer Reihen,” 
&c. tom. xxit1. p. 105, and tom. xxv. p. 160. The integrals 





» [limits 00, - oj. 


’ 


O(«#+ty)= 3 
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he considers, are taken between the limits 0, © (instead 
of -«, ©). His results are consequently more general 
than those given above, but they might be obtained by an 
analogous method, instead of the much more complicated 
one adopted by him: thus if g(z+ 27) =z, the integral 


| gu “ reduces itself to 
»{” dz 
a] oS 
0), oy ore 


nis 1 1 1 
degel is 2° aul. 
I. ao E +m (= + rm =z) 


Qn 


provided | dzgx=0. The summation in this formula may 





0 
be effected by means of the function I and its differential 
coefficient, and we have 


wi 2. 
| ° dt 1 ig Qr 
gz —=-—]| ge dz, 
0 z 27 Jo z 
‘gp 
(3) 
which is in effect Raabe’s formula(10), Crelle, tom. xxv. p. 166. 
By dividing the integral on the right-hand side of the 


equation into two others whose limits are 0, 7, and 2m respec- 
tively, and writing in the second of these 2m - z instead of z, 





a dz Cr ‘Zz r(1-<) 
or — =- — ot en + 6 (27 - 2) ——— dz; 
0 2 27 Jo x zx 
r— r(1- =) 
27 27 


or reducing by 


we have x 
° dz ¥ ig r( 
| sey gx cothedz- xf [ox + o(2r-z)] 
0 z£ 0 QrJo r(1- ) 
Qr 


which corresponds to Raabe’s formula (10’). If ¢(—2z)=- 92, 
so that gz + ~(2r- x)= 0, the last formula is simplified ; 
but then the integral on the first side may be replaced by 


dz, 


i | gx i so that this belongs to the preceding class of 


formule. 
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ON ARBOGAST’S METHOD OF DERIVATIONS. 
By W. F. Donkin. 


Tue following paper contains a view of the first principles 
and most important processes of Arbogast’s method of de- 
velopment. It was intended at first merely to give an in- 
vestigation of a general principle from which rules may be 
obtained in all cases for avoiding the production of super- 
fluous terms. But it was found that this could hardly be 
made intelligible without entering so much into the general 
subject, that it was worth while to make it available as an 
introduction to the method for those readers who may have 
been hitherto unacquainted with it. 


1. The true nature of the elementary operation employed 
in Arbogast’s method, appears to have been first observed by 
Professor De Morgan, who stated it in a paper published in 
this Journal (vol. 11. p. 244, new series; vol. v. p. 244), 
namely, that derivation is differentiation accompanied by 
integration. This view I have adopted, and founded on it 
a demonstration of the rules for developing a function of a 
single series involving only one variable, which does not 
differ essentially (though it does in form) from that of 
Mr. De Morgan. I believe however that it will be found 
easier. In what follows, I have taken the course pursued 
by Arbogast himself, namely, to examine first the process 
to be followed in developing a function of several series 
involving the same variable, and thence to deduce the de- 
velopment of a function of a single series proceeding by 
powers and products of two variables. The rules which I 
have given for avoiding, in these two last cases, the pro- 
duction of superfluous terms, are I think simpler than those 
of Arbogast, and more easy of application. At all events, 
they have the advantage of being merely particular adapt- 
ations of one very simple and general rule from which they 
may in any case be immediately derived (see Art. 15). 
Whether such rules be or be not a saving of trouble in any 
particular problem, must be decided by the circumstances 
of the case; but it will in general depend chiefly upon the 
notation chosen. In the most common cases, the advantage 
of employing them is unquestionable. For example, in per- 


, a,+ a0 + a2" +... 
forming the development of =°—* 2 





» the appli- 


b, + ba + ba’ +... 
cation of the rule is perfectly easy, and avoids the production 
of nine superfluous terms out of twenty-one, which are pro- 
duced by operating on every letter in the coefficient of z’*. 


ne none 
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2. I proceed now to consider the simplest and most 
important problem to which the method is applied. The 
reader is requested particularly to observe that throughout 
this paper the word index will signify subscript index, as in 

a,, D,, &c., and the word exponent will be used for the 
number or letter expressing a power. Thus in a,”, n is the 
index, and m the exponent. 


Given U=p(a,+ar+ ast ...), 
it is required to develope wu in a series of the form 
a, + a+ a,0° +... 


Let differentiation with respect to any coefficient a,,_,, 
followed (or preceded) by integration (from 0) with respect 
to the nezt coefficient a,,, be denoted by the symbol D,,, so 


that we have 
d s.\* 
D. i da,,., (a) 


The laws of combination of such operations as D,, are very 
simple. In the first place, it is plain that D,".o = "0, unless 
the subject » contain a, with an exponent at least equal 
to m, or otherwise so involved, that the m differentiations 
shall not produce zero; and secondly, that whenever the 
operation D, does not produce zero, it will introduce a,, 
or modify the way in which the subject contains that coet- 
ficient already : thus if the subject do not contain a,, the 
operation D,” will introduce a,”. Lastly, either D,.D,, is 
equivalent to D,,.D,, or the result of one of these combi- 
nations is zero. 

The only cases with which we shall be concerned at pre- 
sent, are comprised in the spall 


D2.Do#. Dy" oe. ny eee wes 


where m, m', m",.... form a decreasing series. And here 
it is plain that since the operation D,, “ introduces a,, for the 
first time, and with the exponent a’, “the next operation D *, 
which involves a differentiations with respect to a, will 
produce zero, first, if m—- 1 >m, and secondly, if a>da’. 

And applying the same reasoning to the other indices and 
exponents, we see that every such term as (1) is zero, unless 
it be of the form 


D*,.D?_.D",,,. «. .D).D,".o(a,), 


in which no one of the exponents a, (3, ¥,.... is greater 
than the succeeding one; in other words, the indices must 
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form an unbroken progression from m to 1, and the exponent 
of D; must not be greater than that of D,.,. 


3. The development of $(a, + a,x) by Taylor’s theorem is 
equivalent (as is easily seen) to 


oad (2) -2() (A) J te 


or (1 - eD,)".9 (a,). 
And since ¢(a,+4@,¢) is changed into $(a, + a,2 + a,2”), 
by writing a, + a,z instead of a,, we have in like manner 
p(a,+a¢+az°)=(1 -2D,)"'(1 - 2D,)" $(a,); 
and, continuing the same reasoning, 
(a, + 40+ 4,2? +....+ 4,2") 
=(1-2D,)'(1 -2#D,_,)"....(1 - 2D)" $(a,). .. .(2), 


and this is enough to give the coefficient of z* in the re- 
quired development, since that coefficient cannot contain 
a with any higher index than n. 

Now if we develope the operating factors in (2), and then 
collect the coefficient of 2", we shall get the sum of all terms 


such as D*,.DP,,....D,".9(a,), 


in which a+ $+....+ =m: but of these we have seen 
that every one will vanish except those in which a, 3, y,... u 
form a progression in which no term is greater than the next 
succeeding one. Moreover a can only be 0 or 1, because 
a, cannot enter with an exponent greater than 1. 

a means of this expression it is easy to construct the 
coefficient of z* independently. But our object at present 
is to “derive” the coefficient of 2" from that of z*, sup- 
posed given. We suppose given, namely, all such com- 
binations as D:D, D# (3), 

ph gs ve HM cise seve ccves 
and we want all such combinations as 
ee «6 tEe 090 pseercees Oh 
where a+PB +....4+ Mean, 
and a+ Pp +....4¢vVven4+ 1. 


Now recollecting that a and a’ can only be 0 or 1, we see 





* This remark is due to Mr. De Morgan. 

+ If we apply Taylor’s theorem to (a + a, +....-+ @,2"), considering 
all the terms after a) as an increment, we see that the only term containing 
a,, and 2” will be '(a)).@,2". 
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that every term such as (4) can be got from some term such 
as (3), either by adding 1 to the exponent of some one of the 
symbols of operation already contained in it, or else by pre- 
fixing the symbol with the nezt higher subscript index. But 
it is also obvious that it will never be necessary to increase 
the exponent of any symbol already contained in the term, 
except the last. For suppose the last symbol in the term 
(t.e. the one which has the highest index) is D,‘, and suppose 
another symbol in the term is D*,,. ‘There will be another 
term differing from this only in containing D,*' and D._*"; 
and this gives the same combination by adding 1 to the ex- 
ponent of D,, as is given by the former on adding 1 to that 
of D.. 

Thus it appears that in order to produce all such terms 
as (4), we have only to take each term, such as (3), and per- 
form upon it separately ¢wo operations, viz.: 


(1). Add 1 to the exponent of the symbol which has the 
highest index ; 

(2). Prefix the symbol with the next higher index. 

The latter process will always produce an effective term ; 
but the former will produce a term whose effect is zero, when- 
ever the exponents belonging to the two highest indices are 
equal. For since D‘, , introduces a‘, , by ¢ integrations, and 
D‘, subtracts ¢ from the exponent of a, by ¢ differentiations, 


it is plain that DD. es Dig (a,) ae rs She (5) 


does not contain a, , at all; so that if the exponent of D, be 
increased, which implies another differentiation with respect 
to a,_,, the result is zero. In fact, this is merely a repetition 
of what we observed before (Art. 2) as to the progression of 
exponents. The point to be now observed is, that such a 
term as (5) will contain a, but not a 


m-\" 

4. Thus the coefficient of 2’ may be derived from that 
of z" by the following rule: 

Take each term in the coefficient of x", and, (1) repeat the 
last operation which can be traced in tt ; (2) perform upon tt 
the operation next after the last. 

The first of these two processes produces zero whenever 
the highest index contained in the term differs from the next 
lower by more than 1. 

The best form of the rule for practice is— 

If i be the highest index in the term, operate upon a, only, 
unless a; , be also contained in the term, and then operate upon 
a; , also. 
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“Operating” upon a; here (and in all that follows), means 
performing the operation D,,,; that is, differentiating with 
respect to a,, and integrating with respect to @;,,. 

I think it is best always to keep this in mind; but the 
same result is produced if we differentiate with respect to an 
scam , ; da; 
imaginary independent variable ¢, and suppose a7 tw 
provided that whenever an exponent is increased by the 
operation, we divide by the new exponent. 

If instead of using the above rule of the “last and last 
but one,” we operated upon every one of the coefficients 
@,, @,, @.... contained in the term, it appears from what 
has preceded, that we should only produce repetitions of 
some of the terms given by using the rule, and all terms 
so repeated would have to be rejected. 

If we used a progression of Jetters instead of indices, the 
rule would be— 

“Operate upon the Jast letter in the term, and also on the 
last but one if it be the next preceding letter in the alphabet ; 
otherwise on the last only.” 


5. If we denote by D the whole operation by which the 
coefficient of z"” is derived from that of z", we have, since 
the first term must be ¢(a,), 


p(@,+4,0+....)= 9(a,) + Do(a,) z+ D’o(a,)a’*+...., 


and applying the rules of derivation explained in the last 
article, 


Do (a,) al ? (a,) a> 
Do (a,) = ¢ (4) L a ~ (a,) a,» 


D'g(a,) = 9"(a,) + + 9" (a,)a,a, + 9'(a,)a, 
a, 


D'g(a,) = $"(a,) 


&e. 


6. It is easy also to find a general expression for D"¢ (a,), 
which enables us to calculate beforehand, and tabulate all 
those terms which are outside the functional symbols. For 


Tap Pao)» we 


NEW SERIES, VOL. VI.—May, 1851. L 


+9"(a,) 








2 2 
~~ be Oy 
2 


+4 9'(a)(H4a0,)+ 6 a) ay 





if we put for shortness %,(a,) instead of 
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have by Taylor’s theorem 
p(a, + a,2 + aa" +....) 


= $(a,) + p,(a,) (a, + G2 4.00) + hy (Qy) 2° (A, + AC tour P tone 5 
and since (a, + a, +...)" =a," + Da,”.x + D’a,”.2’ +..., 

the whole coefficient of 2” is easily found to be 

$,(4)) Da, + $2(4,) Da,’ toot n-(%) Da,” + $,,(4)@,"++-(6), 
which is equivalent to D"¢(a,); and thus it is only requisite 
to have a table of derivatives of the successive powers of a,, 
in order to obtain at once the n™ derivative of o(a,) by the 
help of » differentiations. Such a table is given by Mr. 
De Morgan (Diff. Cal. p. 331), adapted to a progression 
of Jetters. But the student will find it worth while to cal- 
culate for himself a sufficient number of terms to obtain 
complete familiarity with the process, both for a progression 
of indices and of letters. I give as an example for veri- 
fication the 4 derivative of a,’, omitting the lower ones, 

*a,a 


D'a,' = 35a,'a,‘ + 105a + 21a,‘a,’ + 42a,°a,a, 


7. It may be remarked here that every term in D"g(a,) 
being of the form 


D*,.D?, ,..++D,.D,".9(a,), 
if we actually perform the operations indicated, we get 
-r A“* p-a a 
ita). 2... a ae 
ga) 1.2...(u-A) ° 1.2...(A-K)” ** * 1.2...(B-a) © 1.2...0 (95 
in which we see that (considering that part which is outside 
the functional symbol) the sum of the exponents (or the whole 


number of factors) is u, and the sum of the indices (reckoning 
the index of every single factor) is 

p—-A+2(A-«K)4+ 3(K- oc) +....4+(m—-1)(B-a)+ ma 

=a+B+....4 0+ u=n; 
and hence the rule for finding independently the coefficient 
of ¢"(a,) in D’p(a,) would be : 

Find every way in which » may be resolved into the sum 
of « numbers (excluding 0). Each way gives a term such 
as (7), in which there is a factor a; corresponding to each 
number (¢) of the ~ components of x. The numerical coef- 
ficient is found by introducing a divisor 1.2.3...r, for every 
exponent r. 

For example, to find the coefficient of "’(a,) in D'(a,), 
we have 


4, 3 6 
1, a, + 7a, a, 


7=14+14+5=14+24+4=14+384+3=24+ 24 3, 





CHE aaa 











i igi 
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and the coefficient required is therefore 
2 2 2 
a,a, aa, a,*a, 
+ 44,4, + +4, 
| ei lay 


Now the expression (6) Art. 6, shews that this ought to be 


1 
Ts D*‘a,’, so that we ought to have 








Dia,’ = 3a,'a, + 6a,a,a, + 3a,a, + 8a,a,, 
which is easily verified. In general, Da," is the coefficient 
of 9,(a,) in D”’$(a,); so that finding Da," independently 
involves finding all the ways in which m +r can be made 
up of r numbers, excluding 0. The reader may compare 
this with an equivalent process deduced in another way by 
Mr. De Morgan, (Diff. Cal. p. 336). Observe that m +7 may 
be resolved into the sum of » numbers excluding 0, by first 
resolving m into r numbers including 0, and then adding 1 to 
every number. 


8. I return from this digression to the general subject. 
The more complex problems are mostly (as we shall see) 
included in the following: 


To develope (u, v, w,....) where 
U= A, + 404+ 4,20 +..0.,; 
v=b+ba+de'+...., 
WHO +L + CH +.000, 


i) 


The process to be employed for any number of series 
u,v,.... Will be apparent from an examination of the case 
in which there are three. We have then to develope 
p(u, v, w). q av d av 

Let A, = 3° (a) , By- a (=) , &e.; 


m-1 


then, putting ¢ for (a,, 5,, ¢,), and reasoning exactly as 
before, we have 


p(u,v, w)= 9+ Doa+ Dow t....; 
where D"9 is the coefficient of z" in the development of 
(1-20)"(1-2C,)*....(1- 20)", 
x(1- ¢B,)'(1-2B)....1- 2B)", 
x(1-24,)'(1- 2A,,)"....(1 - 2A,)"9. 
This coefficient is the sum of such terms as 
4 ee iS a ere (| 





where a+4'4+,...8+ PB +....+7+ 7 te.00=m 
n3 
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The order in which the A-operations are written with 
reference to the B or C-operations is indifferent ; but we must 
keep to one order, which shall be that of the alphabet, so 
that an A-operation cannot succeed a B or C-operation, and 
so on. 

Now, in deriving the coefficient of z*’ from that of 2", 
exactly the same reasoning will apply as in the simple case 
(Art. 4). We have only to take each term such as (8) and 
get from it all the terms which it will yield by the following 
rule: (1) Add 1 to the exponent of the last operation, and (2) 
Prefix the symbol of each operation which can immediately 
succeed the last. 

With respect to increasing the exponent of the last 
operation, the same considerations apply as before. Suppose 
the last operation has introduced (or increased the exponent 
of) 5, then the repetition of it gives zero, unless the term 
also contain 0, . 

With respect to the mezt operation, we are to remember 
that a B-operation can be succeeded by another B-operation 
(of the next higher order), or by a C or E-operation, &c., but 
not by an A-operation. 

The general rule then in operating on any term, is to take 
the last letter in alphabetical order, which has an index 
greater than 0, and operate on that and on the succeeding 
letters only, observing also the rule of the “last and last but 
one,” whenever we have to operate on a letter which occurs 
with different indices. 

Thus, in forming the derivative of a,),b,’c,, the only letters 
to be operated on are 6 and c. And in operating on b, we 
must operate both on 4, and ,. And in forming that of a,b,¢,c,, 
we must operate only on ¢,. 

The most convenient form of the rule in practice is: 
Operate first on the last letter (in alphabetical order), and 
if it occur with an index greater than 0, on that letter only : 
of it occur with the index 0 alone, then operate also on the next 
preceding letter, and so on till you have operated on a letter 
with an index greater than 0; then operate on no more letters. 
Observe the rule of the “last and last but one” with respect to 
indices of the same letter. 

Thus in forming the derivative of a,},*b,c,, we should 


31 °3°09 


operate on ¢,,5,,5,. But in forming that of a,b,b,c,e,, only 


2? “y° 
upon €,, ©, 5,- When ail the letters in a term occur with the 
index 0 only, then of course all must be operated upon. 

In applying these rules directly to particular functions, it 


is to be observed that the result of every single “ operation” 
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is to be considered as a separate term. Fractions, for in- 
stance, must not be reduced to a common denominator and 
added so as to make one term out of several. 


9. I give as an example (which is a good one for practice) 
the three first derivatives of wits » Which are the coefficients 
of z, 2’, z*, in the development of 

(4+ b2+....)(Q+00+....)(@,+a27+....)% 

Put 9 = oe , and we have 

0 


Do wa Pie 4 81% _ bee 








a, a, a, 
bc, 5c, bc, abc, abe, abe, abe 
D’o = OR + Ey SO a og 
 & «© a, a, a, a, 
Do - b,c, - be, bc, . bc, b,c, a,b,c, a,b,c, 
2 2 2 
a, a, a, a, a, a, a, 
2 2 3 
abe, abc, a,b,c, a,b, a,b,c, 2a,a,b,c, a,*b,¢, 
5 . oa st > + st a e:* 


a 


0 a 


0 a, a, a, a, a, 


After a very little practice the process involves no difficulty 
whatever. It may be observed that if in forming D*g, we 
had operated on every letter in D*g, we should have had 
to reject ten superfluous terms. The student will also find 
it a good exercise to find a few terms of the general develop- 
ment in the following manner. ‘Take for instance 9(w, v): 

ut » for ¢(a,, b,), and let A, B signify —, — 
aby $ (4%, b,) gnify 7 a, 


Do = Bo.b, + Ag.a,, 


» and we 


Do = Bo.b, + Bo. + ABg.a,b, + A’. “ + Ag.a,, 
&e. 


I leave to the reader the adaptation of the rule to the case 
in which the notation employed is 


2 be 2 
U=a,+ber+ort...., veatbercz+...., &e. 


(which is rather less convenient), and proceed to consider 
the development of a function of one series involving two 
variables. 
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10. Let u=atberoz +e2° +....; 
+ by + cry + ea’y teeess 

2 
+ Oy? + CLY teeee, 


+ Oy? teres 


It is required to develope ¢(w) in a series of the same 
form. This is easily done as follows: 
Develope ¢ (a, + 6,2 + coz* +....) into 


¢(a,) + Do (a,).« + Dp (a,).2* +....* 


by the first method (Arts. 4-6), remembering that the pro- 
gression is now one of /eéters. 
Every term in D."9(a,) will be (neglecting numerical 
coefficients) of the form 
g'" (a) b foe"... 23 
and if we now put 


b, + bt instead of 5, 
c, + ¢,t + ¢,f° instead of ¢,, 
2 a5 
e, + et + ef + ef instead of e,, &c., 


y 
z 
the required series, in which all the terms of the n degree 
will come from D,"9 (a,) 2”. 

The preceding theory (Arts. 8, 9) enables us to effect this 
at once; we have only to perform tndex-derivations upon 
such terms as b,%¢,"e*...., according to the rules just ex- 
plained, and we get the coefficients of the successive powers 
of ¢t. Thus the complete development involves two processes : 
one of horizontal or letter-derivation, and the other of vertical 
or index-derivation. 


and, after developing, write ~ for ¢, we shall obviously get 


11. For example, the coefficient of z*, got by horizontal 
derivation, is 
1 mn 
$55, * $,-26,¢, + $C {ts - 1.2.3 ¢ (a,), &e.} ’ 
and the coefficients of z*y, zy’, y° are the successive vertical 
derivatives of this. In performing the derivations, remember 
that a, has no index-derwative, so that ¢,, ,, &c. will merely 





* D, is here used to distinguish this horizontal or x-derivation, as it may 
be called, from the vertical or ¢-derivation which occurs immediately after- 
wards. The latter is what Mr. De Morgan denotes by D:, the colon being 
an abbreviation of y: 2 or ¢. 
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be constant multipliers ; 5, has only one derivative 6,, so that 
b, = 0, &c.; c, has only two, and so on. Hence applying the 
rules of (8), we get for the three coefficients in question, 

,-3b,°b, + p.(20,¢, + 20,0.) + o-2,, 

4:30,0," + (20,0, + 20,0.) + by, 

4:5,” + ,-20,0, + by-€ 
The process hardly requires explanation, after what has 

preceded, but I will notice twa terms by way of example. 
b,c, only gives b,c,, because since the Jast letter c occurs with 
the index 1, we must not operate upon b; b,c, gives no term, 
because for a similar reason 6 is not to be operated on, and 
c, is 0. I should recommend the reader to proceed to the 
terms of the 4 and 5 degrees, and compare them with 
those given by Mr. De Morgan (Journal, vol. v. p. 254). 
The two notations may be made to coincide by omitting 
Mr. De Morgan’s upper accents, and changing the lower 
ones into indices. 


1%. The preceding is the easiest way of performing the 
development. But we might also get the coefficient of 
a”"y"" from that of zy", by what may be called a diagonal 
or y-derivation. In order to make the principles of Art. 8 
easily applicable to this process, a change of notation is 
required. Let 


U=a+azcz+ae +40 +...., 
+ ay + ary + a2’y +..05, 


“2 


” 2 
+ @,'y? + a"ty? +. 0005 


m3 


+."y? tecees 


so that the coefficient of zy" is an accent-derivative from 
that of 2”y"; the exponents of y being indicated by accents, 
and those of x by indices. 

If we now develope ¢(a, + a,4 + a,2°+....), a8 in Arts. 
4 and 5, the coefficient of z” will consist of terms such as 
p'(a,) a,7a,°....3; and if we then put throughout 


a, + ay + a,'y’ +... for a, 


‘ "2 
a,+a/y+a,"y'+.... for a, 


"2 


UJ 
a,+@/y+a,'y’+.... fora, 


and apply the principles of Art. 8, we shall evidently get the 
development required ; the coefficient of zy" being the n‘* 
accent-derivative from that of 2”. 
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The rules of Art. 8 adapted to the present notation, may 
evidently be expressed as follows: 

Operate first upon the letter which has the highest index, 
and if tt occur with any accent upon letters with that index 
only ; otherwise operate also upon the letter with the next 
lower index, and so on until you have operated on an accented 
letter (if there be one). Observe also the rule of the “last and 
last but one” with respect to accents belonging to the same 
index. 

The reader may, if he prefer it, substitute an alphabetical 
progression for that of indices, retaining the accents as 
above. 

The reason why this process is less convenient than that 
of Art. 10, is, that the letter under the functional symbol is 
now liable to be operated upon. 


13. As an example of the above, taking the notation of 
the last article, the coefficient of z* is (Art. 5) 


$'(a,)a, + $"(a,)a.a, + $"(a,) 


and taking the accent or y-derivatives of this, we find for the 
coefficients of 


ay, (a,)a,+ $ (a,)(a,4, + a,a, + a,a,) 
+ #"(a)( a, aa, + a) + $" (a, — “o _" 





ay’, $(a,)a, + $'(@,)(@,a, + @,°a, + 4,0," + aa; +a “es 


2 - 
a,a, aa, 
+ $a) (2 + a;,0; + @,4,a, + @,a,a, + 2 4+ a) 





o-1l'2 2 2 
+$"(a (23 a,a, Ores ee) (a) oO 


The reader will easily follow the process. For instance, 
the term $’(a,)a,a, only gives $” ¢ par ; $'(a,)a,a, gives 
$’(a,)a,a, + $”(a,)a,"a, + $”(a,) ~ 4s. The following may 
be verified by inspection : the cides of z*y* would contain 


$1 terms, and in forming it, the application of the rule avoids 
the production of 21 superfluous ones. 





14. I have chosen the above notation partly with a view 
to affording practice in the accommodation of principles to 
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different notations. But if we put 
Uu=a,t+berow +62 +...., 
+ ay+ bevy + o2’y +..465 
+ ay’ + bay’ +. 0.55 
+ Oy? teceey 


then diagonal or y-derivation would be index-derivation, and 
the rule for performing it would be precisely that of Art. 8, 
so that the process would only differ from that of Art. 11 in 
this respect, that every etter has now an unlimited number 
of index-derivatives. 

Whichever notation be adopted, it is obvious that we may 
reverse the process, and first performing a series of y-deri- 
vations on $(a,), afterwards perform z-derivations on the 
coefficients of the powers of y. With the notation of this 
article the rule for z-derivations (which are letter-derivations) 
will be expressed shortly, Operate first on the letter which has 
the highest index, and if it be any other than a, on letters with 
that index only, &c. Observe the rule of the “last and last but 
one” with respect to letters with the same index. 

Thus, the coefficient of y’ being (Art. 5), 


2 
$(a,)a, + $"(a,)“, 
we get for the coefficients of 
a,’b, 


xy’, $(a,)b, + $’(a,)(b,a, + 4,6,) + $”(a,) 2 
zy’, $(a,)¢, + °(a)( By, + Ca, + a,c, + *) 
ba, 


2 
e con 


which I leave without further remark. 

It is essential to observe that we cannot use this rule for 
2-derivation with the notation of Art. 10. Instead of the 
process there adopted, we might have begun by vertical or 
index-derivatives from (a,), and have performed horizontal 
or letter-derivations upon them; not putting a, = 0, 6, =0, 
&c. till after the process was complete. But we cannot per- 
form horizontal derivations by this rule (except from ¢(a,)), 
after putting a, = 0, &c., without losing all the terms which 
derivation would have saved from vanishing. 











“ 


atc . a2h? 
+ ah + 2) 4 $a) Se 


15. The reader will perceive without difficulty that rea- 
soning similar to that of Art. 8 may be applied to every 
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possible case, and that the general rule will be the one 
there given, namely : 

Repeat the last operation, and perform every operation 
which can immediately succeed tt. 

The order of operations must be fixed on beforehand, so 
far as it is arbitrary. 


16. For instance, let us take the development of $(w, v), 
where uw is the same as in Art. 10, and » is a similar series 
in which the coefficients are Greek letters. 

The order of operations on different letters being arbitrary, 
let us assume, as before, the alphabetical order in each 
alphabet separately, with the additional condition that an 
operation on an English letter shall never follow one on a 
Greek letter. Then the process of Art. 10 extended to this 
case will be as follows: 

First develope 


G(a,+ e+ 60 +...., a+ Bat 7,2 +....), 


by letter-derivations on $(q,, a,) according to the principles 
of Art. 8. The rule will be, “ Operate first on Greek letters, 
and if any other than a occur, on them only; if a only occur, 
operate also on English letters. Observe the rule of the 
‘last and last but one’ in each alphabet.” 

Next, taking the coefficient of z” in this development, the 
coefficient of z”y" will be got by m vertical or index-de- 
rivations performed upon it (as in Art. 10), for which the 
rule will be: 

“Operate on the last Greek letter, and if it occur with 
any index but 0, on that /etter only, &c. If all the Greek 
letters have the index 0 alone, then operate also on the 
English letters in the same way, until you have operated 
on some letter with a higher index than 0. Observe the 
rule of the ‘last and last but one’ with respect to indices 
of the same letter.” 


uv and ~ may be taken as simple examples. As they 


present no kind of difficulty, it would be useless to occupy 
more space by giving the details here. 


17. The elementary operation in all cases is differentiation 
with respect to one coefficient, with integration with respect 
to its derivative. But in some cases it is necessary to observe 
(what is true in all) that the integration affects those terms 
only which are outside the functional symbol, whilst the 
differentiation affects the terms both within and without. 
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The following problem will illustrate this last remark, as 
well as the general rule. 

It is required to develope $(u, v), where 

U=a,t+ ae +40" +..00, 

DEA +A C+ GW trsees 
the coefficients in o Selcealies to the same progression as 
those in w. 

Here the operations on coefficients in » may either precede 
or follow operations on those in w; but as respects the 
coefficients of either series separately, the order of operations 
must be that of indices. Let us then assume the order of 
indices to be always that of operations ; and observing that 
an operation on a, can follow immediately an operation on 
any lower coefficient, we see that the rule of Art. 15 applied 
to this case may be expressed as follows : 

“In forming the successive derivatives of $(a,, a,,) operate 
according to the usual rules for a single series of one variable 
with the following modifications :—Whenever a term contains 
a,, or any higher coefficient, outside the functional symbol, 
operate in all respects according to the usual rules. When 
it does not contain such coefficients outside the functional 
symbol, operate first without reference to a,, according to 
the usual rules, and then operate on a, also. Remember 
always to treat a, within the function, as a constant so far 
as integration is concerned.” 

In a particular example, it is more convenient to use a 
progression of letters than of indices. 

Suppose for instance 


u=a+be+ cx’ +ex*>+....; 
vectect fart gut... 
Let ¢ stand for (a, c), and A, C respectively for £ and 
5 , and let A and C operate upon ¢ only. 
Then the above rule gives the following : 
D.d = Ad.b + Che, 
D'.p = Apc + A’d. . + ACh.be + Cb. . 


Do = mieten Te a+ 5 —— 5+ ACh.bf 


+ Actg. Moby sg 08.2 
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It is worth while to verify this, so far as it goes, in a 


simple case such as “ , or wv; but I leave the process to the 
reader. ° 

It is to be observed, that if in a problem of this kind we 
operated directly upon a particular function, it would be 
necessary to adopt some device for distinguishing between 
those quantities which are, and those which are not subject 
to integration. It is therefore much more convenient to 
perform the general development first, as above, and par- 
ticularise the form of the function afterwards. 


18. In more complicated cases, such as the development 
of a function of several series whose coefficients belong to the 
same progression, it is best to apply the general rule of 
Art. 15 directly, without attempting to give it a special form 
adapted to the particular problem. The process in general 
involves little more trouble than the writing down a great 
number of terms. Such complicated problems will hardly 
occur in practice, but they are useful as exercises. I believe 
also that there would be no better way of attaining the 
clearest possible ideas of the whole subject, than the direct 
application of the same general rule to all the problems which 
have been here treated by special forms of it. Special rules 
are always used most safely, as well as most advantageously, 
when we know how to do without them. 


Oxford, Jan. 14, 1850. 


ON THE MODE OF USING THE SIGNS + AND — IN PLANE 
GEOMETRY. 


By Proressor De Morean, 


Tue theory of signs in the application of common algebra 
to plane geometry, has not, I believe, been made complete. 
In my Differential Calculus, pp. 341-345, I suggested some 
addition to the usual conventions, for the purpose of forming 
a general mode of measuring angles, and demonstrating the 
common differential formule without subdivision of cases. 
I have at different times endeavoured to complete this theory 
in such manner as to give a system under which geometrical 
and trigonometrical investigations might be conducted by 
universal rules, without the necessity of considering any 
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specific diagram. In this I have not succeeded until now. 
The following summary of the plan I propose is submitted 
to the consideration of those who have felt the unsoundness 
of the method of relying upon one case of a diagram, leaving 
algebra to take care of the others. 


1. The signature of translation of a line is the mode of 
giving sign to the two directions of translation upon it. Any 
line may have either of two distinct signatures. A line with 
one signature must be distinguished from what would be 
called in geometry the same line, with the other signature ; 
I consider these as different lines, making with each other an 
angle of 180°; and I call each the énversion of the other. 
And by a given line, I mean a line given in position and 
signature. The signature of a given line is to be the same 
at all points in it. 


2. Two points A and B on the same line, give the dis- 
tances AB and BA of different signs. And on one and the 
same line, we have AB+ BA=0, AB+ BC+CA=0, &c. 
Also AB + BC= AC, AB-CB= AC, BC- BA= AC. 


8. The signatures of parallel lines are not necessarily 
the same. And all coordinates are to be measured on their 
axes, not parallel to them. Thus, if P project on the axes 
into M and N, the coordinates of P (O being the origin) are 
OM and ON, not NP and MP. Of the two, OM, NP, the 
signs may be different. 


4. Of the two modes of revolution about a point, one is 
selected as positive, the other as negative. Every point has 
then what we may call its signature of rotation. Inversion 
of the signature of translation of a line is to be accom- 
panied by inversion of the signature of rotation of every 
point upon it. 


5. The angle made by the line P with Q (which I designate 
by P°Q) is to be distinguished from the angle made by Q 
with P, in the same manner as AB is distinguished from 
BA, by difference of sign. So that P?Q+Q°P =0: but as 
we do not distinguish 0 from 0+ 27, 04 47, &c., we are 
to read 0 in the last equation, and others, as “0 or some 
value of + 2mrz.” 


6. The least of the positive values of P°Q is the angle 
traced out by a line revolving from the positive side of Q 
to the positive side of P in the positive direction of revolution. 
And for the word positive in italics, we may read negative in 
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both places together ; while in both cases we may, if we like, 
read “negative” in the other two cases in which “ positive” 
is written. 


7. The origin and axes (X and Y) being given, we 
prescribe that Y°X =}, by which we make the positive 
direction of revolution about the origin to be the usual one. 
This is the only signature of rotation which cannot be altered 
without a fundamental change of system. 


8. A line R which passes through the origin, has its 
signature of translation determined by the meaning of R°X. 
The positive side of R is that which bounds the positive 
value of R°X. 


9. A line which does not pass through the origin has its 
signature thus determined. The radius of any point in the 
line is the line drawn from the origin to that point; and the 
positive direction is that in which a positive radius revolves 
positively about the origin, or a negative radius negatively, 
while the end of the radius moves along the line. ‘Thus the 
signature of every such line depends upon the sign of the 
radii drawn to its points from the origin. 


10. If two points of P, say A, B, be projected upon Q 
into a, 6; then the definition of the cosine of P°Q is ab: AB 
or ba: BA. Take a line at one right angle to Q, and let 
a’, b' be the projections of A, B upon it; then the sine of 
P°Q is ab’: AB or ‘a’: BA. But if the second line make 
three right angles with Q, then -a'b': AB or - ba’: BA is 
the sine of P°Q. 

The following theorems will now be immediately proved :— 
The sum of all the angles of any polygon is 0 or a substitute. 
The angle made by any line with Y is }m less than that 
made with X,(P°?X + X°Y+Y°P=0). If a semicircle of 
positive revolution commence from the positive side of its 
bounding diameter, it is on the same side of that diameter 
as the origin or not, according as the line drawn from the 
origin to the centre is positive or negative. The positive 
angle made with a line drawn through the origin never 
exceeds 7. 

The only points, I think, in which this system is repugnant 
to commonly received notions are these two. First, in that 
no line has a signature essential to its position; next, in that 
parallel lines have not always the same signature. I need 
not say anything on the first point, which has been virtually 
given up by all who admit the polar equation of a curve to 
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exist simultaneously with the rectilinear one. The revolving 
radius is not negative when it coincides with the negative 
side of the axis of z, because it is then a line inclined at the 
angle w to that axis. The second point deserves further 
consideration. 

Let N be a positive point (a point on the positive side) of 
the axis of y, and through it draw a parallel to the axis of z. 
When ON is positive, this parallel is of opposite signature 
to X; though all algebraists use it as a line on which the 
signature is that of X. But continuity requires that the 
signatures should be different. Let a point set out from the 
origin and move along the negative side of the axis of z to 
an infinite distance. It is then, algebraically speaking, on 
the parallel: let it then move bac on the parallel to N. 
If continuity be preserved, its radius is still negative, and the 
parallel is drawn, not through N on the axis of y, but on the 
inversion of that axis. And the signature of the parallel 7s 
now the same as that of z, as usually taken. But if we 
demand that the radius of the point moving on the parallel 
be positive, there is discontinuity at the algebraic junction 
of X and its parallel. The radius is there inverted, and with 
it the parallel also. The radius line making an instantaneous 
semi-revolution, brings round, as it were, the parallel to z 
drawn through N’ (N’ being situated similarly to N on the 
negative side of Y), and makes it change places with that 
through N. With continuity of radius there is continuity 
of revolution, the two parallels being taken as an infinitely 
extended oval. In the ordinary mode of giving signature 
to the parallel, there is discontinuity in the revolution. But 
it must be noted that when two parallels are of the same 
signature, their infinitely distant intersections must be con- 
sidered as on the same ends of the parallel; if of different 
signatures, on opposite ends. 

I may refer to the pages cited from my Differential Calculus 
for proof of the manner in which universal demonstration is 
given, by use of this system, in cases of differential formule. 
I will now give without diagram, a complete demonstration 
of a fundamental trigonometrical formula. 

First, it must be shewn that the cosine and sine of this 
system are in all cases the same as the ordinary ones. This 
is obvious as to values, but by no means so obvious as to 
signs. We must shew then that the cosine of this system 
and the common cosine have an initial agreement, and after- 
wards change sign together. When the identity of the 
cosines is established, that of the sines follows, for in both 
systems sin 9 = cos(@ - }7). 
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First, let AB and its projection abd be parallel, and of the 
same signature. Then by one definition A Bab = 0, and by 
another, cos(AB°ab)=1. But if AB and ad be of different 
signatures, A B°ab = m and cos(ABab)=-1. Let AB now 
revolve round A. Our cosine can never change sign, unless 
either AB or ab changes sign. When ad only changes sign, 
then AB*ab passes through an odd number of right angles, 
so that in this case the change is that of the common cosine. 
But when AB changes sign (which happens for instance 
when the line of AB passes through the origin without any 
change in OA), the angle AB*ad receives a sudden alteration 
of two right angles, which also changes the sign of the 
common cosine. 

Now let BC, CA, AB be in the lines P, Q, R, and let 
P and Q be perpendicnlar to one another (a phrase which 
must be interpreted as of P making with Q one right angle 
or three, as the case may be). Let a fourth line S be taken, 
upon which A, B, C are projected into a, 4, c. 

We have then ab = ac + cb, 


ab a AC, cb OB 
AB AC’ AB CB AB’ 
or cos RS = cos Q°S.cos R°Q + cos P’S.cos R°P 
= cosQ°Scos R°Q+cos(Q°S+P* Q)cos(R°Q+Q°P). 


But because P°Q and Q°P are either -}a and + $7, or 
+ 4m and — }z, the second term is either sin Q°S x (- sin R°Q) 
or (- sin Q°S) x sin R°Q; and R°S = R°Q+Q°S. Hence in 


all cases 
cos (R°Q + Q°S) = cos R°Q.cos Q°S - sin R°Q.sin QS. 


The formula for the sine may be almost as easily obtained, 
or may be deduced from the one just given. 


March 10, 1851, 


ON CERTAIN GEOMETRICAL THEOREMS. 


A LARGE number of the theorems given by Mr. Steiner in 
his Systematische Entwickelung, admit of such simple alge- 
braical demonstrations that it may not be out of place to 
notice the formule upon which they depend. ll the theo- 
rems established by the equations enunciated are not here 
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but there will be found below, demonstrations, either de- 
veloped or in form, of nearly all the theorems in the first 
chapter of the work above alluded to. 

If the rays (Strahlen) a, (3, y, 5,...... of any pencil 
(Strahlbiischel), whose centre (Mittelpunkt) is B, meet a 
transversal A in the points a, b,c, d,.... respectively, the 
areas of the triangle formed by each pair of rays and the 
corresponding segment of the transversal A will be propor- 
tional to their bases, since they lie between the same parallels, 
so that 


(Bab) : (Bac) : (Bad) : (Bbc) : (Bed): (Bhd)... . 
= @ + @ : @€ : b& : @ : Wise 
and consequently 
(Bab).( Bed) : (Bac)( Bbd) : (Bad ). Bic) 
= abed : acbd :  ad.be, 
which, omitting the common factor Ba. Bb.Bc.Bd, are equal 
to sin aj3 sin yd : sin ay sin Be : sin ad sin By, 
where sina} means the sine of the angle contained by a and f. 
Again, writing for convenience 
ab = z, ac=yY, ad = z, 
sinaB=A, sinay=p, sinad=*y, 
cosafs=N, cosay=p, cosad=¥, 
the above relations take the form 
(py — wv): w(VN —- Vr): v(vp’ - Nw) 
= a(y-z) : y(@-2) : 2(@-y), 
and since identically 


~rX NWIl=0, |e « 1|=0, 
a a yy i 
vve Sa 3 


consequently also 
Ni2@ XN NO, | eVv:rA ze 1/=0, 
wiy » Me yore y | 
viz vy awsivo2z i 


to which others might be added. These equations express 
the following relations, 
sin af3 sin yo + sin ay sin 83 + sinad sin Py = 0....(2), 
NEW SERIES, VOL. VI.— May, 1851. M 
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ab.cd + ac.db + ad.bc =0.....000.+(3), 
sina’B siny’d  sina’y sind'B : sin a’6 sin B’y _ 
ab ac ad 
cot a’°B.db.cd + cot a®y.ac.db + cot a°d.ad.be = 0...(5) ; 
from these it is not difficult to deduce the known formule, 
of which the following is one, 
ac ad _sina’y sina’d 
be ‘bd sin B*y ‘sind ** 
It is obvious from (1) that when the ratios 
A(ur’ - wv): w(vN — VA): V(Ap - Np) 
are constant, the ratios 
a(y-z):y(z-2):2(@-y) 
are so also; hence the relations established above hold good; 
(1) for all pencils whose rays pass through the points a, 3, 
ce, d....3 (2) for all transversals which meet a given fixed 
pencil. 
The theory of four harmonic points is given by putting any 


of the ratios =1; for instance, the formule when written in the 
following different ways give rise to a variety of theorems, 


pive=(Aw —Ny):(W-VA), Qvr' -A(py' + pV) = ; 
wT). 


tt ‘ = _*\(,_2\_ (2) 
aoe 2yz-z(y+2)=0, (y 5) (2 4 (5) 


If two transversals be projective to one another, they are 
rojective to the same pencil; hence taking the point of 
intersection of the two transversals as the origin, and calling 
the distances of the points a, b,c, d,.... 4,5, Cd... 
from the origin w, 2, Y, 2)... + W,) Ly Yys Zs +. « respectively, 
and writing for convenience 


ten Mawten Moan 


z-w’ y-w’ z-w 


0...(4), 





ccceseee (6). 














5] 


with similar expressions for X,, Y,, Z,, we have 


~ AX Nl=0, | AX A W500, | AK, A NI =0, 
heh we wY » pw BY, ww 
vvyey wZvey vw vy 


and consequently 


X, 1 Oi. wweronenceetle 
Y 
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which is consequently the condition for the projectivity of 
two transversals. Similarly may be found the condition for 
the projectivity of two pencils, viz. 
cota3 cota’B, 1|=0........(9). 
cota’y cot ay, 1 
cota’d cota,s, 1 
If two corresponding points (a, a,) meet at the point of 


intersection of the two transversals w, w, vanish; and if 
£,, .... be the values of X, Y, Z,.... in this case (8) 


becomes 
E E, 1 = 0 ae oe ee ee (10). 
7 7 1 
> @-1 


If then the rays B, y; y, a; a, B.... successively fall 
parallel to the two transversals, the points 6, c,; c,a,; a, 6, 
will be infinitely distant; and if z, y be the values of 
m, €; € &; &, » in these cases, there will result successively, 


— €& 1|=0, |x 0 1]/=0, |0 y 1]=9, 
0 x i 7 , 1 x @ 1 
yo Oy 1 Ee 


which are equations to straight lines passing through the 
points a,a,, B; b,b,, B; c,c,, B,.... respectively, as may 
be seen by writing them in the following form, 
Rat Sethdy.- ESee 
y x y es 
and the elimination of xy from these will reproduce (10); 
hence (10) is the condition of perspectivity of A, A,. 

If in two projective pencils two rays a, a, coincide, (9) 
becomes 


fy 
x 


cota cote, 1/=0........ (11); 
cota’y cota’y, 1 
cota’d cot ad, 1 


and if the transversal be taken for the axis of z, and a line 
perpendicular to it for the axis of y, and if A be the distance 
BB,, the above equation may be thus written, 

2:y w-h:y 1/=0, or|z y 1|=0...(12), 
a:y a@-h:y 1 > 


x’: y” x” el h : y" 1 2” y" 1 


M 2 
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(z, y; 2, y'; x’, y’, being the coordinates of the intersections 
of 8, B,; y, 7,3 98,8, respectively). ‘This is the condition 
that the three points lie in a straight line ; hence (11) or (12) 
is the condition of the perspectivity of B, B,. 

In any quadrilateral each pair of diagonals is intersected 
by a pencil formed by the two sides and the other diagonal ; 
hence for each pair of diameters 


xX, X, 1/<0, |X, X 1leo, {|X X, 1[-0, 
a ie ae y Y 1 
ie ae eS a 2 


which may always be satisfied by the same values of 
X, Y, Z,.... in each; hence in the system 


X+Y+2Z2=8X, or =8Y, or = 82, 
X,+Y,+2Z,=3X,, or <8Y, or = 38Z, 
X,+ Y,+Z,=3X, or =8Y,, or =382Z, 


whenever one equation of any vertical row is satisfied, the 
other two of the same vertical row are so also; that is to say, 
if the intersections of any diameter with the two sides and 
one other diameter be given, the fourth harmonic point lies 
on the other diameter. Hence the theorems— 

In a complete quadrilateral In a complete quadrilateral 
the points in which the three the rays which join the inter- 
diagonalsintersectone another sections of the opposite sides 
are harmonically conjugate to are harmonically conjugate to 
the corresponding angular those sides. 
points. 

If three mutually projective transversals pass through a 
point, and three corresponding points be united at the point 
of intersection, the transversals will be situated two and two 
perspectively, so that 


E, A 1 |=0, E, E 1|=0, E A 1|=0, 

1 21 ™ 9 21 7 1 

go 1 6 § 1 co 1 
which equations may always be satisfied by the same values 
of &,, 03 &, , 63 &» m» &, in each; so that the rays will 
pass two and two through the various points of the trans- 
versals: and if &, &, & refer to the intersections of the rays 
passing through B,B,, B,B, BB,, with the three transversals 
respectively, the above equations will express the condition 
that B, B,, B, lie in a straight line. 














al 
r- 
oS 
to 


nt 
vO 


1e8 
rill 
ns- 
Ays 
als 
ion 





On certain Geometrical Theorems. 165 


If three mutually projective pencils have their centres 
in a straight line (x), which is a common ray to the three 


pencils, then 
cot ka, cot Ka, 1/=0, 
cotk’B, cot«’B, 1 
cotk’y, cotk’y, 1 


cot ka, cotx’a 1/=0, 
cotx’B, cotx’B 1 
cotx*y, cot Ky 1 


cotk’a cotk’a, 1|=0, 
cotx’ cot«’B, 1 
cotk’y cotk’y, 1 


which may be satisfied with the same positions for a, 3, y; 
a,, Bis Y13 9%» By» y, in each; so that the rays will pass two 
and two through the various points of the transversals : hence, 
when two transversals intersect, two corresponding points are 
united at the point of intersection; and consequently the 
third transversal will intersect at the same point. 


Hence the theorems— 


If three mutually projective 
transversals A, 4,, A,, be so 
situated that three correspond- 
ing points are united at the 
point of their mutual inter- 
section, they will be situated 
perspectively, and the centres 
of their pencils B, B,, B, will 
lie in a straight line. 

If the three straight lines 
A, A,, A,, which join the 
angles of any two triangles 
aa,a,, bb,b, in a given order, 
meet in a point, the three 
points in which the opposite 
sides intersect one another in 
the same order will be in a 
straight line. 

If the angles of a variable 
triangle aa,a, move on three 
fixed straight lines which 
meet in a point e, and if two 
sides of the same (aa,, aa,) 
turn about fixed points B,B,, 
the third side a,a, will always 
pass through a fixed point B, 


If three mutually projective 
pencils be so situated that 
three corresponding rays fall 
upon one another, their cen- 
tres consequently lying in that 
straight line, they will be 
perspectively and the three 
transversals will meet in a 
point. 

If the three points B, B,, B, 
in which the sides of any two 
triangles aa,q,, bb,d, in a given 
order intersect in a straight 
line, the three straight lines 
AA,A,, which join the op- 
posite angles in the same 
order two and two, will meet 
in a point. 

If three sides of a variable 
triangle aa,a, turn about three 
fixed points BBB, which 
turn in a straight line d, and 
if two angles of the same 
(a, a,) move along two fixed 
straight lines 4.A,, the third 
angle a, will move on a third 
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which lies in a straight line fixed straight line A, which 
with the two former ones passes through the intersec- 
BB, tion of AA,. 
On Geometrical Involution. 
_The condition that six points, whose distances from a 
given point are , . 
» ©, H os & 8 
respectively, are in involution, may be thus expressed, 

0 x-2z x-z|=0, or| 0 y-«# y-2#|=0, 
w-y 0 y-z# y-z 0 2-2 
a-y y-z 0 ( ly-¢ g-2 0 

or 0 z-y z-y|=9, 
z2-% 0 «#£-y 
2-2 w@-y 0 
which are easily transformed to 


, 


0 a-z 2z-2z|=0, 0 y-2 y-2|=0, 


“-y 0 y-2z y-2z 0 z-2 
lez -y' y-z 0 y-2 2-2 0 
0 z2-y z-y|=0. 
z-2 0 «#-y 
2-2 #-y 0 


These express the relations given by M. Chasles in his 
History of Geometry, and do not involve any of the laborious 
algebraical processes to which he alludes. ‘They also afford 
a simple demonstration of another theorem relating to in- 
volution and anharmonic ratio. 

Consider the determinant 

(x-w)(#-w) z-w 2x-w |=0, 
(y- w)(y-w) y-w y-w 


(2-w)(2 -w) z-w z#-w 


which expresses that the anharmonic ratio of the four points 
whose distances from a fixed point are w, z, y, 2, is equiva- 
lent to that of the four points whose distances are w’, 2’, y’, 2. 
Let these 8 points be represented by 

0, A, B ’ C, 0, A, B ’ Cc’ 


respectively. 
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Then if 0 coincides with 4’, B’, C’ successively, 
and Se ie ie Ae ek 


and 0 be taken as the origin; then there will result suc- 


cessively O=w=2, or =y', or =2, 


, 


we=2, or=y, or =2; 
and (1) becomes successively 


0 1 -1 {[=0,|axe 2 w-y|=0,|a227 x #-z|=0, 
yy y y- ee a yy y y-2 
ee 2 2-2 ee 2 ny 0 1 -1 


which may be written thus 

0 y-z y|=0,| 0 z-y z|=0,| 0 2-z x]=0, 
y-z 0 2 z-2 0 @ wy 0 y 
y-z z-« 0 z-a@ wv-y 0 a-y y-z 0 
hence the systems of six points so formed are severally in 
involution. 




















ON MARRIOTTE’S LAW OF FLUID ELASTICITY. 
By Henry WILBRAHAM. 


In a memoir by Lieutenant Hunt in the Philosophical 
Magazine for July 1850, extracted from Silliman’s American 
Magazine, the author tries to prove that Marriotte’s Law may 
be accounted for, not only by the hypothesis of the mutual 
repulsions of the particles of the elastic fluid varying in- 
versely as their mutual distances, which is the law stated 
by Newton (Princip. Lib. 11. Prop. xx111.) to be necessary 
and sufficient, but also by any other law of repulsive force 
among the particles, provided that the medium be homo- 
geneous. I will try to shew that, though Newton’s result 
is incorrect, Lieut. Hunt’s is not less so; and further, that 
not only the law of the inverse distance, but also any other 
law in which the mutual force depends solely on the distance 
between the two particles, conducts to a result at variance 
with Marriotte’s law. 

The error in Newton’s reasoning is this—that wherein he 
accounts for the mutual effect of the same number of particles 
in the greater and smaller cubes severally, he accounts in the 
larger cube for the effect of particles situate at a distance from 
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the assumed plane at which distance the effect of any particles 
in the case of the smaller cube is not accounted for. He sup- 
poses, in short, the number of particles affected by any single 
particle, not the distance at which the effect is sensible, to be 
the constant, while the density varies. He thus assumes 
a law of force between any two particles, not varying merely 
as a function of the distance between them, but involving 
another variable element in the density of the surrounding 
medium. In the scholium to the proposition Newton states, 
that the proposition is only applicable to forces whose action 
is confined to the particles nearest or very near to the centres 
of force. If he means that the action of the force is confined 
to the particles nearest to the attracting particle, at whatever 
distance therefrom these nearest particles be, Newton’s rea- 
soning is correct; but the system assumed is not a law of 
force depending merely on the distance. If he means that 
the law of force must be discontinuous, such that the force 
varying as a certain function of the distance within some 
definite sphere of action, vanish for particles exterior to such 
sphere, the objection above taken is as applicable as if the 
law be supposed continuous. 

The erroneous assumption made by Lieut. Hunt in the 
above-mentioned memoir is this,—he assumes that the whole 
action of the fluid on one side of any plane upon that on 
the other side is correctly measured by the resultant action 
(calculated in a direction perpendicular to the plane) exerted 
on this plane by all the forces on one side of it, observing 
that this resultant is balanced by an equal and opposite 
resultant of all the forces on the other side; and he proceeds 
to reason as if the imaginary plane were a material lamina 
capable of being acted on by force. 

The correct representation of the pressure is the sum of 
the resultant action (calculated perpendicularly to the plane) of 
all the particles on the one side of the plane on every particle 
on the other side. If now the whole space be divided into 
very small parallelepipeds, each of which, when the density 
of the medium is p, contains m particles, and 7 be the dis- 
tance between two of them, one on either side of the plane, the 
sum of the forces of all the particles in the one parallelepiped 
on all other particles in the other, is generally m’d(r), ($(r) 
being the law of force between two particles,) and conse- 
quently the whole resultant of all the forces on one side of 
the plane on all the particles on the other, is correctly mea- 
sured by m’(r). If the density alter and become p’,(the mag- 
nitude and position of each parallelepiped remaining constant), 
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m will become “P; and so the whole resultant action will 
p 


‘\2 
be measured by = g(r). Hence the pressure at a plane 


of constant extent varies as the square of the density. 


This reasoning, however, is not quite or in all cases cor- 
rect ; for when the two parallelepipeds are adjacent or very 
near one another, the forces exercised by the particles in 
the one on those in the other is not correctly represented 
by m’(r); this expression being true only when the dif- 
ference of distance from any point in one parallelepiped of 
the several particles contained in the other may be neglected 
in comparison with the distance between the two parallele- 
pipeds. But the result is evidently true whenever the law 
of force is such that the mutual action of the particles very 
near the plane, on each side thereof, is inconsiderable in 
comparison with that of the particles further from it. This 


is the case certainly when ¢(r) = t n being not greater 


than 3; for then, as is well known, if a particle be in contact 
with an infinitely extended mass of matter, the action of an 
definite part of the mass upon the particle is infinitely | 
as compared with the whole action of the body upon it. 


If ¢(r)= o where is large—we shall see presently 


that it is when x is not less than 4—we may well conclude 
that the law given in the scholium to Newton’s proposition 


(viz. that the pressure is as p}") will be true; for as in 
that case the most effective force must be that exercised 
among adjacent or nearly adjacent particles, the cubes used 
in Newton’s proof may be supposed of such size that the 
effect of particles included in the larger, but not included 
in the smaller (the neglect of whose effect was the cause of 
my objection as above), may be negligible. 


The following investigation will, I think, shew the pres- 


sure for any given value of », where $(r) = f. 


Consider the total resultant action (calculated in a direction 
perpendicular to the plane) of the whole mass situated on the 
one side of a plane of infinite magnitude upon a single 
particle at a distance z on the other side of the plane; the 
mass being bounded by a second plane parallel to and at 
a distance 4 behind the first one. 
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This resultant action we may find to be 
sth be 
[ { 2rpz* sec tanO o(z sec@) dO dz 


(p being the density of the mass). This is equal to 


ath 2 sec 4m ath zsec4mr 
2mp| x | $(y) dy dx = 2mpp / x i y” dy dz, 


which being integrated is 


be 27hp -(n-3) _ 4-(n-3) 
eg Sm {(2 +h) ge. 

Suppose now, that instead of a single particle there is 
a line perpendicular to the plane along which line the 
particles are uniformly distributed so that there are p of 
them in a unit of length, and therefore that they are at 





: 1 a 
distances — from one another. The whole effect of the mass 


on this line (supposing the nearest particle.to the plane to be 
at a distance from the plane smaller than, but comparable 


with + and the furthest at a distance &) will be 
- 2rupp_ {* ~(n-B) __ yx(n-3) 
(m—1) (m- 3) I, \@ +4) — 
where 6 is some length smaller than :, 
This integral is 
__ 2p ~(n-4) _ ~(n-4) _ -(n-4) 4. S-(n-4) 
Gn (n-3)aa er) (h+8) eli d Dealiad © 


If, instead of considering the effect on this single line of 
particles, we consider that on a column of the same length 
as the line, and whose base is a unit of surface, this last 
expression must be multiplied by p’, or by some quantity 





varying as p. Where then the law of force is ¢(r) == , 


. ° r 
the pressure on a given surface is measured by 


pp {(h + hye — (he 69 — Koy Soo}, 


If m be greater than 4, the last term in the bracket is the 
only one which need be regarded, being very much greater 
than the others. The expression then becomes pp*d), 
As the density is the same on either side of the plane, 
p’, which measures the density on one side, must vary as p: 
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also 8 will vary as > if the general density vary, while 


the particles retain their relative positions, only at greater 
distances from one another: 8” therefore is as p}) ; and 


the pressure therefore is as p}"), If m be less than 4, the 

last term is inconsiderable ; and as the others in the bracket 

are independent of the variations of density, the pressure will 

vary as pp*, that is as p*. There are several particular cases, 

when x= 1, n=38, n=4, in which the integrated quantity ap- 

pears as a logarithm, but these appear to form no exception. 
zsecdm 


Also, if » be less than 1, i y"dy is 2"{sec' jar - 1} 


where the coefficient is infinite, but as it is constant though 
infinite, it forms no exception. Hence generally, if the law 


of force be —t the fluid pressure will vary as p* or p}”, 


according as ” is less or greater than 4. 

It will be observed, that this result agrees with the law 
I have given above when is small, and with the law given 
in the scholium to Newton’s proposition when 2 is large. 

The conclusion to be drawn is that,—as Marriotte’s law 
does obtain (or nearly so) in elastic fluids,—either we must 
have a law of force among the ultimate atoms not varying 
merely as a function of the distance between the attracting 
and attracted one, or we must, if we would account for the 
phenomenon, seek for something other than a statical system 
of mutually attracting points. 


11, Lincoln’s Inn Fields, Feb. 5, 1851. 





REPLY TO PROFESSOR BOOLE’S OBSERVATIONS ON A THEOREM 
CONTAINED IN THE LAST NOV. NUMBER OF THE JOURNAL. 
By J. J. Sytvester, M.A., F.R.S. 


Tue restricted space that can be spared for discussion in 
these pages, necessitates me to compress within the narrowest 
limit the remarks which I feel bound to. make on Mr. Boole’s 
extraordinary observations in the February number of this 
Journal, on my theorem contained in the antecedent number 
thereof, which statements I cannot, in the interests of truth 
and honesty, suffer to pass unchallenged. The object of that 
theorem was to shew how the determinant of the quadratic 








172 Reply to Professor Boole’s Observations on 


function resulting from the elimination of any set of the 
variables between a given quadratic function and a number 
of linear functions of the same variables, could be repre- 
sented without performing the actual elimination by a fraction, 
of which the numerator would be constant whichever set 
of the variables might be selected for elimination, and the 
denominator the square of the determinant corresponding 
to the coefficients of the variables so eliminated. The nu- 
merator itself is a determinant, obtained by forming the 
square corresponding to the determinant of the given quad- 
ratic function, and bordering it horizontally and vertically 
with the lines and columns corresponding to the coefficients 
of all the variables in the given linear equations. An 
immediate corollary from this theorem leads to Mr. Boole’s. 
Conversely upon the principle that “tout est dans tout” 
Mr. Boole devotes a page and a half of close print merely 
to indicate the steps of a method by which from his theorem 
mine is capable of being deduced, ending with the announce- 
ment, that the numerator in question is equal to the quantity 


$,?, aa $,9(Q), 
(the symbols above employed being Mr. Boole’s own,) and 
concludes with assuring his readers that “he has ascertained 
that Mr. Sylvester’s result is reducible to the above form.” 
Mr. Sylvester would be very sorry to put his result under 
any such form. Mr. Boole could scarcely have reflected 
upon the effect of his words when he indulged in the 
remark which follows—* there cannot be a doubt that for 
the discovery of the actual relation in question, the above 
theorem is far more convenient than Mr. Sylvester’s.” Of 
the value to be attached to this assertion the annexed com- 
parison of results is submitted as a specimen. 
Let the quadratic function be 


ax’ + by’ + c2z*+ dt’ + 2exy + 2ezt + 2gaxz + Wyyt + Zhyz + 2nzt, 
and the linear functions (taken two in number) 
le + my + nz + pt, 
Va+ my + nz + pt. 
My numerator will be the determinant (hereinafter cited as 
the extended determinant), 


@aegrnil l, 
ebh ymm, 
gheenn, 
ny € @ p p, 
lL mn p 0 9, 
Um n p o 
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To find the numerator of Mr. Boole’s fraction, we must 
form the symbolical operator 


Te Se. 
(6 eel 
d d d d d d 
2lm — + 2np — ell a pa! 
+27 + ea ee rat's 
2G 1d n@ ad 
{ ee —" yee dd 
x 
da a d ‘ d ee d U d Daal d 
+ 2I'm Wet one get eM _ as 2m'n x 
and after expanding the determinant here under written, 
aeg 
ebhy 
ghoe 
nye a, 


perform the operations above indicated upon the result 
so obtained. 

These are the operations and processes which, on Pro- 
fessor Boole’s authority, we are to accept “as without doubt 
Sar more convenient” than the one simple process of forming, 
and when necessary, calculating the extended determinant 
above given. Here for the present I leave the case between 
Mr. Boole and myself to the judgment of the readers of this 
Journal. 

In the April number of the Philosophical Magazine, I have 
shewn that the extended determinant serves, not only to 
represent the full and complete determinant of the reduced 

uadratic function, but likewise all the minor determinants 
thereof; the last se¢ of which will be evidently no other 
than the coefficients themselves. For instance, in the ex- 
ample above given, if we wish to find the coefficient of 2’ 
after (z) and (¢) have been eliminated, we have only to strike 
out the line and column ebhg mm’ from the extended 
determinant; if we wish to find the coefficient of y*, we 
must strike out the line and column ae g 7/7’; to find the 
coefficient of zy, we must strike out the line ae g m/T and 
the column e bh y mm, or vice versd. 

In each of these cases the determinant so obtained is the 
numerator of the equivalent fraction; the denominator re- 
maining always the same function of the coefficients of 
transformation as in the original theorem. 
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Again, if there be taken only one linear equation, and 
by aid of it z is supposed to be eliminated; and if the 
reduced quadratic function be called 


Ly’ + M2 + Né + 2P2t + 2Qyt + 2Rzy, 
the same extended determinant as before given will serve, 
when stripped of its outer border, consisting of the line 


and column /' m' n’ p’, to produce the various equivalent 
fractions: thus form the square 


L R Q 
RM P 
Q P N. 


The numerator of the fraction equivalent to 4 =, i.e. 


to LM- R’, may be found by striking out from the form 
of the extended determinant the line and column 7 y ¢€ 8 p; 


that corresponding to = S , le. LP - RQ, will be found 


by striking out the line g hc em and the column » y e d p, 
or vice versd; and so forth for all the first minor deter- 
minants; and similarly the second minors, i.e. L, M, N, 
P, Q, R, may be obtained by striking out in each case 
a correspondent pair of lines and pair of columns. Thus, 
to find the numerator of Z the same pair of lines and 
columns, viz. (g heen), (yn yedp), must be elided. To 
find the numerator of R, the pair of lines (ghcen), 
(n y ed p), and the pair of columns (e bh y m), (n y ed p), 
or vice versd, will have to be elided; and so forth for the 
remaining second minors. I may conclude with observing, 
that the theorem contested by Mr. Boole is an immediate 
corollary from the general Theory of Relative Determinants 
alluded to in the “Sketch” inserted in the present number 
of the Journal. 





ON THE METHOD OF VANISHING GROUPS. 
By James Cocke. 
[Continued from p. 181, Vol. 111. N.S.] 
XI. By the Method of Vanishing Groups is meant that 


species of Indeterminate Analysis discussed in my two papers 
“On certain Algebraic Functions,” published respectively 
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at pp. 267-273 of vol.11., and at pp. 179-181 of vol. 11. 
of the present series of this Journal. To avoid repetition 
I shall treat those papers as if they were incorporated with 
the present one, and number the paragraphs accordingly. 
The spirit of the method consists in the reducing an 
algebraic function to the form of a sum of like powers, 
grouping the powers two and two together, and making each 
group vanish. The analysis may, however, be made to take 
a different and, sometimes perhaps, a slightly more general 
form. Thus, if we denote the result of paragraph I. by 
Sim) she the+.t hes .th? = (A), 
and make 
P= h, + vu(- I)h,5 and Pra = h, e u(- 1h, 
we shall have (7 being considered as an odd number), 


S?(m) = P,P + PsPo ++ PrBoy t+ {1-1} A,?: 
and thus, when m is even, we may write 


f'(m) a Din Pi Pa)s 
and f*(m) may be made to vanish by the jm relations 


Pi = 9% Py = Oy vee P, = 0, one 
or by any of the corresponding ones; the only restriction 
being, that either p, or p,,, must vanish. So that, when 
exhibited under the latter aspect, our process might not 
improperly be termed the method of vanishing products. 


XII. Under this generalized aspect the higher results of 
the method of vanishing groups may be viewed. For, let 
Pr» Pry e+ P, Tepresent the » roots of 

1+ p"=0, 
then will 
hy" +h, =(h, - p,h,) (h, - pyh,) +» (hy - Phy); 
and if (7, as before, being odd) we make 


h, + Plea si H,, 
we may in general consider the method of vanishing groups 
(or products) as the method by which we are enabled to 
determine for what values of ¢, and under what circumstances, 
the relation 
f° = (Hi, * H,,,* .x H,,) + (H,, x H,,,x .x H,,) 
+.4(H,,*H,.%-%H,,)= 3,H,,*H,,*.% 
can be satisfied. In such cases the equations 
H,,=9, H,,=0,... H,,=9, 


rl 
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(or any corresponding ones) would cause f*(¢) to vanish. 
If we exhibit f*(¢) under the above form at once, without 
the intermediate grouping of the h"’s, we avoid the obstacles 
sometimes thrown in the way of the direct method of vanish- 
ing groups by the disappearance of the squares, or other 
powers, of the indeterminate quantities involved in the ex- 
pressions given for discussion. 


XIII. Without now dwelling further upon this part of 
the subject, I shall observe that, of the enormous masses 
of results with which the method furnishes us in almost 
infinite variety, one portion alone is capable of practical 
application, the rest possesses an interest purely speculative. 
Yet the latter and the greater portion must not be considered 
as useless to science. By its aid we are, as will be hereafter 
seen, able to obtain a satisfactory indication of the possibility 
of solving problems the actual solution of which would, 
from intolerable complexity and incalculable length, be ut- 
terly unattainable. But the importance of ascertaining the 
solvibility of a problem must not be measured by the utility 
which would attach to its solution if actually written out. 
The possibility of solving the general equation of the fifth 
degree is a question the weight and interest of which would, 
perhaps, be best made apparent by mentioning the names of 
those algebraists who have bent their attention to the subject. 

By way of example, let it be required to determine what 
must be the value of w,, in order that the function f*(w,) 
should be capable of being reduced to the form of a sum 
of two fourth powers. By means of paragraph III. we 
see that w,= 2, and consequently that 

u, = 3.2'*-1=3.2°-1= 95, 

u, = 3.2" -1 = 3.2" —- 1, 
an enormous number. And, since in the present instance 
m= 2, we see that the mere physical labour, required by the 
nature of the question, is such as to render the actual per- 
formance of the operations involved in it impossible for any 
human being to accomplish. But it is not the less certain 
that the reduction in question is algebraically possible; and 
on this algebraic possibility we may build any arguments 
that we please, or that the exigencies of any other problem 
may require. 


XIV. It is no doubt true that the Method of Vanishing 
Groups may be so modified, in many cases, as to abridge 
considerably the operations required i it in its unmodified 
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form. But upon this discussion I shall not here enter, as 
other points claim our attention first. And among these the 
foremost that presents itself is that of notation, which, im- 
portant in every department of mathematics, is of vital 
consequence here, dealing as we have to do with operations 
that, from their very magnitude and extent, defy all power 
of conception, other than of the most general nature. By 
a notation, that I hope will be found suitable to the purpose, 
I hope to exhibit clearly the results of operations which 
it would baffle the genius of the most subtle and weary 
the industry of the most untiring to perform; and which, 
from sheer physical necessity, must have their existence 
in the imagination only: and I hope to exhibit them in 
such a way as to render them subjects of distinct and 
definite contemplation. 


XV. By y I shall denote the state of a function after the 

performance of the operation by which a power 
(i', h', H', $°, &c.) 

is isolated from the rest of the function. I shall use an 
index to represent the degree of the power last isolated, 
and a suffix to indicate the number of times the operation 
has been performed. And I may premise that, as y relates 
to the form and not to the value of the expression, we 
have the general relation y(w)=«u, whatever be the index 
or suffix of y. 


XVI. If we represent by f’(m) the homogeneous func- 
tion of the second degree alluded to at the commencement 
of paragraph I., we may avail ourselves of this notation 
to express that paragraph as follows: 


F?(m) = yf" (m) = he + OE, Fs E™) 
= Yaf (m) = hy + hy’ + WE", &, . » B) 
= &c. = &c. 
Yeh’ (m) she thet. the t.t hy’; 
and in general we have 
y7f'(m) =hp +ho+.+h? +f? (m-r). 

XVII. In the present paper I shall proceed no further 
with the development of the Method of Vanishing Groups 
than to shew its application to a theorem, interesting on 
account of its resemblance to one given by Mr. Sylvester 
in a preceding page (15, Note) of this volume. By the 
aid of paragraphs I]. and XI. we see that 

VIO) = bY + (PP. + PsPet PoPat Pr PCE + f2(8)---(1 4). 
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Make P,=9, p,=9, p= 90, p, = 0; 


and by means of these four linear equations eliminate four of 
the unknowns from (14), then that equation becomes 


YF°(5) = hy +f? (4)5 
hence 7: f° (5) = h? + hy + f?(8) & + f°(3). 
Make f?(8) and f*(3) vanish simultaneously in the ordinary 


way. This may be done by means of an equation of the 
sixth degree. ‘Then, by means of ©’ and £’, we may satisfy 


Be OT is nic csids ba coeeclD) 


and also any given equation of the zn degree originally 
involving the same nine quantities as /°(9), but from which 
we eliminate the quantities in the same manner as they 
are eliminated from the preceding equations in this para- 
graph. No elevation of degree will be introduced by (15); 
hence we see that an indeterminate system of two homo- 
geneous equations of mine variables, one of the third and 
the other of the n™ degree, may be completely resolved 
by means of two equations, one of the sixth and the other 
of the n™ degree.* 


2, Pump Court, Temple, April 3, 1851. 
[To be Continued. } 


Postscript.—The reader will be pleased to make the following cor- 
rections in one of my previous Papers. 


Vol. 11., N.S., p. 268, line 8, for 1 read -1. 
7 a “ 269, “ 9 from the bottom, for h read h. 


“  & 4 970, © 18, for +(1)* read -(1)%. 





ON THE LAWS OF THE ELASTICITY OF SOLID BODIES. 
By W. J. Macavorn Ranking, C.E., F-R.S.E., F.R.S.S.A., &c. 
[Supplementary Paper to Section III., Article 17.] 
In the portion above referred to of my paper on the 


Elasticity of Solids, published in the Cambridge and Dublin 
Mathematical Journal for February, 1851, the theorem is 





* Had Mr. Sylvester’s equations been homogeneous they would have 
involved five variables; had mine not been so they would have involved 
eight, Whether the number of quantities which I have above employed 
may not be diminished, will form a subject of future inquiry. 
































On the Laws of the Elasticity of Solid Bodies. 179 


laid down, that in a given plane in an elastic solid consisting 
entirely of atoms acting on each other by attractions and 
repulsions between their centres, the coefficients of rigidity 
and of lateral elasticity are equal. 


The proof of this proposition depends on the principle 
that the elastic force in such a solid, called into play by a 
strain, in which the relative displacements of the atoms are 
very small as compared with their distances apart, is sensibly 
the resultant of the variations of force due to the variations of 
distance only, the variations of relative direction producing 
no appreciable effect. This principle being granted, it is 
easily shewn that the portion of that resultant for each pair 
of atoms is the same for a given amount of strain in a given 
plane, whether lateral or transverse with respect to the 
plane on which elastic pressure is estimated. 


In the paper referred to, I assumed this principle without 
demonstration. The editor of this Journal, however, has 
since shewn me, that my having done so may be considered 
as causing a defect in the chain of reasoning. I shall now 
therefore proceed to prove it. 


Let it be possible for a solid to exist in an unstrained 
condition, consisting entirely of atomic centres of force acting 
on each other along the lines joining them, with forces which 
are functions of the lengths of these lines. Then must the 
pressure, estimated in any direction, on any portion of any 
plane in that solid be null. That pressure is the resultant, 
in the direction assumed, of the mutual actions of all the 
atoms whose lines of junction pass through the given portion 
of the given plane. 


Let the given portion be indefinitely small, and let it be 
called @, being situated in the arbi- ox 
trarily-assumed plane Pop, which 4 Pp’ 
divides the solid into two portions 
A and B. Let - Xw+X be an, \ f 
arbitrary axis, along which pressure PN v 
is to be estimated. The pressure 4 
exerted by the portion 4 upon the A bee 
infinitesimal area w of the portion Pa P 
B, is the resultant reduced to the f 
direction - Xw + X, of all the forces 
exerted by the atoms in A on the 
atoms in B, in lines passing through w; and the body being 
unstrained, this resultant must be null. J 


Pp -x 


N2 
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Assume a new position P’wp’ for the plane of separation, 
making an equal angle P’w + X = + XwP on the opposite 
side of the axis to the original position. The same letters 
applying to the two portions of the solid, the pressure of A 
on the area w of B along - XwX must still be null. 

The two planes divide the solid into two pairs of opposite 
wedges. The action of Aon B along X through @ in the 
original position of the plane, may be divided into two 
parts, viz.— 

The resultant of the actions of the atoms in the wedge 
Pwy' on those in the opposite wedge P’wp; 

The resultant of the actions of the atoms in the wedge 
pop’ on those in the wedge PoP’. 

In the new position of the plane, the pressure on @ is 
made up as follows: 

The resultant of the actions of the atoms in the wedge 
Pwp' on those in the wedge P’wp, which is the same as 
in the original position of the plane; 

The resultant of the actions of the atoms in the wedge 
PoP’ on those in the wedge p'wp, being identical in amount 
but opposite in direction to that of the atoms in p’wp on those 
in PoP’, which formed part of the pressure in the original 
position of the plane. 

Now the pressures in the two positions of the plane of 
separation cannot both be null, unless the resultant of the mu- 
tual actions of the atoms in each pair of opposite wedges is 
separately null; for we see that the action of a pair of 
wedges can be reversed in direction without affecting the 
nullity of the total resultant. ‘The position of the pair of 
opposite wedges is arbitrary; so also is their angular mag- 
nitude, which may be indefinitely small. 

Therefore no mere change of angular position of a pair 
of opposite elementary wedges can produce a pressure. 


Every strain in which the relative displacements of the 
particles are small as compared with their relative distances, 
may be reduced to angular displacements of pairs of opposite 
elementary wedges, and variations of the mutual distances 
of the particles contained in them. ‘The angular displace- 
ments can produce no pressure of themselves ; the variations 
of distance are therefore the sole cause of that portion of the 
pressure, which is of the same order of small quantities with 
the strain: being the principle to be proved. 

The combination of the angular displacements with the 
variations of distance will give rise to pressures of the second 
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and higher orders of small quantities as compared with the 
strain ; but for the small strains to which the present inquiry 
is limited, those are inappreciable and may be neglected. 


London, February, 1851. 


MATHEMATICAL NOTES. 


1.—Construction by the Ruler alone to determine the ninth 
Point of Intersection of two Curves of the third Degree. 


By A.S. Hart, Trinity College, Dublin. 


In the last number of the Mathematical Journal, Mr. 
Weddle has mentioned the analysis from which I derived 
a construction to determine the ninth point of intersection 
of two curves of the third degree; but he had not seen 
my construction, which I now send to complete the solution 
of the problem. It is obvious that the point is immediately 
determined by the intersection of conics; but as there is 
only one point, it should be determined by right lines. 
Mr. Weddle’s construction involves the determination of the 
intersections of a right line and conic, which is unnecessary 
in a question of this nature; and Euclid’s constructions are 
equally inadmissible, as they involve the description of circles : 
I must therefore premise some elementary propositions. 


Prop. 1. To find the fourth harmonical to three diverging 
lines. 

From any point on the second draw two lines cutting the 
first and third; the lines which join their intersections will 
meet on the fourth harmonical. 


Prop. 2. Given three diverging lines to find a fourth, so 
that the anharmonic ratio of the pencil may be given. 

Let OA, OB, OC, OD, be the given anharmonic ratio, and 
let PA, Pb, Pc, be the given lines: through A draw two 
right lines ABCD and Abc: join Bb, Cc, and join their 
intersection and D; this line will cut Adc on the fourth line 
of the required pencil. 


Prop. 8. To find an anharmonic pencil whose ratio is the 
product of the ratios of two given pencils. 

Let the given pencils be cut by two lines at A, B, C, D, 
A, b, ce, d: join Bd, 6D, and from their intersection draw 
lines to C and ¢: these lines will form the required pencil. 
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Prop. 4. Given five points A, B, C, D, E, on a conic, to 
find the polar of any given point P. 

Let the fourth harmonics to AB, P, CD; AC, P, BD, 
meet at Q; and let the fourth harmonics to AB, P, CE; 
AC, P, BE, meet at R: QR is the required polar. 


Prop. 5. Given five points A, B, C, D, E, to find a sixth P, 
such that the anharmonic ratios P(ABCD), P(ABCE), 
may be given. 

Let AE, BD meet at M; and on BD find a fourth point Q, 
such that BMDQ may be in the first given ratio: also let 
AD, CE meet at N; and on CE find R so that CENR may 
be in the second given ratio; join QR meeting AF at K and 
AD at L, BK and CL will meet at the required point P. 


Lemma. Ifa right line PQ meet a conic at A, B, and the 
PA.PB Pp.Pq 
QA.QB Qp.Qq° 

Prop. 6. To find the ninth point of intersection of two 
curves of the third degree. 

Find the polars of 7 and 8 with respect to each of the 
three conics 12345, 12346, 12356, and let them cut 78 at 
the points A,a, B,b, C,c, (A, B,C being on the polars 
of 7 and a, b,¢ on the polars of 8). Then find (by Props. 
38 and 5) the point 9, such that the anharmonic ratio of 
9(6758) may be equal to the product of the anharmonic 
ratios (7.4 8B), (7a86), and that the anharmonic ratio 9(6748) 
may be equal to the product of (74 8C), (7a 8c): the point 
thus found is the ninth point of intersection. 


polars of P and Q at p, g, then 


II.—On Clatraut’s Theorem. 
By Samvet Havenron. 


In the fourth volume of the Cambridge and Dublin Mathe- 
matical Journal, p. 202, Mr. Stokes has proved Clairaut’s 
Theorem as a consequence of two observed facts; viz. 1*, 
That gravity is perpendicular to the surface of the Earth; 
2.4, That the figure of the Earth is a spheroid of small 
ellipticity. 

The following proof of the same theorem was suggested to 
me by a theorem published by Professor M‘Cullagh in the 
Dublin University Calendar for 1834, p. 268. 

It leads directly to the physical meaning of the constants 
employed, and in this respect seems as simple as can be 
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desired; the rest of the proof is substantially the same as 
that given by Mr. Stokes. 


The potential of any attracting mass upon a distant point is 


M A+B+C-3] 
Va>+ oR ae |) 


A, B, C, are the moments of inertia with respect to the 
principal axes, which are taken as axes of coordinates ; 
the centre of gravity being the origin. J is the moment 
of inertia with respect to the axis passing through the centre 
of gravity and the distant point, M is the mass, and R the 
distance of point from origin. 


Equation (1) has been shewn by Prof. M‘Cullagh to be the 
potential for all points of the surface of an ellipsoid, whose 
principal sections have small ellipticities, and which is com- 
posed of ellipsoidal couches, whose densities and small ellip- 
ticities vary according to any law. 


This is evident from the consideration that the attraction 
of the ellipsoid may be replaced by the attraction of a very 
small confocal ellipsoid; with respect to which the points 
of the surface of the first ellipsoid may be considered as very 
distant. We are entitled to assume, that in the Earth A and 
B are q. p. equal ; but 





I= A cos’ + B cos’ + C cos’v. 
Hence A+ B+C-8I=(C-A)(1-8sin’A).... (2), 


» denoting the latitude, or angle made by line joining origin 
with attracted point, and plane of z, y. 


We may now assume the potential of the Earth upon any 
external point to be 
M C-A 


je 


the indeterminate function U justifying this assumption. 


Let V,, U,; and V,, U,, denote the values of V, U at the 
surface of the Earth, and at an infinite distance respectively; 
U,, is equal zero, and we shall shew that, if the two facts 
from which we set out be granted, JU, is also zero, 


But if U,=0, and U,=0, then U=0 for all external points. 
(C. F. Gauss, “ On General Propositions regarding Forces 
acting inversely as the square of the distance.” ‘Taylor’s 
Scientific Memoirs, Vol. 111. p. 183.) 


(1-8sin’A)+U...... (3), 











184 Mathematical Notes. 


To prove that U,=0. 
lst. Gravity ts perpendicular to the surface. 
This is expressed by the equation 


i a. 7. 
(Get we) de + (T+ oy) dy + F de 0, | 


w denoting the angular velocity: or, integrating, 
V, + 4” (2 +y*) + const. = 0........ (4). 
2nd. The surface of the Earth is spheroidal and of small 
ellipticity. 
This is expressed by the equation 
r= a(1—eSindr) ...cceeeeees (5) 


r denoting the radius vector of the surface and a the major 
axis ; ¢ the ellipticity and X the latitude. 

Substituting from (4) and (5) in equation (3), we find 
C-A 
2a° 
+ const. + U, = 0. 








22 
< (1 +e sin*A) + (1 - 8 sin*’A) + = (1 - sin’A) 


This equation will be satisfied, if 
U, = 0, 





M C-A oa’ 








oy aca + const.= 0, \.... (6), 
Me 3 C-A_ oa’ _ 
a 2 a 2 


The second of these equations is satisfied by means of the 
constant, and the first will be true subject to whatever con- 
dition is imposed by the third, which determines the dif- 
ference of polar and equatoreal inertia as a function of the 
figure and rotation. 

If g denote the ratio of centrifugal force to gravity, we 
have a 

4 =. 


Hence the third of equations (6) becomes 


c- A= ME (o¢-4) < San (0. 


Substituting this value in (5) and omitting U, as we are 
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entitled to do by Gauss’s Theorem, we obtain finally for 
the potential of the Earth on any external point, 


M Ma + 
Vins + ope (2e-g) (1-8 BINA)... 206 (8). 


Differentiating this with respect to R, substituting r for R, 
and adding the term w’r(1—-sin’)) arising from centrifugal 
force, we find (- g denoting gravity at any latitude) 


M , 
== {(1+e-9g) + Gq-e) sin’A}...... (9). 

Let G, and G, denote polar and equatoreal gravity; then 

M M 

G,= = {1+}, Gi, = = (1 + e- 39). 
G, — G. 
G, 
or ee eee (10), 
which is Clairaut’s Theorem. 
Trinity College, Dublin, April 4, 1851. 





Hence m = = $9 -., 





IlI.—Laws of the Elasticity of Solid Bodies. 
Note respecting Mr. Clerk Maxwell’s paper “On the Equilibrium of 
Elastic Solids.” (Trans. Roy. Soc. Edinb., Vol. xx. Part 1.) 
By W. J. Macquorn Ranxinez, 


I wave already referred to the researches of Mr. Clerk 
Maxwell; of the general nature of which only I was aware 
at the time of the publication of my paper on this subject 
in the Cambridge and Dublin Mathematical Journal for 
February 1851. 

Since then I have had an opportunity of reading Mr. 
Maxwell’s paper, so as to compare his notation with my own. 

Mr. Maxwell’s investigations relate to such solids only as 
are equally elastic in all directions. He expresses their 
elasticity by means of two coefficients, ~ and m, having the 
following properties : 

pos 5, Spiele, 
*€,.93.8 
dz dy dz 

P,- P. P,-P P,-P. 


dx dy dy dz dz dz 
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From which it is clear, that those coefficients have the 
following values in the notation of the paper which I have 
published : 


be : = §C' + J= reciprocal of the cubic compressibility, 


m = 2C = twice the rigidity ; 
consequently C=hm, J=p- 

The particular problems solved by Mr. Clerk Maxwell are 
of a very interesting character, especially those relative to 


the optical changes produced in transparent bodies by strain- 
ing them. 


London, February, 1851. 





IV.—Note on Mr. Cockle’s Solution of a Cubic Equation. 
By A. Cayzey. 


Tue final result of Mr. Cockle’s elegant method for the 
solution of a cubic equation, as applied to the equation 


ax + 3bz* + 8cer + d= 0, 
_ {(ad - be) -V(- M)} VP + 2(ac-B)c_ 
= {ad - be - v(- M)} a - 2 (ac - 6°) 7p > 
where P =}([(8abe - 20°- a’'d)+av(-M)), 
M = 6abed - 4ac’ - 4b*d + 3b’c’ - a’d’. 








SKETCH OF A MEMOIR ON ELIMINATION, TRANSFORMATION, 
AND CANONICAL FORMS. 


By J.J. Sytvester, M.A., F.R.S. 


THERE exists a peculiar system of analytical logic, founded 
upon the properties of zero, whereby, from dependencies 
of equations, transition may be made to the relations of 
functional forms, and vice versd: this I call the logic of 
characteristics. 

The resultant of a given system of homogeneous equations 
of as pe variables, is the function whose nullity implies 
and is implied by the possibility of their co-existence, 7.e. is 
the characteristic of such possibility ; but inasmuch as any 
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numerical product of any power of a characteristic is itself an 
equivalent characteristic, in order to give definiteness to the 
notion of a resultant, it must further be restricted to signify 
the characteristic taken in the lowest form of which it in 
general admits. 

The following very general and important proposition for 
the change of the independent variables in the process of 
elimination, is an immediate consequence of the doctrine of 
characteristics. 

Let there be two sets of homogeneous forms of function ; 


the 1%, dy» %, eeee $, 
ae", 6, O...- 


Let the results of applying these forms to any sets of 
(nm) variables be called 


(Pi)> (hz) «++» (G,)s 
(Y,), (Y,) .--- (,)5 


then will the resultant (in respect to those variables) of 


Gi {(H.), ,) +. fs 
G1)» (.) - ++» Y)}, 


PaLr» (2) +++. (YE 
be the product of powers (assignable by the law of homo- 
geneity) of the separate resultants of the two systems, 


{(9,), (¢,) balla lial (%,)}5 
{(W,)s (¥,) a (y,)}- 

By means of the doctrine of characteristics the following 
general problem may be resolved. 

Given any number of functions of as many letters, and an 
inferior number of functions of the same inferior number of 
letters, obtained by combining, inter se, in a known manner, 
the given functions, to determine the factor by which, the 
resultant of the reduced system being divided, the resultant 
of the original system may be obtained. 

If in the theorem for the change of the independent 
variables both sets of forms of functions be taken linear, 
we obtain the common rule for the multiplication of deter- 
minants: if we take one set linear and the other not, we 
deduce two rules, viz. That the resultant of a given set of 
functional forms of a given set of variables, enters as a factor 
into the resultant, 

1st, of linear functions of the given functions of the given 
variables ; 

2™4, of the given functions of linear functions of the given 
variables : 
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the extraneous factor in each case being a power of what 
may be conveniently termed the modulus of transformation, 
i.e. the resultant of the imported linear forms of functions. 

From the second of these rules we obtain the law first stated 
I believe for functions beyond the second degree by Mr. Boole, 
to wit, that the determinant of any homogeneous algebraical 
function (meaning thereby the resultant of its first partial 
differential coefficients) is unaltered by any linear transform- 
ations of the variables, except so far as regards the introduc- 
tion of a power of the modulus of transformation. This 
is also abundantly apparent from the fact, that the nullity of 
such determinant implies an immutable, 7.e. a fixed and in- 
herent, property of a certain corresponding geometrical locus. 

There exist (as is now well known) other functions besides 
the determinant, called by their discoverer (Mr. Cayley) 
hyperdeterminants, gifted with a similar property of immu- 
tability. I have discovered a process for finding hyper- 
determinants of functions of any degree of any number of 
letters, by means of a process of Compound Permutation. 
All Mr. Cayley’s forms for functions of two letters may be 
obtained in this manner by the aid of one of the two pro- 
cesses (to wit, that one which will hereafter be called the 
derivational process,) for passing from immutable constants 
to immutable forms. Such constants and forms, derived from 
given forms, may be best termed adjunctive; a term slightly 
varied from that employed by M. Hermite in a more re- 
stricted sense. 

The two processes alluded to may be termed respectively 
appositional and derivational. ‘The appositional is founded 
upon the properties of the binary function z& + yn + 26+ ...3 
in which, whether we substitute linear functions of z, y, z, &c., 
or linear functions of &, , ¢ &c., in place of 2, y, z, &c., 
or &, », &, &c., the result is the same. 

Consequently, if we apply the form ¢ to &, 7, ... ¢ and 
take any constant (in respect to &, %, ... §) adjunctive to 


(E, 0, «e F) + (@E + yn t oe + 20+ Kt") t, 
calling this quantity Y(z, y.... 2, ¢), the form y) is evidently 
adjunctive to the form ¢: and if we expand so as to obtain 
(zy... 2, t) =P, (@, yz) i + (a, yz) P+ &e., 
it is evident ¥,, ¥,, &c. will be each separately adjunctive 
to ¢. These forms, when y is obtained by finding the de- 


terminant in respect to &, 7... € of S, are, in fact, identical 
with Hermite’s ‘‘ formes adjointes”. 
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The derivational mode of generating forms from constants 
depends upon the property of the operative symbol 
=£ = + bd ee bee 
X= Fo +0 , aad 
applied to (p) a function of z, y ... 2; viz. that if in (®), in 
place of these letters, we write linear functions thereof, to 
wit 2’, y’.... 2, we may write 
d d d 
yee ‘= 
xe Fo +9 le +€ me? 
where £', 7’,.... &' will be the same functions of &, 7,.... ¢ 
that 2’, y',.... 2 are of 2% y,.... % 

Suppose now, in the first place, that in regard to &, 7, ... £, 
W(x, y,.... 2) is adjunctive to y’.o(2,y,.... 2); then is 
the form y adjunctive to the form ¢, for on changing 
Py ere of Peres 


d d d\ ee , 
(ER ta Zt th) taf SUREEE 


)@:.5,4 _@ _—" , 
becomes (€ at ” a POE |S - ee ry, pees 4 
and consequently (zx, y,.... 2) becomes ¥(z’, y’,.... 2), 
multiplied by a power of the modulus of transformation, the 
modulus of that transformation, be it well observed, whereby 
z',y',.... 2 would be replaced by z, y,.... 2, and not as 
in the appositional mode of that converse transformation 
according to which z, y, .... 2 would be replaced by 
z',y',....2. It is on account of this converseness of the 
modes of transformation that the appositional and derivational 
modes of generating forms cannot except for a certain class 
of restricted linear transformations be combined in a sin- 
gle process. More generally, if instead of a single function 
x’. (2, Y, +. 2), we take as many such with different indices 
to x as there are variables, and form either the resultant in 
respect to &, ,....¢, or any other immutable constant in 
regard to those variables, (presuming in extension of the 
hyperdeterminant theory and as no doubt is the case, that 
such exist,) every such resultant or other constant will give 
a form of function of z, y,....2 adjunctive to the given 
form (¢). 

It may be shewn that every such resultant so formed will 
contain ¢ as a factor. 
Again, in the former more available determinant mode 
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of generation, if we take the determinant in respect to 
£, ,.... it may be shewn that all the adjunctive func- 
tions so obtained will be algebraical derivees of the partial 
differential coefficients of ¢ in respect to z, y,.... 2; that is 
to say, if these be respectively zero, all such adjunctive func- 
tions so derived, as last aforesaid, will be zero, or in other 
words, each such adjunctive is a syzygetic function of the 
partial differential coefficients of the primitive function. 

To Mr. Boole is due the high praise of discovering and 
announcing, under a somewhat different and more qualified 
form and mode of statement, this marvel-working process 
of derivational generation of adjunctive forms. I was led 
back to it, in ignorance of what Mr. Boole had done, by the 
necessity which I felt to exist of combining Hesse’s so-called 
functional determinant, under a common point of view with 
the common constant determinant of a function; under pres- 
sure of which sense of necessity, it was not long before 
I perceived that they formed the two ends of a chain of 
which Hesse’s end exists for all homogeneous functions, but 
the other only when such functions are algebraical. 

In fact, if we give to (r) every value from (2) upwards, 
the successive determinants in respect to £, 7,.... ¢ of 


d d dV 
(EEta gto ¢<) . (2, y; 2); 


will produce the chain in question, which, when ¢ is algebrai- 
cal and of m dimensions, comes to a natural termination when 
r=n-1. The last member of and the number of terms in 
this chain are identical with the last member of and the 
number of terms in Sturm’s auxiliary functions, when the 
variables are reduced to two. There is some reason to an- 
ticipate that this chain of functions may be made available in 
superseding Sturm’s chain of auxiliaries; and if so, then the 
fatal hindrance to progress, arising from the unsymmetrical 
nature of the latter, is overcome, and we shall be able to pass 
from Sturm’s theorem, which relates to the theory of Keno- 
themes, or Point-systems, to certain corresponding but much 
higher theories for lines, surfaces, and -themes generally. 
The restriction of space allowed to me in the present num- 
ber of the Journal will permit me only to allude in the briefest 
terms to the theory of Relative Determinants, which, as it will 
be seen, plays an important part in the effectuation of the re- 
ductions of the higher algebraical functions to their simplest 
forms. Nor can the effect of the processes to be indicated be cor- 
rectly appreciated without a knowledge of the circumstances 
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under which the resultant of a given system of equations can 
sink in degree below the resultant of the general type of such 
system. Abstracting from the case when the equations sepa- 
rately, or in combination, subdivide into factors, this lowering 
of degree, as may be shewn by the doctrine of characteristics, 
can only happen in one of two ways. Either the particular 
resultant obtained is a rational root of the general resultant, 
or the general resultant becomes zero for the case supposed, 
and the particular resultant is of a distinct character from the 
general resultant, being in fact the characteristic of the pos- 
sibility not of the given system of equations being merely 
able to coexist (for that is already supposed), but of their 
being able to coexist for a certain system of values other than 
a given system or given systems. Such a resultant may be 
termed a Sub-resultant; the lowest resultant in the former 
case may be termed a Reduced-resultant. The theory of Sub- 
resultants is one altogether remaining to be constructed, and 
is well worthy equally of the attention of geometers and of 
analysts. 

As to the theory of Relative Determinants, the object 
of this theory is to obtain the determinant resulting from 
eliminating as many variables as can be eliminated, chosen 
at pleasure from a set of variables greater in number 
than the equations containing them; and the mode of ef- 
fectuating this object is through the method of the indeter- 
minate multiplier. ‘To avoid the discussion of the theory of 
sub-resultants and other particularities, I shall content myself 
with giving the rule applicable to the case (the only one 
of which as yet a practical application has offered itself to 
me in the course of my present inquiries) when all but one 
of the functions is linear. 

If U, L,D,.... L,, be the first an n° and the others linear 
functions of (m) variables, and it be desired to find the deter- 
minant of the resultant arising from the elimination of any 
(m) out of the (n) variables, the following is the rule: 

Find the determinant, ¢.e. the resultant of the partial diffe- 
rential coefficients in respect to the given variables, and of 


AA,weee A Of T+ L.A, 4+ L,.,+....4+ D,.0,. 


This resultant, in its lowest form, will be always a rational 
(n - 1) root of the resultant of the homogeneous system of 
equations to which the system above given can be referred 
as its type; and this reduced resultant divided by a power 
(determinable by the law of homogeneity) of the resultant of 
LD, ....L,,, when all but the selected variables are made 
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zero, will be the resultant determinant required.* As regards 
what has been said concerning the reducibility of the gene- 
ral typical resultant in the case before us, this is a conse- 
quence of, and may be brought into connection with, the 
following theorem, which is easily demonstrable by the theory 
of characteristics. If QQ,....Q, be (m) homogeneous 
functions of (m) variables of the same degree, (7) of which 
enter in each equation only as simple powers uncombined 
with any of the other variables, then the degree of the reduced 
resultant is equal to the number of the equations multiplied 
by the (m - r - 1)" power of the units of number on the 
degree of each, subject to the obvious exception that when 
r is m, (there being in fact but one step from r = m - 2 to 
r = m,) instead of r, (r - 1) must be employed in the above 
formula. As an example of a sub-resultant as distinguished from 
a reduced-resultant, I instance the case of three quadratics 
U, V, W, functions of z, y, z, in each of which no squared 
power of z is supposed to enter: it may easily be shewn 
by my dialytic method that instead of six equations, between 
which to eliminate 2’, y’, 2’, zy, zz, yz, we shall have only 5, 
the three original ones and two instead of three auxiliaries 
between which to eliminate 2’, y*, zy, xz, yz, the apparent 
resultant is accordingly of the 9th instead of the 12th degree. 
But this is not the true characteristic of the possibility of the 
coexistence of the given systems, which in fact is zero, as is 
evidenced by the fact that they always do coexist, since they 
are always satisfiable by only éwo relations between the vari- 
ables, to wit z= 0, y=0. The apparent resultant is then 
something different, and what has been termed by the above 
a Sub-resultant. 

I take this opportunity of entering my simple protest 
against the appropriation of my method of finding the resul- 
tant of any set of three equations of degrees equal or dif- 
fering only by a unit, one from those of the other two, by 
Dr. Hesse, so far as regards quadratic functions, without 
acknowledgment, four years after the publication of my 
memoir in the Philosophical Magazine: the fundamental 
idea of Dr. Hesse’s partial method is identical with that of 
my general one. Still more unjustifiable is the subsequent 
use of the dialytic principle, by the same author, equally 
without acknowledgment, and in cases where there is no 





* The same method applies not only to the Final or Constant Deter- 
minant, but likewise to all the Functional Determinants in the chain above 
described, extending upwards from this to the Hessian, or as it ought to be 
termed, the first Boolian Determinant. 
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peculiarity of form of procedure to give even a plausible 
ground for evading such acknowledgment. It is capable 
of moral proof that what I had written on the matter was 
sufficiently known in Berlin and at Konigsberg, at each 
epoch of Dr. Hesse’s use of the method. 

I now proceed to the consideration of the more peculiar 
branch of my inquiry, which is as to the mode of reducing 
Algebraical Functions to their simplest and most symme- 
trical, or as my admirable friend M. Hermite well proposes 
to call them, their Canonical forms. Every quadratic func- 
tion of any number of variables may always be linearly trans- 
formed into any other quadratic functions of the same, and 
that too in an infinite variety of ways; but in every other 
instance there will be only a limited number of ways, where- 
by, when possible, one form will admit of being transmuted 
into any other: and with the sole exception of a cubic func- 
tion of two letters, such transmutation will never be possible, 
unless a certain condition, or certain conditions, be satisfied 
between the constants of the forms proposed for transmu- 
tation. The number of such conditions is the number of 
parameters entering into the canonical form, and is of course 
equal to the number of terms in the general form of the 
function diminished by the square of the number of letters. 
Thus there is one parameter in the canonical form for the 
biquadratic function of two and the cubic function of three 
letters, and no parameter in the cubic function of two letters. 
Hitherto no canonical forms have been studied beyond the 
cases above cited, but I have suceeded, as will presently be 
shewn, in obtaining methods for reducing to their canonical 
forms functions with two and four parameters respectively. 
Owing to what has been remarked above, the theory of quad- 
ratic functions is a theory apart. Simultaneous transformation 
gives definiteness to that theory, but has no existence for any 
useful purpose for functions of the higher degrees. Where 
the theory of simultaneous transformation ends, that of ca- 
nonical forms properly begins; and in what follows, the case 
of quadratic forms is to be understood as entirely excluded. 
Such exclusion being understood, there is no difficulty in 
assigning the canonical, ¢.e. the simplest and most symmetrical 
general form to which every function of two letters admits of 
being reduced by linear transformations. If the degree be odd, 


2m+1 a 
‘m+l 9 


say 2m + 1, the canonical form will be #,""+ w""+....+u 
if the degree be even, say 2m, the canonical form will be 


2 2 2 2 
Uy + Uy tec eet Un” + K(u,u,....%,,)s 
NEW SERIES, VOL. VI.— May, 1851. 
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all the w’s being linear functions of the two given variables. 
It is easy to extend an analogous mode of representation to 
functions of any number of letters. From the above we see 
that for cubic, biquadratic, and quintic functions of two letters, 
the canonical forms will be respectively 
vse, ub+o'+ Ku'e’, 
uv+o+w', 

with a linear relation in the last-named case between 2, v, w. 

First as to the reduction of any 4° function to Cayley’s form 

ui +o'+ Ku'o’. 

This may be effected in a great variety of ways, of which the 
following is not the simplest as regards the calculations re- 
quired, but the most obvious. Let the modulus of transfor- 
mation, whereby the given biquadratic function, say F(z, py, 
becomes transmuted into its canonical form, be called 4/7; let 
the determinant of F be called D, and the determinant of 
the determinant in respect to 


d d\ 
and nof(é 2495) Fey) 


which latter, for brevity’s sake, may be termed the Hessian of : 
F, (although in stricter justice the Boolian would be the more | 
proper designation) be called D, Then, by examining the 
canonical form itself (which is as it were the very palpitating 
heart of the function laid bare to inspection), we shall obtain 
without difficulty the two equations 


(1 - 9m’? = M"D 





1 
1 4 ? 
m? (1 — 9m) (m? - 1) = M™D, a 
Eliminating the unknown quantity M, we obtain 
m’® (m? — 1f m>—-m_ 
GQ -9omy ~% Tome ° 
where (c) is a known quantity. 
This cubic equation for finding m is of a peculiar form; 
it being easy to shew 4 priori, by going back to the canonical 
form, that its three roots are m, 0(m), 6°(m), where 
m—1 
‘m= 3m +1’ 
6 being a periodical form of function such that 6°(m) = m. 
This it is which accounts for the simple expression for (m), 
that may be obtained by solving the cubic above given. A 
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better practical mode is to take, instead of the determinant 
of the given function and its Hessian, the two hyperdeter- 
minants and eliminate as before: a cubic equation having 
precisely the same properties, and in fact virtually identical 
with the former, will result. (m) and consequently M being 
found, there is no difficulty whatever, calling the given 
function F and its Hessian H(F’), to form linear functions 


of the two, a8} (m). F + apie al 
$,(m). F+ ,(m).H(F) J’ 
which shall be equal to, ¢.e. identical with, (w’ + v’) and w’v’, 
whence u and v are completely determined. 
Another and interesting mode of solution is to take, besides 
the given function F' and its Hessian, either the second 


Hessian or the post-Hessian of the given function, by the 
post-Hessian understanding the determinant in respect to 


d d\° 
and nof( Eo +9.7) F: 


any three of the four functions will be linearly related, and it 
may be shewn that, calling either the second Hessian (¢.e. 
the Hessian of the Hessian) or the post-Hessian H’, we shall 


have H'.F+a.H.(F)+6(F)=0, 


where (a) and (d) will be rational and integer functions of the 
coefficients of (¥'), and numerical multiples of two quantities 
R and S, such that the determinant of F' will be equal R* +S’; 
and this, be it observed, without any previous knowledge of 
the existence of these hyperdeterminants R and S. 

If now we go to Hesse’s form for a cubic function of 
three letters, we shall find that precisely similar modes of 
investigation apply step for step. Calling the function F and 
its Hessian H(/’), and the post-Hessian or second Hessian 
at choice H’.F, we shall find 


HH .F+m.8.H(F)+2.FP.(F) = 0, 
where m and m are numerical quantities and R* + S’ equal 
the determinant of F. It is interesting to contrast this equa- 


tion with the one previously mentioned as applicable to the 
4° functions of two letters, viz. 


H'.(F) +m.RH(F) + 2.S(F) = 0. 
In both instances there is no difficulty in assigning the 
relations between the original R and S, and the R and S 


of any adjunctive form. All Arnohold’s results may be thus 
obtained and further extended without the slightest difficulty. 
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As regards the equation for finding the parameter in Hesse’s 
canonical form for the cubic of three letters, this will be of 
the 4" degree in respect to the cube of the parameter, and 
the roots will be functionally representable as 


z; Oz); o@); ve), 
where F(z) = P(x) = p(x) = 2; 
O¢ (x)= $0(x) = ¥(@), 
$Y (x) = vo(z) = O(2), 
70(2) = OY (2) = $(2); 
owing to which property the equation is soluble under the 
peculiar form observed by Aronhold. 

I pass on now to a brief -account of the method, or rather 
of a method (for I doubt not of being able to discover others 
more practical), of reducing a function of the 5 degree of 
two letters (say of z and y) to its canonical form u° + 0° + w’, 
subject to the linear relation aw + bv + cw = 0, where the 
ratios a: 6: c, and the linear relations between wu, v, w and 
the two given variables are the objects of research. Here 
I have found great aid from the method of Relative Deter- 
minants; and I may notice that the successful application of 
more compendious methods to the question would be greatly 
facilitated were there in existence a theory of Relative Hy- 
perdeterminants, which is still all to form, but which [I little 
doubt, with the blessing of God, to be able to accomplish. 
It may some little facilitate the comprehension of what follows, 
if c be considered as representing unity. 

Calling as before the given quintic function F, the modulus 
of transformation M, the Hessian and post-Hessian of F, Hand 
H', and its ordinary or constant determinant D, we shall find 

2,3 ,3 


a’.v.w* + Bw. + cv = M’.H, 
and P..P,.P,.P, = M’°.H', where 
3 2 ; 
P, = a'vw + bwu + cur, 
i ; z 
P, = a'vw — b'wu - c*uv, 
} i : 
P,=- vow + b'wu - cur, 


3 3 
P,=- a’vw - B'wu + cuv ; 


also D= M” multiplied by the product of the sixteen values of 
a’ 4 b(1)' ely. 
From the above equations it may be shewn that H’, (a 
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known function of the 8 degree of the given variables z, y) 
must be capable of being thrown under the form 
L{(x — @,.y) (@ — a,y) x (@ - ayy) (@ - ay) 

x (@ - ayy) (@ - ay) x (@ - ay) (@ - ay)}, 
where (a, -4@,) x (a, - a) x (a, - a,¥ x (a, - a, 

D 
= EL 7 K. ’ 

so that K isa known quantity.* Accordingly the said equation 
of the 8 degree, considered as an algebraical equation in 


e: may by known methods be found by means of equations 


not exceeding the 4‘ or even the 3" degree: in fact, to do 
this it is only necessary to form the equation to the squares 


of the differences of the roots of ~ in the equation H' + y*=0, 


which new equation will be of the 28 degree. If we then 
form two other equations of the 378 degree, one having its 
roots equal to VA multiplied by the binary products of the 
twenty-eight roots of the equation last named, the other to 
VK multiplied by the reciprocal of such binary products, the 
left-hand members of these two equations expressed under 
the usual form will have a factor in common, which may be 
found by the process of common measure and will be of the 
6 degree, but whose roots consisting of three pairs of reci- 
procals may be found by the solution of cubics only. 
In this way, by means of cubics and quadratics, 

(a, = a, (a, vial a)’, (a, ps a)’, (a, ia a,)', 

can be found, which being known, 
GG, AM, Ad, 4,4, 

can be determined in pairs by means of quadratics from the 
equation H’+y°=0. This eda supposed to be done, we 


have P.=f.L, 
P. 2= 9 L,, 
P,=1L,, 
Pie kL, 
where L,, L,, L,, D,, are known quadratic functions of 





* Or in other words, the post-Hessian determinant of a given function in 
two letters of the second degree, may be divided into four quadratic factors 
in such a way that the product of the determinants of these several factors 
shall be equal to the determinant of the given function. 
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z and y. To determine the ratios of f, g, J, k, we have 
three equations* obtained from the identity 


SL, + gL, + hL, + kL, (= P, + P,+ P+ P=; 
S:9:h:k, being known fZ, : 9L,:hL,: kL, are known ratios. 
But P,+P,= 2a'.ww, 
P, + P,= 2b'.wu, 
P,+P,= ac.uo. 
Hence at.vw = r.P, 
Bou = 2.Q, 
cue = 2.R, 


where P, Q, R are known quadratic functions of z, y. 

Hence a:b: c may be found by means of the identical 
equation au + Bue + cu’ = H(F), 
whereby the ratios a *.5°', ot can be obtained without any 
further extraction of roots, shewing that there is but one 
single true system of ratios a°: b°: c’ applicable to the pro- 
blem ; a: 5: c being thus found, d is easily determined, and 
thus finally «, v, w are found in terms of z and y.t 

I have little doubt that a more expeditious mode of solu- 
tion than the foregoing} will be afforded by an examination 
of the properties and relations of the guadratic and cubic forms, 
adjunctive to the general quintic functions, and indeed to every 
(4n + 1) function of two letters hereinbefore adverted to. 

Sufficient space does not remain for detailing the steps 
whereby the general cubic function of four letters may, by 
aid of equations not transcending the fifth degree, be reduced 
to its canonical form uw’ + v° + w+ p*+q°, wherein u, v, w, p, ¥ 
are connected by a linear equation 

au + bv + cw+ dp +eq=0; 


the four ratios of whose coefficients a: b:c¢:d:e give the 





* For we must have the coefficients of z* of zy and y* in 
FL, + 9L, + hL, + kLly 

all of them zero. si 

+ The problem thus solved may be stated as consisting in reducing the 
general function az + baty + ca®y* + da*y® + exyt + fy to the form 

(la + my) + (Ux + m’y)> + (Ua + m’y)5. 

{ The coefficients in the reducing recurrent equation of the 6th degree in 
the process above detailed may rise to be of 541632 dimensions in respect 
to the original coefficients in F. 
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s- 4° parameters furnished by the 


4 
necessary number 


general rule. Suffice it for the present to say, that the ana- 
lytical mode of solution depends upon a circumstance capable 
of the following geometrical statement: “ Every surface of 
the 4" degree represented by a function which is the Hessian 
to any given cubic function whatever of four letters, has lying 
upon it ten straight lines meeting three and three in ten 
points, and these ten points are the only points which enjoy 
the following property in respect to the surface of the 3" 
degree denoted by equating to zero the cubical function in 
question, to wit, that the cone drawn from any one of them 
as vertex to envelop the surface, will meet it not in a con- 
tinuous double curve of the 6 degree, but in two curves 
each of the 3" degree, lying in planes which intersect in the 
ten lines respectively above named; so that to each of the 
ten points corresponds one of the ten lines: these ten points 
and lines are the intersections taken respectively three with 
three, and two with two, of a single and unique system of 
five principal planes appurtenant to every surface of the 3"? 
degree, and these planes are no other than those denoted by 


u=0, v=0, w=0, p=0, g=0. 


I have found also by the theory of Sub-resultants, that the 
analogy between lines and surfaces of the 3" degree, in re- 
gard to the existence of double and conical points, is pre- 
served in this wise: that in the same way as a double point 
on a curve of the 34 degree commands the existence of a 
double point on its Hessian, so does a conical point in a 
surface of the 3 degree command over and above the 10 
necessary, and so to speak natural conical points, at least 
one extra, that is to say an 11" conical point on ¢¢s Hessian, 
And here for the present I must quit my brief and imperfect 
notice of this subject, composed amidst the interruptions and 
distractions of an official and professional life. 

Observation.—It may be somewhat interesting and instruc- 
tive to my readers, to have a table of the successive scalar* 
determinants of a quintic function of two letters presented to 
them ata single glance. Preserving the notation of page 197, 
we have the following expressions : 





* By which I mean the determinants in respect to 


Enof (ES +95) Fev). 
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The given function = u° + 0° + w’, 
its Hessian = M? (a’v*w* + B’w'u’ + c’u’r’), 
its post-Hessian = M°* x the product of the four forms of 
a'vw + bi(1)*wu 2 e'(1) ue ; 
its preter-post-Hessian = M” x the product of the mine forms of 
a’o'w' + B11) ww’ + (yao, 
and the final determinant = M” x the product of the sixteen 
forms of 5 1s 13 
a + (1)*0* + (1)'e*. 

The success of the method applied depends (as above 
shewn) upon the fact of a certain function of the roots of the 
post-Hessian (which is an octavic function of the variables) 
being known, which fact hinges upon the circumstance that 

(M°) x (M*) = M”. 

P.S.—I have much pleasure in subjoining the cubical 
hyperdeterminant of the 12" degree function of two letters, 
worked out upon the principle of Compound Permutation 
hinted at in the foregoing pages, for which I am indebted 


to the kindness and skill of my friend Mr. Spottiswoode. 
The function being called 


12.11 
az” + 12b2".y + 





cay? + &e.....+ ly”, 


the following is its cubical hyperdeterminant : 
agm — bahl + 15atk + 10aj” - 6bfm, 
— 24bhk + 80bgl + 20bi7 - 24cfl + 114cghk, 
— 145ci* + 50chy + 1dcem + 20cgt + 20ch’, 
— 400dqj + 280dhi + 20del + 50dfe + 10d°k, 
+ 385egt — 135¢°h — 290eh’ + 705fgh, 
- 330f7% - 509°. 
Mr. Spottiswoode will I hope publish the work itself in 
the next number of the Journal, in which I shall also shew 


how the hyperdeterminants of the cubical function of three 
letters, Aronhold’s § and 7 may be similarly obtained. 


April, 1851, 
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ON DUPLICATE SURFACES OF THE SECOND ORDER. 
By Joun Y. Rutwepae. 


1. The following results have originated with some formule 
published in a preceding number of the Journal; they are 
therefore not to be regarded as a collection of isolated 
theorems, possessing, as the case may be, a greater or less 
degree of interest, but as the natural development of a 
method established in the articles to which I have referred. 
For the convenience of my readers, I shall briefly state the 
fundamental theorems, and in all that follows, restrict myself 
to the consideration of central surfaces of the second order. 

Suppose that any central surface of the second order, 
whose semi-major axis is a, is given, and that in space 
any point (z,, y,, z,) has been selected, the axes of coor- 
dinates being the principal axes of the given surface. Let 
the point be now defined by the intersection of three confocal 
surfaces of the second order whose semi-major axes are 
(p, #, v), and at this point conceive the three normals to the 
three confocal surfaces drawn, and let them be considered as 
the rectangular axes of a new system of coordinates (&, 7, ¢). 
The following equation is then true (vol. v. p. 112), 

ti ae ee % Yo, % 4 =1 (1); 
p- a p- a v-a a’ a- at-c — ’ 
where (€,, 7,, ¢,) are the coordinates of the centre of the 
original given surface, referred to the three normals as axes 
of coordinates, and 4 and ¢ are the known constants employed 
in the theory of elliptic coordinates. We also have (vol. v. 


p- 118) 














a Se ae a'(a'-B')(a'-¢) 
p* $s a + we a’ + y- a =l+ (p*- a’) (pw? - a’) (v - yO) 
2, y,. z, Li (p’ - ?) (yu? — a”)(v* — a’) 
and e + oan + fae * a'(a’- 8) (a -c) +++(8). 


With the point (z,, Yoo z,) as vertex, let a cone be described 
enveloping the given central surface a, the equation of its 
plane of contact, in coordinates (&, 7, ¢), is (vol. v. p. 112) 

g& . mm ,_ % 


+ . 
p-a pea « eae 





a ee Peer 


while in the ordinary rectangular coordinates its known 
equation is 
zz 
0 YY, 0 
—2 + et. + el... boevelOh 
a a= a ae om ) 
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The preceding expressions are the basis of the investi- 
gations which follow. 


2. In any point (2’, y’, 2’) conceive three central confocal 
surfaces of the second order to intersect, whose equations are 








2 y 2° 

Sade oy Tal wee all 

2 2 2 

zx y < 

Bp p-ot peo! Cover eevee 
2 F 2 
a a 


The common centre of the system being the point (£., 7,, &). 
With the point (z,, y,, z,) as centre, let us now construct three 
confocal surfaces intersecting in a point (£’, 7’, ¢'), whose 
equations are 
RE Be ar 
po a ged ya 
Sa A ae 
» (3° we - 3 y ey 
e ” °° 
2 a+ ats 5=1 
Poe ey See 

Any two systems, such as (6) and (7), constitute a du- 
plicate system of confocal surfaces of the second order, and 
we shall see that the relations existing between them are 
most curious and interesting. The two centres (£7, ¢) 
and (z,, y,, 2,) we shall call duplicate centres, and any two 
points related as are the points (2’, y’, z') and (&', 7’, '), we 
shall call duplicate points. 

Now let the right line which connects the duplicate centres 
(E., ”,» §) and (z,, y,, 2) be represented by the letter (2), 
and let A denote the central radius vector drawn from the 
centre (£,, 7,, ¢) of the system (6) to the point of intersection 
(z’, y’, 2’), while (X’) denotes the central radius vector drawn 
from the centre (z,, y,, z,) of the system (7) to the point of 
intersection (&', 7’, ¢’). 

Any two radii vectores related as are the radii A and 2’, 
we shall call duplicate radii vectores. It is, however, well 
known that 








—? 








Mead+P+y-B-c: 


similarly A= pi t+ p+ Vv —ai— BP - 9; 
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we therefore obviously have 
| A 2d PTTL ETEET TT | 


This relation is of course perfectly general between any 
two duplicate systems of confocal surfaces, whose centres 
respectively are the points (£, ,, €) and (z,, y,,2,). We 
consequently have the following theorem. The square of 
the right line which joins the duplicate centres, is always equal 
to the sum of the squares of any two duplicate radii vectores. 

It is manifest that the asymptotic cones of the system (7) 
are the circumscribing cones of the corresponding surfaces 
of the duplicate system (6) (Journal, vol. v. p. 84), and vice 
versd the asymptotic cones of the system (6) are the circum- 
scribing cones of the corresponding surfaces of the duplicate 
system (7). From the equations (4) and (5) we see that the 
planes of contact are identical of the asymptotic cone of the 
surface, whose semi-major axis is v(p’-a’), enveloping the 
duplicate surface a, and of the asymptotic cone of the surface 
a, enveloping the duplicate surface v(p*- a’). If in the 
surface a a central section be drawn parallel to the tangent 
plane at the point (a, (3, y), the squares of its principal semi- 


axes are 
d« p’, 2 


and a’ - ¥’. 
Now, if in the duplicate surface v(p’- a’) a central section 
be drawn parallel to the tangent plane at the point 


{v(p’- a"), v(p*-f"), v(p*-')}; 
the squares of its principal semi-axes are 
p° -a’, and 7 -a’; 


consequently the areas of the two sections are the same, 
except as to sign. We have now demonstrated the following 
theorems : 

Given any two duplicate surfaces of the second order, the 
asymptotic cone of the one ts an enveloping cone of the other. 

The enveloping cones have the same plane of contact. 

The areas of the central sections parallel to the tangent 
planes at any two duplicate points, are equal, except as to 
sign. 

, the point (z,, y,, 2,) let fall a perpendicular upon 
any plane of contact (4), and, as is well known, the perpen- 
dicular at the point in which it cuts the plane will be normal 
to a surface of the second order which touches the plane of 
contact at that point, and is confocal with the surface a. 
Similarly, from the duplicate centre (£,, 7,, ¢,) let fall a per- 
0 2 
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pendicular upon the same plane of contact, and at its point 
of intersection with the plane, it will be normal to a surface 
of the second order which touches the plane at that point, 
and is confocal with the duplicate of the surface a. 

Let us next suppose that the duplicate surfaces vary, and 
the varying planes of contact (4) will describe by their 
ultimate intersections a developable surface, while the per- 
pendiculars upon them from the duplicate centres being 
normals from fixed points, each system to a corresponding 
confocal system of the second order will describe, as Prof. 
Chasles has demonstrated, two similar cones of the second 
degree. The similar reciprocal cones whose vertices are at 
the duplicate centres, and whose tangent planes are parallel 
to the varying planes of contact (4), are in some respects more 
intimately connected with our present subject. Attending 
to the expressions (4) and (5), we can readily demonstrate 
their equations to be 


E2(u' - v’) ie ny (v* — p”) wi Ce w) 
(p'-p')(v'-p*) > (p’- nw’) (wiv) (v— p*) (w’-v’) 


~ 280 tn 25 bo ge - 2b ng = 0... .(9), 





‘s 








2 


p- bb ¥-p wv 
z,.(?-8) . 

Be” * Reb) 

22.Y, 

ae od 


yc 2 3 2 
y + c*( b ~ c’) 2 


22 2 
ay + <2 22 Yo yz=0....(10). 


a 

If we denote by 6, 5, the lengths of the perpendiculars 
from the duplicate centres (z,, y,, z,) and (£,, ,, &) upon 
any plane of contact, and by a, a’ the semi-major axes of 
the particular confocal surfaces which determine and touch 
the plane of contact, we have demonstrated (vol. v. p. 116) 


" ‘ (p* - 2 ( 3a y—a’ 
Radnd, dom Ao Wie c’) 
we therefore obtain the interesting and in many respects 
important values Gh a(yh-e\(y" 2 
2 2 nab mi le 
& =(a'-a ) a®(a® - b°)(a®— c*) 
a’(a*— 8*)(a’— c’) 
(p*— a’) (p’- a’) (v*— a’) 





8,-+-(11)5 





auth 


8? a (a? - a) 
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3. We have seen (vol. v. p. 118) that 
W _ (p-a*)(ut— a) (et) 


De ak(a—8)(a?—c’) 

where /, /’ denote the intercepts from the point (z,, y,, z,) 
made by the surface a upon the right line which joins the 
duplicate centres, and D denotes the coincident semi-diameter 
of the surface a. Hence we easily see that, if R indicate the 
length of the right line connecting the duplicate centres, 

Rr a (p? — a®) (yu? — a”) (vy — a’) 

Dis 1+ Nee . .(14). 
Similarly if A denote the semi-diameter of the duplicate of 
the surface a, coincident with the right line R, it is easy to 
see that, attending to the equation (8), 


R ' a’(a’® - b*)(a’ - c’) 
a * (=a) =a) (F-e) 
If we now write 





b eweniel 








tebe | 
2, 2, 
aoe, aoe, 


from the equations (2) and (3) we shall obtain 


2 2 


Ny g, 
ae Ee. Wee Owe ne,’ 
k’(p’- a’) nd K (pe — a’) + K (Vv << a’) ( ) 


RE EE: Re 
and ae + x(a" — 8) + (a? —c) | ee (17), 


the equations of two surfaces concentric and similar with the 
duplicate surfaces V(p’-a’) and a. It is evident that they 
pass through the duplicate centres, and that at these centres 
their tangent planes are parallel to each other and the 
common plane of contact (4). If we next conceive the 
duplicate surfaces v(p’-.«°) and a to vary, and in each case 
construct surfaces analogous to (16) and (17), ¢¢ ¢s obvious that 
they will envelope the cones (9) and (10), which are the re- 
ciprocals of the similar cones described by the normals drawn 
from the duplicate centres to the given systems of duplicate 
confocal surfaces. We shall next consider what variations 
of the duplicate surfaces determine among the surfaces 
(16) and (17) the confocal systems which intersect in the 
duplicate centres. Conceive any three confocal surfaces 
(a, B, y), whose centre is the point (é,, Ny» ¢.), to intersect 
upon the right line R which joins the duplicate centres. It 
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is manifest that their duplicate surfaces v(p’-«a’), v(p’- (3°), 

V(p’--y’) will also intersect in a point upon the same right 

line R, since all duplicate surfaces have the planes of contact of 

their duplicate circumscribing cones identical. If we now con- 

struct surfaces analogous to (16) for the three surfaces v(p’—a’), 

V(p*- 3°), V(p*-y*), and remember that in the present instance 
R 


K=— 


is an identical value for the constructed surfaces, it follows 
that the three constructed surfaces are three confocal surfaces 
intersecting in the point (£,, ,, &). Similarly, since 
K = 
D 
is an identical value for the surfaces (a, 3, y), the constructed 
surfaces analogous to (17) are three confocal surfaces inter- 
secting in the duplicate centre (z,, y,,2,). From what has 
been just demonstrated, it follows that the right line R, 
which joins the duplicate centres, ts the locus of the points of 
intersection of the particular duplicate surfaces, which give 
tn each constructed system the constructed confocal surfaces 
intersecting in the duplicate centres. We have seen (vol. v. 
p- 80) that if a right line be drawn common tangent to any 


two confocal surfaces 3 and y, and if with the normals to any 
three confocal surfaces (p, w, v) at their point of intersection 
(X45 Yo» Z,) upon the right line, it make angles (1, «’, c”), then 
E,V(p* - B*) V(p*— 7’) 
pv(p*— 5°) V(p* — c’) 
_ 9V(w? - B*) v(m? - y*) 


cost = 





cost = 





uve BV gros ft (18); 
1» $M0*- BVO 7’) 
vv(v — b*) viv —c*) | 


consequently, if we write the reciprocals of the coefficients of 
E., %» ©, respectively equal to A, B, C, we shall obtain 
2 n 2 . 
4a BP oO 1 i enwaes cece 

The equation of a surface of the second order, which 
passes through the point (&,, ,, ¢,), and which under certain 
conditions is identical with the constructed surface (16). If 
(a, B, y) be any three confocal surfaces intersecting in a 
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point upon the right line R, which joins the duplicate centres, 
we can without any difficulty prove that 


(p> - %) m A’, 
Kw (uw xt a’) ais B, 
K(v? - a”) = C”. 


But we have already seen (vol. v. p. 79), that if at the 
point (z,, Y,, 2,), or as it may be otherwise indicated (p, pu, v), 
a tangent plane be applied to the ellipsoid p, and a parallel 
plane be drawn through the duplicate point (&,, 7,, ¢); the 
latter plane will intercept upon the right line drawn from the 
point (z,, ¥,, 2), common tangent to the confocal surfaces 
B and y, a right line equal to A. 

Similarly, if at the point (z,, y,, z,) tangent planes be 
applied to the confocal surfaces u and v, and parallel planes 
be drawn as before through their common centre, the dupli- 
cate point (&,, ,, &,), the latter planes will intercept upon the 
right line common tangent to the confocal surfaces 3 and y, 
right lines respectively equal to Band C. We have now 
obtained a geometrical construction for the semi-major axes 
of the surface (16), whose centre is the point (z,, y,, z,), and 
which passes through the duplicate point (&,, ,, ¢), and at 
that point touches a plane parallel to the plane of contact of 
the cone which circumscribes the surface a, and whose vertex 
is the point (#,, y,, z,). Similarly, for the semi-major axes of 
the two surfaces concentric and confocal with (16), and which 
intersect in the point (€,, 7, ¢), we may obtain a geometric 
construction by drawing from the point (z,, y,, z,) right lines 
common tangents to the confocal surfaces (a, (3) and (a, y). 
It is also obvious that ¢he area of the central section of the 
surface (16), parallel to the tangent plane at the point 
(E., m» ¢,) will have a given ratio to the area of the parallel 
central section of the surface a. Similarly, if to the surfaces 
confocal with (16), tangent planes be applied at the common 

oint of intersection (&,, 7,, ), the parallel central sections 
in each will have the same given ratio to the parallel central 
sections in the confocal surfaces (3 and y. ‘The preceding 
reasoning is in all respects applicable to the surface (17), and 
its two concentric and confocal surfaces which intersect in 
the point (z,, y,, 2,): the application, however, we shall allow 
the reader to make for himself. Hitherto the subject has 
been discussed in its utmost generality. If we now restrict 
our attention to one particular case, we shall be able to 
deduce a very important theorem. Of all the innumerable 
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duplicate surfaces whose centres are the duplicate points 
(E., ™» €) and (z,, y,, Z,), let us consider the particular 
duplicate surfaces whose semi-major axes respectively are 
p, u,v of the one system, and p, v(p’-b*), V(p’-c’) of the 
other. If with respect to these surfaces we seek the different 
particular cases of the general theorems which have been 
demonstrated throughout the previous portion of the present 
article, we shall see that they are in fact equivalent to a 
well-known theorem of Professor Chasles’. Suppose that 
we are given any ellipsoid (#) and any fixed plane (P). 
Through any point in the fixed plane, describe three surfaces 
confocal with the given surface (E), and at this point draw 
their respective normals ; upon each normal measure a portion 
equal to the semi-major axis of its surface, and construct a 
new ellipsoid with these right lines for its semi-major azes, 
and with its centre at the assumed point in the plane (P). 
This ellipsoid will possess the following properties: 


(1). It will pass through the centre of the ellipsoid (E), and 
will be tangent to the plane normal to the semi-major axis 


of (E). 


(2). Its central section parallel to the principal plane just 
mentioned, will always have a constant area whatever be the 
position of the assumed point in the plane(P). Similarly, if 
upon the normals drawn at the assumed point in the es 
(P), we measure portions respectively equal to v(p*- 8"), 
Vu? - 8’), V(ive-b*) and v(p’-c’), viu'?-c’), V(v-c*), and 
construct surfaces with the assumed point as centre, it is 
evident that analogous properties will hold with respect to 
the constructed surfaces. We are now enabled to perceive 
that Prof. Chasles’ theorem, beautiful and important as it is, 
ts in all respects but a very particular case of a theorem far 
more general. This fact, without at all entering into the 
details, we have in a previous communication remarked 
(vol. v. p. 83). 

The further consideration of many interesting particular 
cases we shall omit, as the reader can without difficulty infer 
them from the general theorems demonstrated in the present 
article. 


4. We shall now resume the consideration of the duplicate 
systems (6) and (7). From the mere inspection of the 
equations it is manifest, that to a line of curvature upon any 
one surface corresponds a line of curvature upon the duplicate 
surface. Also, to a set of corresponding points upon any 
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system of confocal surfaces will correspond a set of corre- 
sponding points upon the duplicate system of confocal surfaces, 
the corresponding points upon the one system being in fact the 
duplicate points of the corresponding points upon the other 
system. It is also plain that, to a sphero-conie upon any 
surface of the second order will correspond a sphero-conic upon 
the duplicate surface, the sphere radii being of course con- 
nected by the relation (8). We can in like manner, without 
any difficulty, prove that the ratio of the measures of cur- 
vature of any two duplicate surfaces at their different duplicate 
points ts constant. 

The constant ratio will be found to be the ratio of the 
squares of the volumes of the corresponding surfaces. By 
the measure of curvature of a surface at any point is of course 
meant the reciprocal of the product of the principal radii of 
curvature of the surface at that point. We have already 
demonstrated that in the case of any two duplicate surfaces, 
the asymptotic cone of the one is a circumscribing cone of 
the other. Suppose that the duplicate surfaces under con- 
sideration are a and v(p’—a’); and let Z be any side of 
contact of the asymptotic cone of the latter surface, and D 
the parallel semi-diameter of the first. We can prove that 


(13) L Up? - a?) Vu? -u®) V(r a’). 
D- av(a?-B)V(a?-c) ” 


hence we infer the following theorem: Given any two du- 
plicate surfaces of the second order, the ratio of any side of 
contact of the asymptotic cone of the one to the parallel semi- 
diameter of the other, is the same as the ratio of the volumes 
of the corresponding surfaces. Let the right line L be 
supposed to touch a second confocal surface a’, and let P 
denote the perpendicular from the centre of a upon the 
tangent plane to the surface a, which contains the right 
line Z. We can then prove (vol. v. p. 85) 


V(p® - a”) V(p? - a”) V(v* - a’) 
Vara) : 

Now let LZ’ denote that side of the asymptotic cone of a 
which touches the duplicate confocal surfaces V(p’- a’) and 
W(p’-a"), and let P’ denote the perpendicular from the 
centre of the surface v(p’-.a’®) upon its tangent plane, which 
contains the right line ZL’. We shall obviously have 
. a V(a’ — b°) V(a? — c*) : 

a ale 








PL= 


PL’ 
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hence we may infer an important and interesting theorem. 
We shall for the sake of shortness call such sides as Z and 
L’ of any two duplicate cones, duplicate sides, t.e. when any 
side L' (suppose) touches the two confocal surfaces, duplicate 
of the two confocal surfaces touched by the right line ZL. 
We shall call P and P’ duplicate perpendiculars, i.e. where 
P is a perpendicular from the vertex of the one cone upon 
the tangent plane to the other containing a duplicate side, 
and vice versd. 

Any two semi-diameters, such as D and D’, of two du- 
plicate surfaces which are parallel to any two duplicate sides, 
such as Z and L’, of their duplicate asymptotic cones, we 
shall also call duplicate semi-diameters. The value which 
we have found for the square of P’L’ is the same, except 
as to sign, as the square of the PD of that particular geodesic 
line upon the surface a, which the right line Z touches ; for 
we have (vol. v. p. 121) 


a V(a? — b) V(a? — c’) 
V(a*- a”) ‘ 
Hence we obtain the curious relations 
ae eS errr 
and PLe=y-1PD...... 


We now perceive the truth of the following theorem: 
Given any two duplicate surfaces of the second order a and 
V(p*- a’), and the lengths L and L' of any two duplicate sides 
of their asymptotic cones. Let P and P’, D and D' represent 
the corresponding duplicate perpendiculars and semi-diameters, 
we shall then always have the square of the P’L' of the one 
equal, except as to sign, to the square of the PD of the other. 
We also perceive that, if the PD of the one surface be real, 
the corresponding P'L' of the duplicate surface will be ima- 
ginary and the contrary. Now since along the geodesic 
line PD is constant, and since the successive tangents form 
a developable surface, which circumscribes, in the present 
instance, the surface a’, it is easy to see that if upon this de- 
velopable surface any point (z,, y,, z,) be taken as the dupli- 
cate of the common centre of the confocal surfaces a and a’, 
and we construct the duplicates of the latter surfaces, we shall, 
tn every instance, have the value of the corresponding P'L’ 
constant. Similarly, if we have PZ constant (21) for all 
duplicate centres (x,, ¥,, 2,), it is obvious that the P’D’ of all 
the related geodesic lines, determined in every instance upon 


PD= 
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the surface duplicate of the surface a, will be constant. Let 
us next suppose that PZ being constant, the duplicate centre 
(Z,s Yo» ,) moves on the surface of the ellipsoid p, we shall 
demonstrate that it will trace upon the surface of the ellipsoid 
a curve of the second degree. Since for the locus under con- 
sideration PZ is constant, and since the confocal surfaces 
a and a’ are supposed fixed, it follows that the value (13) 
is constant for the same locus, viz. 
2 2 2 2 2 2 
UW (p?- a") (p> -a’)(v -@)_x 


Da (a’ — 6*) (a? — c’) 


From this equation, if we eliminate ~, v by means of the 
known equations 





M4+vVeaaityr +223+P+e- p’, 


me bez, 


> 


we shall obtain the equation of a surface of the second order, 
whose intersection with the given ellipsoid p will determine 
the locus in question. Attending however to the equation 
(3), we shall, without difficulty, find the equation of the locus 
to be 


ad y 





2 
ap (@-B)(p 0) (@-e)(p ec) 
. K x2 y° * 2 ) 

-gaa(pt pte pi- 
When the constant K vanishes, then a must equal yp or », 
and we shall have as particular cases of the curve the known 
lines of curvature upon the ellipsoid. The geometrical pro- 


perties of the curve are, however, in general indicated by the 
equations (13) and (21). 


.. -(22). 





5. Referring to the first of the equations (18), we shall have 


E,Vp*-B) V(p"- 7). 
pv(p' - 6°) v(p* —c’) 


Let us now conceive that § and y are the two confocal 
surfaces which with a intersect in a point upon the right 
line R, which joins the duplicate centres, as has been stated 
in the passage to which we have referred; the equation will 
then become 


cost = 





(p? -a”) x’ cos’s = &”. 
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If we now suppose that (cos?) remains constant while the 
point (z,, y,, Z,) moves upon the surface of the ellipsoid p, 
the confocal surfaces and y of course varying for each 
position of the point, we shall find that the locus of the point 
upon the surface of the ellipsoid will be a curve of the fourth 
degree. From the equation (3) we can find the value of «, 
and attending to the known value of £,, we may readily prove 
the equation of the locus to be 


2 2 2 


2 y 
a‘p* + (a’- b’)(p’ - 6°) * (a’—c’)(p’-’) 


. 2 y’ 2 x y 2? 
= COS? (5 + 7-5 + x3) is + (- By + (pe = ° 


According to the different values we attribute to (cos¢), it 
is easy to trace the corresponding modifications of the curve. 
We have now demonstrated the following theorem: The locus 
of the points upon the surface of an ellipsoid, at which the successive 
normals make a constant angle with the right lines drawn from the 
successive points common tangents to any two confocal surfaces, which 
with a third given confocal surface intersect in a point upon the suc- 
cessive radii vectores passing through the points of the locus, is a curve 
of the fourth degree. 

It is easy to demonstrate that, if from any point upon an 
ellipsoid p, a cone be described enveloping a confocal surface 
a, and if from the point a normal be drawn to the ellipsoid p 
intersecting the plane of contact of the cone with the confocal 
surface a; then, if p, indicate the intercept upon the normal, 
and & the perpendicular from the centre upon the tangent 
plane to the ellipsoid at the point vertex of the cone, 


p-a@=Ep. 
Let » denote the angle between p, and £, where €, in- 


dicates the perpendicular from the point vertex of the cone 
upon the plane of contact, it is obvious that we shall have 


(p*- a") cos@ = £.E,- 
We have however already seen (vol. v. p. 114) that 








aan y 2 
a” a’ —- a-o 


V iz *@ DF *@ : 7} ; 


where (z, y, 2) denote the coordinates of the point from 
which the perpendicular £, has been let fall upon the plane 
of contact determined by the point and the surface a. Let 


»% 
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us next suppose that cos¢ is constant, and we shall have for 
the locus of the point upon the surface of the ellipsoid p 
a curve of the fourth degree ; its equation is 


= + y" + ud 
a'p" (a’~ 8°) (p* - 8°) (= c)(p* - c) 


{ 2 ‘ y’ rn 2 t (x? y? 2 4 
= COS a (a iS By (a? ai 7 e + (p' - Dy + (p ca =| ° 

We have now demonstrated the following theorem: The 
locus of the point upon the surface of an ellipsoid, at which the 
normal makes a constant angle with the normal to the plane of contact 
determined by the point and a given confocal surface of the second 
order, is a curve of the fourth degree. 

When the angle ¢ becomes ninety degrees, it is plain that 
the curve degenerates into the line of curvature determined 
by the given confocal surface a upon the surface of the 
ellipsoid p. ‘The preceding locus upon any surface of the 
second order may in several respects be regarded as the 
generalization of the ordinary locus, known as the line of 
curvature. ‘This part of our subject, however, we shall not 
delay to consider farther in detail. 











6. We have already seen (vol. v. p. 129) that, if at the 
duplicate centre (z,, y,, z,) we reciprocate the surface a with 
respect to a sphere of radius unity, its equation in coor- 


dinates (&, 7, €) will be 
(p? — a?) & + (pw? - a*) 9? + (v° - a?) & = 2(EE, + gy, + &) - 1. 


To determine the centre of this surface, we shall have 


¢ ” 55 . 7S re ¢ - y Bo. (28), 
where £', 7’, ¢' denote the coordinates of the centre. Hence 
we perceive that the coordinates of the centre are the re- 
ciprocals of the intercepts upon the normals to the three 
confocal surfaces (p, #, v), made by the plane of contact 
determined by the point (z,, y,, 2,), and the given confocal 
surface a. ‘The equation may be now written in parallel 
coordinates referred to its centre 


(pt a) & + (ut at) + (0) 


2 2 2 
. i we - ~— * _ 1. 
p-a@ p-a@ V-a 
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Attending therefore to the equations (2) and (15), the 
equation will become 


(p’ - a”) B+ (yw? - ac") + (¥-a") 0 = =A wo0e(24), 


where D and A indicate as before the radii vectores of the 
duplicate surfaces a and v(p*- a’), coincident with the right 
line R which joins the duplicate centres. From the equa- 
tions (23) we can deduce 


(p= a) E+ (yh a) + Pa) = (25): 


the centre, therefore, of the surface (24) is obviously a point 
upon the surface (25), which is a surface concentric and 
similar with the reciprocal of the duplicate surface v(p* - a’). 
As has been stated in the article to which we have just 
referred, the circular sections of the surfaces (24) and (25), 
and the reciprocal of the duplicate surface v(p*- a’) are 
normal to the generatrices of the hyperboloid of one sheet 
which passes through the duplicate centre (z,, y,,z,). In 
that particular case of the duplicate surfaces a, (3, y, and 
V(p* - a’), Vip* - (3°), v(p?- y*), which intersect in two points 
upon the right line R#, such that D and A are equal, the 
centres of the corresponding surfaces (24) will then lie on 
the reciprocals of the duplicate surfaces v(p’—- a’), v(u" - a’), 
v(v’—a’), as the case may be. Analogous theorems may 
of course be stated for the duplicate surfaces at the centre 
(E.5 Mos ‘) From what has been established in the preceding 
pages, the reader will perceive that one peculiar class of 
theorems of the highest interest and utility cannot be 
adequately discussed with reference to a single surface. The 
simultaneous consideration of each surface and its duplicate 
tends to remove several difficulties, and enables us to regard 
each theorem from its true point of view and in its utmost 
generality. It is also plain that several properties are 
brought into evidence, which we should perhaps otherwise 
disregard, or of which we should at least not appreciate the 
true importance in the theory of surfaces of the second order. 
We shall here terminate our subject for the present, leaving 
various curious questions still undetermined: sufficient how- 
ever has been done to prove the importance of considering 
surfaces of the second order as duplicates, instead of the 
usual method of considering each surface exclusively in 
itself, or at least with but a partial reference to any other. 
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ON THE CONDUCTION OF HEAT IN CRYSTALS. 
By G. G. Stoxes, M.A., Fellow of Pembroke College, and Lucasian 
Professor of Mathematics in the University of Cambridge. 

Tue 21%, 22°47, and 23" volumes of the Annales de Chimie 
et de Physique contain three very interesting papers by 
M. de Senarmont, describing a series of experimental re- 
searches on the conduction of heat in crystals, as well as 
in bodies subject to mechanical pressure in one direction. 
The mode of experimental examination employed, consisted 
in cutting a plate from the crystal to be examined, drilling 
a small hole through it near the middle, covering the faces 
with a thin coating of wax, and then heating the crystal by 
a wire or fine tube inserted into the hole. The heat caused 
the wax to melt in the neighbourhood of the hole, and thus 
a certain isothermal line was rendered visible to the eye, 
namely, the line corresponding to the temperature of melting 
wax. ‘The variation of conductivity in different directions 
was indicated by the elliptical, or at least oval form of the 
line bounding the melted wax. This line remained suf- 
ficiently visible after the plate had cooled, and thus the 
eccentricity of the ellipse and the azimuth of its major axis 
could be examined at leisure. On allowing for errors of 
observation, it was found that, for a plate cut in a given 
direction from a given crystal, the axes of the ellipse had 
a determinate ratio, and the major axis a determinate azimuth. 
Universally it was found that the thermic corresponded with 
the crystallographic symmetry, so that for example in crystals 
belonging to the cubical system, the propagation of heat took 
place as it would have done in a homogeneous uncrystallized 
medium ; in crystals belonging to the rhombohedral system 
the axis was a direction of thermic symmetry, and similarly 
in other cases. When the plate was not perpendicular to an 
axis of thermic symmetry, the circumstance was indicated by 
the non-correspondence of the ovals formed on the opposite 
faces, the line joining the centres of the ovals being in that 
case oblique to the faces. 

The subject of crystalline conduction had previously been 
investigated theoretically by M. Duhamel, in a memoir pre- 
sented to the Academy of Sciences in 1828, and printed in 
the 21% Cahier of the Journal de [ Ecole Polytechnique, 
p- 356. In this memoir the author deduces the general 
expressions for the flux of heat, and the equation of motion 
of heat, from the hypothesis of molecular radiation, and 
applies the general equations to the solution of a few simple 
problems, or at least problems which may very simply be 
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reduced to the corresponding problems relating to uncrys- 
tallized media. After the publication of the researches of 
M. de Senarmont, M. Duhamel was induced to resume the 
subject, and in a memoir printed in the 32"4 Cahier of the 
above-mentioned Journal, he has deduced from theory a 
number of general consequences which are directly applicable 
to the experiments of M. de Senarmont. 

In the following paper, I propose to present the theory 
of crystalline conduction in a form independent of the hy- 
pothesis of molecular radiation—a hypothesis which for my 
own part I regard as very questionable. The subject will 
thus be considerably simplified, for in fact the results flow 
readily from certain very general assumed laws, which 
no doubt follow as consequences of the hypothesis of mole- 
cular radiation, but which are of such simplicity that they 
would seem to follow from almost any reasonable hypothesis 
relating to the manner in which the passage of heat takes 
place in the interior of a solid body. As regards the mathe- 
matical deduction of consequences from the general formule, 
I have introduced the consideration of what may be called 
an auziliary sold, by which means problems relating to 
crystallized bodies are reduced to corresponding problems 
relating to ordinary media. All the principal results of 
M. Duhamel, of which one at least was obtained by him 
in a very artificial manner, are thus rendered almost self- 


evident, or else directly reduced to known results relating 
to ordinary media; and some results of still greater gene- 
rality follow with equal facility. 


1. Let P be any point of a solid body, homogeneous or 
heterogeneous, crystallized or uncrystallized; suppose the 
temperature of the body to vary from point to point, and let 
dS be an elementary plane area drawn through P in a given 
direction. The quantity of heat which passes across the 
element dS in the elementary time dé will be ultimately pro- 
portional to dSdt, and may be expressed by fdSdt. This 
quantity f is the flux of heat referred to a unit of surface. 
Its value will depend upon the time, upon the position of 
the point P, and upon the direction of the elementary plane 
drawn through P. For the present, suppose the time and 
the position of the point P given, and consider only the 
variation of f in different directions about P. 

If we suppose the values of f given in the direction of 
each of three planes, rectangular or not, passing through P, 
its value in the direction of any fourth plane follows. For 





>. swe © © of & oo ot oe eee Oe oe 


[= es Oa een 


ao ee 


ar) 


n 
. 


Heat in Crystals. 217 


make P the vertex of a triangular pyramid, of which the 
sides are in the direction of the first three planes, and the 
base is parallel to the fourth, and then conceive the base, 
remaining parallel to itself, to approach indefinitely to P. 
The quantity of heat gained by the pyramid during the time 
dt is equal to the quantity which enters by the faces, di- 
minished by the quantity which escapes by the base. Now 
when the pyramid is indefinitely diminished, the gain of 
heat in a given indefinitely short time will vary ultimately 
as the volume, or as the cubes of homologous lines, whereas 
the quantity which passes across any one of the four faces 
of the pyramid will vary ultimately as the area of the face, 
and therefore as the squares of homologous lines. Hence in 
the limit the quantity of heat which escapes by the base will 
be equal to the sum of the quantities which enter by the 
sides, and consequently if the flux across each be given, the 
flux across the base is determinate. 

In particular, if we suppose the medium referred to the 
rectangular axes of 2, y, z, and if f,, f,, f, be the fluxes 
across three planes drawn through P in directions per- 
pendicular to the axes of z, y, z; f the flux across a plane 
drawn in any other direction through P; J, m, n, the cosines 
of the angles which the normal to this plane makes with the 


axes, we have 
FS =Uf.+ mf, + nf, 


This equation shews that if we represent the fluxes across 
planes perpendicular to the axes of z, y, z, by three forces or 
three velocities, the flux across any other plane will be 
represented by the resolved part of the forces or velocities 
along the normal to this plane. Hence the flux across one 
particular plane passing through P is a maximum, and the 
flux across any other plane is equal to this maximum flux 
multiplied by the cosine of the angle between the two 
planes. 


2. Let u be the temperature at P at the end of the time 
t, and consider the portion of the solid which is contained in 
the elementary volume dzdydz adjacent to P. The quantity 
of heat which enters this element during the time dt by the 
first of the faces dydz is ultimately equal to f,dydzdt, and 
the quantity which escapes by the opposite face is ultimately 


equal to ( t+ ie az) dydzdt. Subtracting the former from 


the latter, and treating in the same way each of the other 


two pairs of opposite faces, we find that the loss of heat in 
NEW SERIES, VOL. VI.—Nov. 1851. Q 
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the element is ultimately equal to 


df, df, of, 
(2 + iE) dey dedt 


But if p be the density, pdxdydz will be the mass; and if 
c be the specific heat, the loss of heat will also be equal to 


~ pdedyds.c S dt 


ultimately. LEquating the two results, and passing to the 


limit, we get 
du (z hes 4) 


Pa. \de dy dz 


3. The formule (1) and (2) are general, but for the future 
I shall suppose the medium to be homogeneous, and the 
temperature to differ by only a small quantity from a certain 
fixed standard which we may suppose to be the origin from 
which w is measured. Since the medium is homogeneous 
p is constant," and ¢ moreover will be constant, except so far 
as relates to a change of specific heat produced by a change 
of temperature. But since u is supposed to be small, the 
terms arising from the variation of ¢ would be small quan- 
tities of the second order, since c only appears multiplied by 
du 


— , and therefore c may be regarded as constant. 


dt 

It remains to form the expressions for f,, f,,f,. By the 
conduction of heat we mean that sort of communication which 
takes place between the contiguous portions of bodies. In 
the case of bodies which are partially diathermous, that is to 
say, which behave with respect to heat, or at least heat of 
certain degrees of refrangibility, in the same way in which 
semi-opake bodies behave with respect to light, or rather in 
which a green glass behaves with respect to red rays, heat 
may be communicated from one portion of the body to 
another situated at a sensible distance. But this is, properly 
speaking, internal radiation, and not conduction. Again, if 
the solid be perfectly diathermous to heat of certain degrees 
of refrangibility, a portion in the interior of the mass may by 
radiation send heat out of the solid altogether. For my own 
part I believe conduction to be quite distinct from internal 
radiation, although the theory which makes conduction to be 
nothing more than molecular radiation and absorption seems 





* The expansion of the solid produced by heat is not here taken into 
account, 
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to be received by many philosophers with the most implicit 
reliance. No doubt, internal radiation may, and I believe 
generally if not always does, accompany conduction; and 
when the distance which a ray of heat can travel before it is 
absorbed is insensible, we may include internal radiation in 
the mathematical theory of conduction, and even, if we 
please, in our definition of the word conduction. Of course 
the distance which we may regard as insensible will depend 
partly on the dimensions of the body, partly upon certain 
lengths relating to the state of temperature in the interior, 
and depending upon the problem with which we have to 
deal. As an example of a length of this sort, we may take 
the distance between consecutive maxima, if we are con- 
sidering the internal temperature of a solid of which the 
surface has a temperature that is subject to periodic variations. 


4, Let us now confine ourselves to conduction, using that 
term with the extensions and restrictions above explained. 
The temperature « is supposed to be sufficiently small to 
allow us to superpose different systems of temperature with- 
out mutual disturbance. If the temperature were the same 
at all points, there would be equilibrium of temperature, and 
the flux at any point in any direction would be equal to 
zero. Let then a uniform temperature, equal and opposite 
to that of P, be superposed on the actual system. Then the 
temperature at P will be reduced to zero without any change 
being made in the fluxes f,, f,, f,. Hence these quantities 
will depend, not upon the absolute temperature at P, but 
only on its variation in the neighbourhood of P. Since, by 
hypothesis, these fluxes have nothing to do with the tem- 
peratures at points situated at sensible distances from P, 
they may be assumed to depend only on the differential 


coefficients as * de : lh which define the variation of 
dx” dy dz 


temperature in the neighbourhood of P. Since moreover 
different systems of temperature may be superposed, it 
follows that I, ‘ J, , f., are linear functions of the three diffe- 
rential coefficients above written. Hence equation (2) may 
be put under the form 
du_—,, du au, du 

paca ait B et? dz? 

du d*u d*u 

=—77 + 2E' —, STs oes 

+9) gal’ aa aa 
where 2’, y', z', have been written for z, y, z. 
Q2 
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5. Let us now refer the solid to the rectangular axes 
Oz, Oy, Oz, instead of Oz’, Oy’, Oz’. Let 1, m, n, be the 
cosines of the angles 2’Oz, x’ Oy, z'Oz; let I’, m’,n’, be the 
same for y’, and 2", m", n", the same for 2’. Then 

S ieee . 
dz’ dz dy dz” 
But we have also 
az’ = lx + my + nz, 
and similar formule hold good with respect to y' and 2. 
Since symbols of differentiation combine with one another 
according to the same laws as factors, it follows that the 
right-hand member of equation (3) will be tranformed exactly 
as if the symbols of differentiation were replaced by the 
corresponding coordinates. Hence there exists a system of 
rectangular axes, namely, the principal axes of the surface, 
A'z® + By" + C'z2? + 2D'y'z + 2E'2'z' + 2F'z'y' = 1...(4), 
for which the equation of motion of heat takes the form 
du d*u d*u d*u 
ER" "ep '*e 

The system of axes of which the existence has just been 
established may conveniently be called the thermic axes of 
the crystal. Since the left-hand member of equation (4) is 
identical with Az’ + By’ + Cz’, it follows that not only do the 
principal axes of the surface (4) determine the directions of 
the thermic axes, but the constants 4, B, C, are the squared 
reciprocals of the principal semi-axes of that surface. 


6. Let us now take the thermic axes for axes of coor- 
dinates, and investigate the general expression for the flux 
of heat. ‘The general expressions for f,, f,, f,, being linear 
functions of the three differential coefficients of « with 
respect to z, y, z, will contain altogether nine arbitrary 
constants. Substituting the general expressions in (2), and 
comparing with (5), we find three relations between the con- 
stants, depending upon the choice of coordinate axes. These 
relations being introduced, the expressions may be put under 
the following form: 

du du du) 

thai. ~~ 

Je dx ‘dy +1 de 

du du du 

ate ales? tle - 

du. p, 
‘da ~' dy) 





du 
- f,- 0 = - 
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I shall defer till towards the end of the paper a considera- 
tion of the reasons which make it probable that D,, E,, F, are 
necessarily equal to zero. For the present it may be ob- 
served that if the medium be symmetrical with respect to 
two rectangular planes, these constants must vanish. For 
the planes of symmetry must evidently contain the thermic 
axes ; and on account of the symmetry supposed, if the planes 
of symmetry be taken for those of zz and yz, f, must change 
sign with z, while f, and f, remain unchanged ; and similarly 
when the sign of y is changed, f, must change sign, while 
f, and f. remain unchanged. Referring to (6), we see that 
this requires the constants D,, E,, F, to vanish, so that 


du du du 
f.--4=, fi Be f= - OF 00 (7). 


from whence the flux in any direction may be obtained by 
means of the formula (1). The formule (7) contain the 
expressions for the flux which result from the theory of 
M. Duhamel. The constants 4, B, C, denote what may be 
called the principal conductivities of the crystal. The reader 
may suppose for the present that the following investigations 
are restricted to media which are symmetrical with respect to 
two rectangular planes. 


7. It may be worth while to return to the coordinates 
z', y', 2, which have a general direction, and examine the 
general expressions for the flux which correspond to the 
formule (7). Putting f,’, f’, f., for the fluxes across planes 
perpendicular to the axes of z’, y', 2’, we get from (1) and (7) 

, , du , du , du 
-fi=A Te +F dy +E @ 
, , du du du 
-f/=B a ae TTT 


d 


’ , AU , du , du 
-fi=C at # yw" a 


A= [A+ mB+ vo 


where 


D=ll’A+mm’B+nn'C 


from whence the expressions for B, E’, and C’, F’, may be 
written down by symmetry. 


8. So long as we are only concerned with the succession 
of temperatures in an infinite solid, we have no occassion to 
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consider the flux of heat, and the general equation (5) will 
enable us to perform all the requisite calculations. In this 
equation the indestructibility* of heat is recognized, but not 
its identity. If we discard the latter idea, it is nonsense to 
talk of the heat gained, we will suppose, by a given element 
of the solid, as having come from this quarter rather than 
from that. If we denote by Af,, Af, Af, the quantities by 
which the values of f,, f,, f given by (6) exceed those given 
by (7), we have 

daf, af, daf. 4, 

dz dy dz 


which is analogous to the equation of continuity of an in- 
compressible fluid. 

If we suppose all possible systems of values assigned in 
succession to the constants D,, E,, F,, the formule (6) will 
express all possible modes of transfer, consistent with our 
original assumption respecting the forms of f,, p » J, by 
which the state of temperature of the solid at the end of the 
time ¢ can pass into its state at the end of the time ¢ + dt. 
Of course, if we suppose heat to be material, we cannot help 
attaching to it the idea of individuality. But if we suppose 
heat to consist in motion of some sort, which for my own 
part I regard as by far the more probable hypothesis, we 
require a definition of sameness of heat, supposing we find 
it convenient to treat the subject in this way. I am not now 
going to follow any further the i Sg which has just been 
broached; but I thought it might be worth while to point 
out in what manner the additional arbitrary constants found 
in the general expressions for the flux beyond what appeared 
in the equation of motion, or more properly the equation of 
successive distribution, corresponded to an attribute of heat 
which is necessarily involved in the idea of a flux, but which 
is not necessarily involved in the idea of the successive dis- 
tributions of a given quantity of heat. 


9. Besides the general equation (5), it is requisite to form 
the equation of condition which has to be satisfied at the 
surface when the solid radiates into a space at a different 





* According to the very important researches of Mr. Joule, work is 
convertible into heat, from which there can be little doubt that conversely 
heat is convertible into work. As regards the present investigation, however, 
it is perfectly immaterial whether heat be indestructible, or only not 
destroyed, or rather whether it be not convertible into any thing else, or 
only not converted. 
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temperature. Let P’ be a point in the surface, dS an 
‘element of the surface surrounding P’, P’N a normal drawn 
outwards at P’, Pa point in NP’ produced, situated at the 
distance 6 from P’. Consider the element of the solid 
bounded by dS, by a plane through P parallel to the tangent 
plane at P’, and te a cylindrical surface circumscribing dS, 
and having its generating lines parallel to P’N; and suppose 
this element to be indefinitel diminished in such a manner 
that 6 vanishes compared with the linear dimensions of dS, 
which is allowable if the curvature at P’ be finite (that is, 
not infinitely great), as it must necessarily be in general. 
The quantity of heat which enters the element across the 
plane through P, as well as the quantity which escapes 
across dS, varies ultimately as dS. The area of the cy- 
lindrical surface varies as § multiplied by the perimeter of dS, 
and therefore will vanish compared with dS, since 6 vanishes 
compared with the linear dimensions of dS. Hence, even 
if the quantity of heat which entered by the cylindrical 
surface varied as the surface, it would vanish in the limit 
compared with the quantity which escapes by dS. In fact, 
however, even if we suppose 6 comparable with the linear 
dimensions of dS, it may be shewn that the total quantity 
of heat which enters by the cylindrical surface is of the order 
ddS, because ultimately the quantity of heat which enters 
across that portion of the cylindrical surface for which the 
flux is positive is equal to the quantity which escapes across 
the remainder. Lastly, the gain or loss of heat by the 
element during a given time varies ultimately as the volume 
of the element. Hence, ultimately, the quantity of heat 
which enters the element across the plane through P, during 
the time dt, is equal to the quantity which escapes across dS. 
The former will be ultimately equal to dSd¢ multiplied by 
the value of the flux obtained from the general formule (1) 
and (7) by taking z, y, z to denote the coordinates of P’, and 
I, m, n, the direction-cosines of P’N. We may assume the 
latter to be proportional to the difference «-v between the 
temperature u of the solid at the point P’ and the tem- 
perature v of the surrounding space, and may accordingly 
express it by h(u-v) dSdt. Sento we have for the required 
condition, 
du d du 


+ mB— +n +h(u-v)=0....(10), 


ad dy d. 


The quantity A denotes the ezterior conductivity of the 
solid. It is a certain function of /, m,n, the form of which 
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M. Duhamel did not attempt to investigate, nor am I going to 
attempt the investigation myself. If however the crystal be 
covered with a thin coating of some other substance, sufficient 
to stop all direct radiation from the crystal into the sur- 
rounding space, / will depend upon the nature of the coating. 
In either case A will be constant throughout any plane face 
by which the crystal may be bounded. 


10. Let us return to the consideration of the propagation 
of heat in the interior of the mass. Imagine the coordinates 
2, y, 2, of any point altered in the ratios of VA to VK, 
VB to VK, VC to VK, where £ is constant, and let &, », £, 
be the results. The equation (5) becomes 

du du du du 
op a K ( 


dé et ge) veel) : 


This will be true whatever be the value of K, but it will be 
convenient to suppose that 


Now imagine a second solid formed from the first by 
altering all lines parallel to z in the ratio of VA to VK, 
all lines parallel to y in the ratio of VB to VK, and all 
lines parallel to z in the ratio of VC to VK, nothing being 
as yet specified regarding the nature of the second solid, 
except that it is homogeneous. Imagine any number of 
points, lines, surfaces, or spaces, conceived as belonging to 
the first solid, and let the points, lines, &c. deduced from 
them by altering the coordinates in the ratios above-men- 
tioned, and conceived as belonging to the second solid, be 
said to correspond to the others. On account of the particular 
magnitude of K chosen, it is evident that the volumes of 
corresponding spaces will be equal. Let the second solid be 
called the auadiary solid, and the operation of deducing 
either solid from the other, derivation; and suppose the 
temperatures equal at corresponding points of the two solids. 

The equation (11) shews that the successive distributions 
of temperature in the interior of the auxiliary solid will take 
place as if this solid were an ordinary medium in which the 
interior conductivity bears to K the same ratio that the 
product of the specific heat and density bears to ep. 

The first of equations (7) gives 


du 
f.=-M AK) &. 
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If now we refer f,, not to a unit of surface, but to that 
area of a plane perpendicular to the axis of z which is 
changed by derivation into a unit of surface, we must 
multiply the above expression by v(BC) and divide it by X. 
Denoting the result by ff, using fn, f¢ to denote for y, z, 
what fé denotes for z, and taking account of (12), we get 


d d di 
fen - Ke fi--KG» f= - EF (18), 


It follows from these equations, that if we suppose not only 
the temperatures at corresponding points of the two solids to 
be always the same, but also equal quantities of heat to flow 
in equal times and in corresponding directions across corre- 
sponding surfaces, the flow of heat in the auxiliary solid is 
what would naturally belong to an ordinary medium having 
an interior conductivity X. 

The density of the auxiliary solid being disposable, we 
may take it to be the same as that of the given solid, in 
which case corresponding spaces will contain equal quantities 
of matter. It is only necessary further to suppose the 
auxiliary solid to be an ordinary medium having a specific 
heat ce, and an interior conductivity H, in order that the 
motion of heat in the interior of the two solids should pre- 
cisely correspond. 


11. It remains only to investigate the condition which 
must be satisfied relatively to the surface of the auxiliary 
solid, in order that the two solids should perfectly correspond 
in every respect. Retaining the notation of Art. 9, let do 
be the element of surface which corresponds to dS; A, p, V, 
the direction-cosines corresponding to 2, m,n. ‘The quantity 
of heat which escapes across dS during the time dé is 
ultimately equal to h(u-v)dSdt, and this must be equal 
to the quantity which escapes across do. Hence it is suf- 
ficient to attribute to the auxiliary solid an exterior con- 
ductivity %, such that 


But we have 
rn be v 





- VAP + Bm’? + Cn’) 
= V/A" + Bly’ + CV), .. (15). 
Also IdS, Xdc, are the projections of dS, do, on the plane 
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of yz, and these projections are proportional to V(BC), K, 
or to VK, VA, whence we get from (15) 


ds. 
do v(Al'+Bm*+ Cn’) 





V{K (A702 + Bop? + CV)}...(16). 


The first or second of these expressions will be employed 
according as we suppose /, m,n, or A, m, Vv, given. 

If the crystal be covered by a thin coating of a given 
substance, A will be constant, and / will be a function of 
1, m, n, or of A, uw, v, which is determined by (14) and (16). 
These formule shew that in the case supposed & will have 
the same value for the opposite faces of a plate bounded by 
parallel surfaces. 

By means of the auxiliary solid, we may reduce problems 
relating to the conduction of heat in crystals to corresponding 
problems relating to ordinary media; or, conversely, from a 
set of self-evident or known results relating to ordinary 
media, we may deduce a set of corresponding results re- 
lating to crystals. 


12. Let us first regard the crystal as infinite, in which 
case the auxiliary solid will be infinite likewise. 

In an ordinary medium, if heat be introduced at one 
point according to any law, the isothermal surfaces will be a 
system of spheres, having the source of heat for their com- 
mon centre, and the flow of heat at any point will take place 
in the direction of the radius rector drawn from the source. 
If the temperature be permanent, and the temperature at an 
infinite distance vanish, the temperature at any point will 
vary inversely as the distance from the source. 

Hence, in a crystal, if heat be introduced at one point 
according to any law, the isothermal surfaces will be a system 
of similar and concentric ellipsoids, having their principal 
axes in the direction of the thermic axes drawn through the 
source, and proportional to the square roots of the principal 
conductivities. The flow of heat at any point will take 
place in the direction of the radius vector drawn from the 
source. If the temperature be permanent, and vanish at an 
infinite distance, the temperature along a given radius vector 
will vary inversely as the distance from the source. 

It will frequently be convenient to refer to an ellipsoid 
constructed with its principal axes in the direction of the 
thermic axes, and equal to 2VA, 2VB, 2V/C, respectively. 
I shall call this ellipsoid the thermic ellipsoid. 
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13. In an ordinary medium, whether finite or infinite, in 
which the temperature varies from point to point, and may 
be either constant or variable as regards the time, the flow 
of heat at any point takes place in the direction of the nor- 
mal to the isothermal surface passing through that point, that 
is, in a direction parallel to the radius vector drawn from 
the centre of the thermic sphere to the point of contact of a 
tangent plane drawn parallel to the isothermal surface at 
the point considered. 

Now the tangency of two surfaces is evidently unchanged 
by derivation. Hence, in a crystal, if we have given the di- 
rection of the isothermal surface at any point, we may find 
that of the flow of heat by the following construction. Ina 
direction parallel to the isothermal surface at the given point 
draw a tangent plane to the thermic ellipsoid, and join the 
centre with the point of contact: the flow of heat will take 
place in a direction parallel to this joining line. In other 
words, the flow of heat will take place in a direction parallel 
to the diameter which is conjugate to a plane parallel to the 
isothermal surface at the given point. 


14. Conceive a plate bounded by parallel surfaces to be cut 
from a crystal, and heat to be applied towards its centre ; and 
suppose the lateral boundaries sufficiently distant to produce 
no sensible influence on the result, so that we may regard 
the plate as infinite. In this case the auxiliary solid will 
likewise be an infinite plate bounded by parallel surfaces. 
Now if heat be supplied according to any law at one point 
of such a plate, or at any number of points situated in the 
same normal, the isothermal surfaces will be surfaces of re- 
volution, having the normal drawn through the source or 
sources of heat for their axis, and the isothermal curves 
in which the parallel faces are cut by the isothermal surfaces 
will be circles, having their centres in the points in which 
the faces are cut by the normal above mentioned. 

Hence, in a crystalline plate, if heat be supplied according 
to any law at one point, or at any number of points situated 
in a line parallel to the diameter of the thermic ellipsoid 
which is conjugate to the planes of the faces, (a line which 
for brevity I will call the line of sources,) any particular 
isothermal surface will be a surface generated by an ellipse 
which has its plane parallel to the faces, its centre in the line 
of sources, and its principal axes parallel and proportional 
to those of the ellipse in which the thermic ellipsoid is cut 
by a plane parallel to the faces. In particular, the isothermal 
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curves on the two faces are ellipses of the kind just men- 
tioned.* Hence 

(1.) If the plate be cut in a direction perpendicular to one 
of the thermic axes, the line joining the centres of a pair of 
ellipses which correspond on the two faces to a given tem- 
perature (such as that of melting wax) will be normal to the 
plate. The principal axes of the ellipses will be in the 
direction of the two remaining thermic axes, and will be 
proportional to the square roots of the corresponding con- 
ductivities. 


(2.) If the normal to the plate be not a thermic axis, the 
line joining the centres of the ellipses will be inclined to the 
normal, its direction being determined as above explained. 


(3.) If the plate be cut in a direction parallel to either of 
the circular sections of the thermic ellipsoid (the three prin- 
cipal conductivities being supposed unequal,) the isothermal 
curves on both faces will be circles, but the line joining the 
centres of the two systems of circles will be inclined to the 
normal. 

If the heat be communicated uniformly along the line of 
sources, or if there be only a single source situated midway 
between the faces, or more generally if the sources be alike two 
and two, those which belong to the same pair being situated 
at equal distances from the two faces respectively, the isother- 
mal curves belonging to the same temperature in the two 





* The problem solved in this article forms a good example of the ad- 
vantage of considering the auxiliary solid. In M. Duhamel’s memoir the 
plate is regarded as extremely thin, so that the variation of temperature in 
passing from one point to another of the same normal may be considered 
insensible—and it is remarked that the second case (in which a normal to 
the plate is not a thermic axis) is much more difficult than the first ; where- 
as here the plate is not necessarily thin, and both cases follow immediate] 
from what with regard to an uncrystalized body is self-evident. vw. 
Duhamel has shewn that the isothermal curves on the two faces are ellipses, 
having their principal axes parallel and proportional to those of the ellipses 
in which the thermic ellipsoid is cut by planes parallel to the faces of the 
plate: but his demonstration that the line joining the centres of the two 
systems of ellipses has the direction assigned in the text does not seem 

together satisfactory, because the analysis only applies to the case in 
which the thickness of the plate is regarded as indefinitely small ; whereas 
the space by which the ellipse corresponding on one face to a given tem- 
perature overlaps the ellipse corresponding on the other face to the same 
temperature is a small quantity of the order of the thickness of the plate, 
and ought for consistency’s sake to be neglected. 

The results contained in the remaining part of this paper are not found 
in the memoirs of M. Duhamel. It may here be remarked, that the results 
arrived at by the consideration of the auxiliary solid, such for example as 
that of Art. 17, might have been obtained by referring the crystal to 
oblique axes parallel to a system of conjugate diameters of the thermic 
ellipsoid. 





Heat in Crystals. 229 


systems will be of equal magnitude, provided that the ex- 
terior conductivity 4 have the same value for the two faces. 
The last condition is satisfied, according to what has been 
already remarked, when the two faces are covered by a thin 
coating of the same substance, which regulates the exterior 
conductivity ; but it is probable that it may be satisfied 
generally even if the faces be left bare, provided that they 
have the same degree of polish.* 

The experiments of M. de Senarmont bear directly on the 
first two cases mentioned above. In the case of crystals 
which exhibited three different conductivities, it was found 
that when three plates were cut in the directions of the three 
principal planes, the ratio of the principal axes of the ellipses 
formed on one plate, as determined by observation, agreed 
very closely with the result calculated from the ratios which 
had previously been determined by observation from the 
other two plates. An interesting experiment bearing on the 
second case is described by M. de Senarmont in his second 
paper (p. 187). A rather thick plate of quartz, inclined to 
the axis at an angle of 45°, was drilled in a direction per- 
pendicular to its plane, and heated by means of a wire 
inserted into the hole, after its two faces had been covered 
with wax. The curves marked out on the two faces approxi- 
mated to the two bases of an elliptic cylinder, symmetrical 
with respect to the principal plane, and having its axis in- 
clined towards the axis of the crystal, (which in quartz is 
the direction of greatest conductivity,) so as to cross the 
wire, which was perpendicular to the plate. The curves 
however were not elliptical but egg-shaped, having their 
axes of symmetry situated in the principal plane, the end at 
which the curvature was least being that which was nearest 
to the wire, so that the blunt ends on the two faces were 
turned in opposite directions, the curves being in other re- 
spects alike. It will be seen at once that the symmetry of 
the curves with respect to the principal plane, the obliquity 
of the line joining their centres, and their equality combined 
with dissymmetry, follow immediately from theory. We learn 
too from theory, that in order to procure ellipses it would be 
necessary to drill the hole in the direction of that diameter 
of the thermic spheroid which is conjugate to the plane of 


the plate. 





* This result follows readily from the theory of molecular radiation, 
according to the suppositions usually made. 
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15. Conceive a bar having a section with an arbitrary con- 
tour to be formed from an uncrystallized substance ; let heat 
be applied in any manner at one or more places, and suppose 
the heat to escape again from the surface by radiation. Con- 
sider only those portions of the bar which are situated at a 
sufficient distance from the source or sources of heat to ren- 
der insensible any irregularity arising from the mode in 
which the heat is communicated. If the bar be sufficiently 
slender, we may regard the temperature throughout a section 
drawn in a direction perpendicular to its length as approxi- 
mately constant, without assuming thereby that the isother- 
mal surfaces are perpendicular to the length. Let x be 
measured in the direction of the length, and consider the 
slice of the bar contained between the planes whose abscisse 
are z and z+dz. Let ube the temperature of the bar at 
the distance of the first plane, p the perimeter, and Q the 
area of the section, h the exterior conductivity, or rather 
the mean of the exterior conductivities in case they should 
vary from one generating line to another; let c, p, K, be 
the same as before, and put Q = ap, so that 4a is the side 
of a square whose area divided by its perimeter is equal 
to Qp”. 

The excess of the quantity of heat which enters during 
the time dt by the first of the plane ends of the slice over 
that which escapes by the second, is ultimately equal to 


KQ vt dzdt. The quantity which the slice loses by radia- 


tion is ultimately equal to hpudxdt, if we take the tempera- 
ture of the surrounding space, which is supposed to be 
constant, for the origin of temperatures. But the gain of heat 


by the slice is also equal to cpQ S dzdt. Hence we have 

du du h 

aaa a 

If we suppose the heat to be continually supplied, and 

the temperature to have become stationary, we get from this 
equation Jee a 

u= Me ** + Ne * 
where M and WN are arbitrary constants. If now a be small, 


it follows from (18) that the lateral flux at the surface, which 
is equal to hu, as compared with the longitudinal flux, which is 


equal to - K = , is a small quantity of the order y 4 ; 


Bc csecesves CHF 


= 


o>. ah =D eles 24568 cee 2k ete Ze oe Oe 
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We may deduce the same consequence for the case of 
variable temperatures from the equation (17), without troub- 
ling ourselves with its solution. Conceive any number of 
bars of different sizes to be heated in a similar manner, and 
for greater generality, suppose the values of c, p, K, and h, 
as well as a, to be different for the different bars. Let 
z, z', 2"... be corresponding lengths, and ¢, ¢’, ¢” correspond- 
ing times, relating to the several bars. The equation (17) 
shews that the temperatures at corresponding points and at 
the end of corresponding times may be the same in all the 


bars, provided Ra ba oP po 
Fea Vi » te Bccsceeseee ). 

These variations contain the definition of corresponding 
points and corresponding times. In order that the tempe- 
ratures in the different bars should actually be the same at 
corresponding points and at the end of corresponding times, 
it is sufficient that the initial circumstances, or more generally 
the mode of communicating the heat, should be such as to 
give equal temperatures at the points and times defined by 
the variations (19), which in this point of view may be 
regarded as containing the definition of similarity of heating. 
Now, in comparing the longitudinal flux at corresponding 
points, if we take du the same, dz must vary as determined 
by (19), and therefore the flux will vary as Kv/(K™* ah), or 
v(Ka"h), and the ratio of the lateral flux at the surface to 
the longitudinal flux will vary as V(haK~); so that if we 
suppose @ to decrease indefinitely, h and A being given, the 


ratio in question will be a small quantity of the order Vz 
as before, and will ultimately vanish. K 

The second of the variations (19) shews that if we suppose 
the heat to be supplied to one bar in an irregular manner as 
regards the time, the fluctuations in the mode of commu- 
nicating the heat must become more and more rapid as @ 
decreases, in order that the similarity of temperatures may 
be kept up. If the fluctuations retain their original period, 
the motion of heat will tend indefinitely to become what we 
may regard at any instant as steady, and thus we fall back 
on the case first considered. We may conclude therefore 
generally, that if the bar be sufficiently slender, the direction 
of the maximum flux, even close to the surface, will sensibly 
coincide with that of the length of the bar; so that the 
isothermal surfaces, which are necessarily perpendicular to 
the direction of the flow of heat, will be planes perpendicular 
to the axis of the bar. 
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By supposing the bar to be the auxiliary solid belonging 
to a crystalline bar, we arrive at the following theorem. If 
a slender crystalline bar be heated at one end, and if we 
confine our attention to points of the bar situated at a suffi- 
cient distance from the source of heat to render insensible 
any irregularities attending the mode of communicating the 
heat, the isothermal surfaces will be sensibly planes parallel 
to the diametral plane of the thermic ellipsoid which is con- 
jugate to the system of chords drawn parallel to the length 
of the bar. ‘hese planes will necessarily have an oblique 
position unless the direction of the length of the bar be a 
thermic axis of the crystal. 

The same result might have been obtained without em- 
ploying the auxiliary solid, by first shewing that when the 
bar is sufficiently slender the direction of the flow of heat 
sensibly coincides with that of the length of the bar. We 
should thus be led to a problem exactly the converse of that 
treated in Art. 13, namely, Given the direction of the flow 
of heat, to find that of the isothermal surface. 


16. It may be shewn in a similar way, that if a thin plate 
be formed of an uncrystallized substance, and be heated at 
one or more places, or over a finite portion, if we consider 
only those parts of the plate which are situated at a sufficient 
distance from the sources of heat to render insensible any 


irregularities attending the mode in which the heat is com- 
municated, the flow of heat will take place in a direction 
sensibly parallel to the plate, and therefore the isothermal 
surfaces will be cylindrical surfaces whose generating lines 
are perpendicular to the plate. It is here supposed that 
the lateral boundaries of the plate are situated at a sufficient 
distance to render their effect insensible. 

Hence, in a thin crystalline plate heated in a similar 
manner, the isothermal surfaces, under similar restrictions, 
will be cylindrical surfaces whose generating lines are pa- 
rallel to the diameter of the thermic ellipsoid which is 
conjugate to the plane of the plate. 


17. The state of temperature, under given circumstances, 
of a rectangular parallelepiped formed of an uncrystallized 
substance, may be determined by certain known formule 
which it is not necessary here to describe. 

Hence, the state of temperature of a parallelepiped cut 
from a crystal in such a manner that its edges are parallel 
to a system of conjugate diameters of the thermic ellipsoid 
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may be determined by the same formule. This parallele- 
piped will of course be oblique-angled, except in the par- 
ticular case in which its edges are parallel to the thermic 
axes. It may be remarked that a parallelepiped for which 
the state of temperature shall be determinable by the formule 
in question may be cut from a crystal in a manner quite as 
general as from an uncrystallized substance. In both cases 
the direction of the first edge is arbitrary, and, when it is 
fixed on, the plane of the other two edges is determined in 
direction. The direction of the second edge having been 
chosen arbitrarily in the plane above mentioned, that of the 
third edge is determined. 

It does not seem worth while to notice the crystalline 
figures derived from spheres, &c., on account of the me- 
chanical difficulty attending their execution. Besides, the 
derivation presents no theoretical difficulty. 


Further consideration of the general expressions for the flux. 


18. It has been already remarked, that if the crystal 
possess two planes of symmetry, the nine arbitrary constants 
which appear in the expressions for the flux in three rect- 
angular directions, from which the flux in any other direc- 
tion may be derived, reduce themselves to six, and the 
expressions for the flux take the form (8). 1 proceed now 
to consider what grounds we have for believing that these 
expressions, with only six arbitrary constants, are the most 
general possible. 

In the first place, it may be observed that this result 
follows readily from the theory of molecular radiation. In 
this theory the extent of molecular radiation is supposed to 
be very great compared with the mean interval between the 
molecules of a body, so that the body may be treated as 
continuous. If E, EL’ be any two elements of the body, 
situated sufficiently near one another to render their mutual 
influence sensible, it is supposed that, during the time dt, a 
quantity of heat proportional to Ed¢ radiates in all directions 
from E, whereof £’ absorbs a portion proportional to #’. On 
the other hand, EZ’ emits and E absorbs a quantity also pro- 
portional, so far as regards only the magnitudes of E, EL’, and 
dt, to EE'dt. The exchange of heat between F and L’ may 
therefore be expressed by gHE‘dt. The quantity qg is sup- 
posed to be proportional, so far as regards its dependence on 
the temperatures, to the small difference between the tempera- 
tures of H and £’. It will also depend upon the nature of 
the body, upon the distance HE’, and in the case of a crys- 
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talline body upon the direction of the line EE’; but we need 
not now consider its dependence upon these quantities. If 
the length HE’ = s, and if we suppose the extent of internal 
radiation to be very small, we may express the difference 


between the temperatures of E and E’ by e It follows 


then from the theory we are considering, that the total flux 
of heat arises from the exchange of heat between all possible 
pairs of elements, such as E, E'; the exchange between any 
pair E, E’ being proportional to the rate of variation of 
temperature in the direction HE’, and accordingly inde- 
pendent of the variation of temperature in other directions. 
Now suppose the body referred to rectangular axes, and 
let P be the mathematical point whose coordinates are 
x,y,z. Conceive the body divided into an infinite number 
of infinitely small equal elements. Let E be the element 
which contains P, E’ any element in the neighbourhood of 
P, and consider the partial flux in the neighbourhood of P 
which arises from the exchange of heat between all pairs of 
elements which have the same relative position as EF and E’. 
Through P draw an elementary plane S, which it will be 
convenient to consider as infinitely large compared with the 
dimensions of the elements such as £, and conceive S to 
assume in succession all possible directions by turning round 
P. The partial flux across S will vary as the number of 
points in which the lines, all equal and parallel to EE’, 
which connect the pairs of elements, cut the plane S, or as 
the cosine of the angle between the normal to S and the 
direction EE’. Let EE’ =s; let 1’, m’, n', be the cosines 
of the angles which this line makes with the axes of z, y, z, 
and suppose S to be perpendicular to each of these axes in 
succession. We shall thus have for the partial fluxes f,, Spt 
tities proportional to /’ ~ a n' co 
quantities propo a? ™ a? ™ ZF 
du » ,du ,du ss » _, du 1g Qu ,, au 
l 7, + om ls 7’ I'm at ™ * 3? 


» or to 


; du . , 
Hence, the coefficient of 7 2 the expression for the 


Y 
partial flux f, is equal to the coefficient of o in the expres- 


sion for the partial flux f, and the same applies to y, z, and 
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to z,z. This being true for each partial flux, will be true 
likewise for the total flux, and therefore the general ex- 
pressions for the flux in three rectangular directions, with 
nine arbitrary constants, will be reduced to the form (8), 
or the general expressions (6), referred to the thermic axes, 
to the form (7). 


19. Let us further examine some of the consequences 
which would follow from the supposition that the expressions 
for the flux referred to the thermic axes have the general 
form (6). Conceive a crystalline mass, regarded as infinite, 
to be heated at one point according to any law, and let the 
source of heat be taken for origin. We have seen already 
that the succession of temperatures takes place in an infinite 
solid in exactly the same manner whether the expressions 
for the flux have the general form (6), or the more restricted 
form (7), and consequently, in the case supposed above, the 
temperature at a given time is some function of 


Ate’ + Bry’ + C72’. 


If x, y, 2, be the coordinates of any point in a line of motion, 
or line traced at a given instant from point to point in the 
direction of the flow of heat, dz, dy, dz, will be proportional 
to f., f,, f,, which are given by (6), and in the present case 

u du du 


da’ dy’ dz 
the differential equations of a line of motion are 
dz be dy 

a-F.B'y+ BEC°’2 y-D,C'2+FA'z 

u dz 

—2@- BAe + DB Yy 
Taking &, , & to denote the same quantities as in Art. 10, 
and putting for shortness 


D(BCyt=0', E(CAyt=o", F(AB)* = o"...(21), 


we get 


, are proportional to 4“z, B'y, Cz. Hence 








. (20). 





dé - dn » dg 
E “s on + wf n os w+ w= c- w'£ ass on 
Conceive an elastic solid to be fixed at the origin, and to 
expand alike in all directions and at all points with a 
velocity of expansion unity, so that a particle which at the 
end of the time ¢ is situated at a distance r from the origin, 
R 2 





»+6(22). 








236 On the Conduction of 


at the end of the time ¢ + dé is situated at a distance r(1+ dt). 
Conceive this solid at the same time to turn, with an angular 
velocity w equal to V(w*+ '* +"), about an axis whose 
direction-cosines are ww, ww", ww". The direction of 
motion of any particle will represent the direction of the 
flow of heat in what we may still call the auziliary solid, 
from whence the direction of the flow of heat in the given 
solid will be obtained by merely conceiving the whole figure 
differently magnified or diminished in three rectangular di- 
rections. 

This rotatory sort of motion of heat, produced by the mere 
diffusion from the source outwards, certainly seems very 
strange, and leads us to think, independently of the theor 
of molecular radiation, that the expressions for the flux wit 
six arbitrary constants only, namely the expressions (8), or 
the equivalent expressions (7), are the most general possible. 


20. Let the auxiliary solid be referred to the rectangular 
axes of £', n’, £&, of which the last coincides with the axis to 
which refers, It may be seen immediately, without ana- 
lytical transformation, that the differential equations to the 
lines of motion will be 


et tk €& 
E-o v+of fF" 
Taking polar coordinates r, @ in the plane of £', ', we have 
(sin 8 + @ cos@) (cos @ dr - sin Or d0) 
= (cos 0 - w sin) (sin 0 dr + cos Or d6) ; 
whence OF AED Osc owed evens os OE 





vie 


the differential equation of a system of equiangular spirals 
in which the angle between the tangent and radius vector 
is equal to tan'w. We have also from (23) 


dt’ _ (&'- wn’) dé + (9 + @&) dr 
Co (EF - wn) + (9' + wf) 
= (140%)! {Ee + add |, fdr - ve 
gr +n B+ 
whence (1 +’) log {’ + const = logr + 8 





’ 


= logr + w*logr from (24). We have therefore 
F GU a natdcnanannvencleee 


where m is an arbitrary constant. 
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Hence, in the plane of &', »’, conceive an equiangular spiral 
described about the origin as pole, such that the angle be- 
tween the tangent and the radius vector is equal to tan™w. 
Let it assume all possible positions by turning once round 
the pole, and in each position let it be made the base of a 
cylinder whose generating lines are parallel to the axis of ¢’. 
Conceive also an infinite number of cones of revolution de- 
scribed with the origin for vertex and the axis of ¢' for axis. 
The system of curves of double curvature formed by the in- 
tersection of the cones with the cylinders will be the lines 
of motion in the auxiliary solid, on the supposition that the 
constant » does not vanish. To obtain the lines of motion 
in the original solid, it will be sufficient to conceive the 
whole figure differently magnified or diminished in three 
rectangular directions, and we shall thus obtain a clearer idea 
of the form of the curves, which is the whole object of the 
investigation, than would have been derived from the rather 
complicated equations got from the integration of equations 
(20) in their original shape. 


21. It may be observed, in conclusion, that even if there 
were reason to suppose that the constants D,, #,, F, were 
not necessarily equal to zero, it is only among crystals which 
possess a peculiar sort of asymmetry, that we should expect 
to find traces of their existence. We have seen already that 
if the crystal possess two planes of symmetry, these constants 
can have no existence. But the crystalline form (taken as 
an index of the degree of symmetry of the internal structure) 
may indicate the non-existence of these constants even in 
cases in which the crystal does not possess a single plane 
of symmetry. Take for example quartz, which was one 
of the crystals employed by M. de Senarmont in his ex- 
periments. In this crystal, not only is there no plane of 
symmetry, but a peculiar kind of asymmetry is indicated 
by the occurrence of hemihedral faces, as well as by the 
optical properties of the crystal. Let three adjacent edges 
of the primitive rhombohedron meeting in one of the solid 
angles which is formed by three equal plane angles be 
denoted by G, H, J, and let the opposite edges be denoted 
by G', H', I'. If we suppose the interior structure to corre- 
spond to the crystalline form, whatever we can say of the 
structure with reference to the edges G, H, J, we can say 
with reference to the edges H, I, G, or I, G, H. This 
shews that the thermic ellipsoid must be an ellipsoid of 
revolution about the axis of the crystal, and that the line 
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to which @ refers must coincide with the axis. But further- 

more, whatever we can say of the structure with reference 

to G, H, I, we can say with reference to G’, J', H', or 

I’, H’, G', or H’, G', I’. This requires that w = - , and 

therefore w = 0, and therefore D, = 0, E,=0, F, =0. 
Pembroke College, Feb. 14, 1851. 





ON THE VELOCITY OF SOUND IN LIQUID AND SOLID BODIES 
OF LIMITED DIMENSIONS, ESPECIALLY ALONG PRISMATIC 
MASSES OF LIQUID. 

By W. J. Macavorn Rankine, C.E., F.R.S.E., F.R.S.8.A., &e. 
Read to the British Association for the Advancement of Science, Section A, 
at Ipswich, July 3, 1851. 

Introductory Remarks. 


1. Tue velocity of sound in elastic substances of different 
kinds, solid, liquid, and gaseous, has been made the subject 
of numerous and careful experiments, most of which are well 
known. The object of this investigation is to determine to 
what extent our present knowledge of the condition and 
properties of elastic bodies and of the laws of elasticity 
enables us to use those experiments as data for calculating 
the elasticity of the materials; and also to point out circum- 
stances which, so far as I am aware, have been insufficiently 
attended to, if not altogether overlooked, in previous theo- 
retical researches, and which must limit our power of drawing 
definite conclusions from those experiments until our know- 
ledge of molecular forces shall be in a more advanced state. 


2. If it were possible for us to ascertain by experiment the 
velocities of transmission of vibratory movements along the 
axes of elasticity of an indefinitely extended mass of any 
substance, we could at once calculate the coefficients of 
elasticity of that material; for in such a mass we can assign 
the direction of vibratory movement corresponding to each 
given direction of transmission, and consequently the nature 
of the molecular forces which are called into play, and whose 
intensity is indicated by the velocity of transmission. In an 
uncrystallized medium, for instance, the direction of vibration 
must either be exactly longitudinal or exactly transverse with 
respect to the direction of transmission, so that we can calcu- 
late from the velocity of transmission the longitudinal or the 
transverse elasticity, as the case may be. In a crystalline 
medium having rectangular axes of elasticity, the directions 
of vibration, though not always exactly longitudinal or trans- 
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verse, unless the direction of transmission coincides with an 
axis, have still certain definite positions. 


8. It is only in air and water, however, that such ex- 
periments are possible. For other substances, the best 
experiments which it is practicable for us to make are those 
upon the transmission of nearly-longitudinal vibrations along 
prismatic or cylindrical bodies. Were we able to ensure that 
the vibrations of those prisms and cylinders should be exactly 
longitudinal, we might compute from their velocity of trans- 
mission, as from that of such vibrations in an unlimited mass, 
the true longitudinal elasticity. ‘This we can do for gaseous 
substances, as M. Wertheim has proved (Ann. de Chimie et 
de Phys. Ser. III. tom. xxi11.) by making the organ-pipes in 
which they vibrate of proper construction. 

In liquid and solid columns, on the other hand, it is im- 
possible to prevent a certain amount of lateral vibration of 
the particles, the effect of which is to diminish the velocity — 
of transmission in a ratio depending on circumstances in the 
molecular condition of the ugetial particles, which are 
yet almost entirely unknown. 


4. It has indeed been sometimes supposed, that the coef- 
ficient of elasticity, as calculated from the vibrations of a solid 
rod, is that called the weight of the modulus of elasticity ; that 
is to say, the reciprocal of the fraction by which the length 
of a rod is increased by a tension applied to its ends of unity 
of weight upon unity of area; that coefficient being less than 
the true coefficient of longitudinal elasticity, because the 
lateral collapsing of the particles enables them to yield more 
in a longitudinal direction to a given force than if their dis- 
placements were wholly longitudinal. 

This conjecture, however, is inconsistent with the me- 
chanics of vibratory movement; and accordingly, experiment 
has shewn that. the elasticity corresponding to the velocity of 
sound in a rod agrees neither with the modulus of elasticity, 
nor with the true longitudinal elasticity; although it is in 
some cases nearly equal to the former of those quantities, 
and in others to the latter. 


5. In liquids, it has been shewn by the experiments of 
M. Wertheim (Ann. de Ch. et de Phys. Ser. III. tom. xxu11.) 
that the velocity of sound in a mass contained in a trough, 
and set in motion through an organ-pipe, bears to that in an 
unlimited mass the ratio of 72 tov3. This has led him to 
form the conjecture, that liquids possess a momentary rigidity 
for very small molecular displacements, as great in comparison 





240 On the Velocity of Sound in 


with their other elastic forces as that of solids. This con- 
jecture, paradoxical as it may seen, would indeed be ne- 
cessary to account for the facts if the supposition I have 
already mentioned were true, that the velocity of sound in 
a rod depends upon the modulus of elasticity. I shall shew, 
however, in the sequel, that if we suppose that at the free 
surface of every mass of liquid, an atmosphere of its own 
vapour is retained by molecular attraction under certain 
conditions of equilibrium, the ratio /2: V3 between the 
velocities of sound in a prism and an unlimited mass is a 
consequence of the equations of motion in all cases in which 
the liquid has any rigidity whatsoever, even although so 
small as to be insensible by any means of observation; so 
that the supposition of a rigidity for small displacements 
equal to that of solids becomes unnecessary. 


6. With respect to solids, all that theory is yet adequate 
to shew us is, that the velocity of sound along a rod must be 
less than in an unlimited mass—a conclusion in accordance 
with experiment. The precise ratio depends on properties 
of the superficial particles yet unknown. 


General Equations of vibratory movement in homogeneous bodies. 


7. Having now stated generally the objects of this paper, 
I shall proceed in the first place to the mathematical inves- 
tigation of the integrals of the general differential equations 
of vibratory movement in homogeneous bodies; because, 
although those equations have already been integrated by 
many mathematicians, it will be necessary in this paper to 
introduce functions into the integrals which have hitherto 
been almost totally neglected in such researches; having 
been applied only to the theory of waves rolling by the 
influence of gravity, to that of total reflection, by Mr. Green, 
(Camb. Trans. vol. v1.), and by Professor Stokes, to represent 
the gradual extinction of sound by its conversion into heat. 


8. Let g represent the accelerating force of gravity : 

D the weight of unity of volume of an homogeneous sub- 
stance, having orthogonal axes of elasticity whose directions 
are the same throughout its extent: 

A,, A,, A,, the coefficients of longitudinal elasticity for the 
axes of 2, y, 2, respectively : 

B,, B,, B,, the coefficients of lateral elasticity, and 

C,, C,, C,, those of rigidity for the planes of yz, zz, zy, 
respectively : 

&,, ¢, the displacements of a particle parallel to z, y, z, 
respectively. 
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Then it is well known that the differential equations of 
small vibratory movements are the following, when small 
quantities of the second order are neglected : 

d° @’ @\ ,) 
—=,+ A, Btw aG)e 
dn at 
D @& a’ rh d’ 
0=(-2 BIO 40,5) 
at 


Fig 
+B CFS + (Bree 


D@ he a f 
0n(- 2.54 G16, +4, BE 
dn 


dy dz 





a 
dzdzx 
of which the integrals are 
E= S{Lo(vet + az + By + yz + «)} 
n= D{Lo (vet + ax + By + yz + oi os «(8) 
C= X{Lo(vet + ax + By + yz + «)} 
The form of the function @ being arbitrary, subject to 
a restriction to be afterwards referred to, and = extending 
to any number of terms, the coefficients of which fulfil the 
following conditions. Let 
@, = Aa’ + C3’ + C,7’ 
i os Ca" + A, + Cy’ 
"—* C,a! 7 Ce" + A,y’ 
A= (B, + C,) By 
p, = (B, + C,)ya 
p, = (B, + Gap 
Oe 
g ) 
Then the following equations must be satisfied by the 
coefficients of each set of terms in equation (2): 
0=L,(~, - E)+ Lp, + Lo, 
0=Lp,+ L,(#, - E)+ rim | 
0=Lp,+ Lp, + L,(@, - B)} 


+ (B,+C) + (B,+C, 





. .(38). 
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By elimination we transform those equations as follows. 
Let 


G=o,+0,+%,, 
H= oF, +O, + 9,9, ~ p;" ais Py igs Ps» |. ee .(b). 
Ke= @,70,0, + 2p,P,p, - mp, = 7p, in @ pss 
Then for each set of values of a, 3, y, E has three values 
which are the roots of the cubic equation 
0= E*-GE’+ HE-K..........(4)3 


so that ve has six values, three positive and three negative, of 
equal arithmetical amount. 

The absolute values of L,, L,, L,, are arbitrary, but their 
mutual ratios are fixed by the following equations, 


L, {(~, - E)p, - p,p,} = L, {(~, - E) p, - Pel 6) 
= L, {(@, - E)p, - P:P2t 
consequently they have in general three sets of ratios for 


each set of values of a, 3, y, corresponding to the three 
values of £. 


9. The condition that the motions of the particles of the 
body must be small oscillations restricts the variations of the 
displacements £,, € within certain limits. Now as the 


time ¢ increases ad infinitum, this can be fulfilled only when 
each of those quantities is either a periodical circular function 
of ¢, or a function developable into a sum or definite integral 
of such functions. We may therefore make each of the 
functions @ a trigonometrical function of ¢. This being the 
case, those functions must be either trigonometrical or ex- 
ponential with respect to x, y, and z, or compounded of both, 
being trigonometrical so far as a, 3, y, are real, and expo- 
nential so far as they are imaginary. 

If we suppose each of these coefficients to consist of a real 
and an imaginary part, then each of their functions which 
enters into the equations of condition, will also consist of 
a real and an imaginary part. Each of the equations of 
condition thus becomes divided into two, which must be 
separately satisfied. 

Thus we arrive at the following results : 

For the symbol ¢{}, put et}; so as to make &, &c. 
trigonometrical with respect to ¢ Let » be a line of such 
a length that 

@+0+c=1, 
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and let 


y= 5 (Fe-ey-1): 


also let Z,=7F0v-1, L,=mF¥my-1, L,=nFny-1; 
so that the displacements become 
2ar 
cme |. 
= X {terms in m,m’}, €= 3 {terms in n, n'} 
Let the quantities in the equations of condition be thus 
represented : 
a al + pv- 1, &e.; PAHO, t qv- 1, &c.; 

G=gi9v-1; H=bsbv-1; Kak hy-1. 
The equations of notation now become 
Pp, = A,(@ - a”) + C,(8 - 6”) + C,(e - &”) 
P, = C,(@ - a”) + A,(B - 6") + Ce - c?) 
P, = C,(@ - a”) + OC, (8 - 6”) + A, (ce? - ¢”) 
q, = (Bi + C,)(be - Ue’) 
q, = (B, + C,)(ca - ca’) 
9, = (B, + C,)(ab - ab’ 
P, = 2(A,aa’ + Cbd’ + Cec’) 
P, = 2(Caa’ + A,bb’ + Cec’) 
Ps = 2(C,ad’ + Cb0' + A,ec’) 
q; = (B, + C,) (bc + 8c) 
% = (B, + C)) (ca’ + ca) 
q; = (B, + C,)(ab’ + ab) 


2, Bes belive, or a 
g D 


B= P, + P, + Py g =P, + Py +p; 
D= P,P. + PsP. + PiPr-% -% -% 
— PrPs — PsPy a P: Ps ba q,° be: e" + qs 
b= P.Ps + PrPs + PsP + PsPy + PrP2 + PxP2 
20,9; - 29,92 on 29:95. 
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& = p,P,P, + 29,9.9) - PM - PIs ~— Pads 
si P:PsPs in PiPrPs met Pi PoPs 
— 29,9295 + 1199s + 1929s) 
+ DQ" + Pat PQs + 2 PLU + P2V92 + Ps Ms) 
W = pypyPy + 29,993 — PQ ~ PQs — PQs” 
— P;P1Ps — P\P:Ps- P\P2Ps 
=f (9: 9.9s + 1:92 Ys + 1199s ) 
+ PQ. + Pade + Ps Qs + 2D + P42 + P2993) 
Also let 
ad (p, ss E) %,- An — 9.9, + 9s 
+= (p, a E) q, — Pi, — 9,9, + wn 
{= (Ps - E£) 9; — Ps — U9, + NG 
t= (p,- BQ) + 1% - %9s - 9% 
M - (p, es E) % 7 Pr si V9 1 9%; 
ty = (p, - EB) gy + Ps - UIs -— 
Then the equations of condition relative to the coefficients 
become the following : 


0 =< E’- gk’ +E -&........4. .(8), 
0 = WE? -WE+ etuns sane 
Ie, + Ut) = mt, + m't, = nr, + n't, (10) 
Ie,’ - Ue, = me, - m’r, = nt, — n'r,f 
The three original equations of condition are transformed 
into the following six, to which (8), (9), (10) are equivalent : 





0=1(p, - E) + Up, + mq, + mq, + ng, + ng, ) 
0= (Cp, - £) ad lp; + m'q, oi mq, = nq, = ng, 
0 =1g,+Uq, + m(p, - E) + mp; + 0g, + n'q/ 
0= U9, oo lg; + m (p, ri L) ad mp, al nq, a ng, 
0 = 1g, +09, + mg, + m'qi + n(p, - E) + n'p, 
0 = 19, - 1g, + mg, - mg, + n'(p, - E)- np, ) 


v--(10A). 





To give an intelligible result, the terms of the series in 
equation (7) must be taken in pairs with the imaginary 
exponents in each pair of equal arithmetical value and 
opposite signs. 


_—_ 


Pe ee ee ee eee eee ee | 


- -_ za 
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Hence equations (7) are equivalent to the following: 
2 


g= > & ee {Leos = (vet — ax — by - cz) 


+ Tsin = (vet - ax — by - ce) ee (11). 


= = {terms in m,m’}, €= 3 {terms in x, n'} 


The above equations (11), together with the equations of 
condition (8), (9), (10), (or their equivalent 10A), and the 
equations of notation (c), contain the complete representation 
of the laws of small molecular oscillations in a homogeneous 
body of any dimensions and figure; it being understood that 
in the symbol of summation & are included as many definite 
integrations as the problem may require with respect to 
independent variables of which the coefficients 2X, Ve, a, b, ¢, 
a’, b,c’, l, m, n, U, m’, n’, are functions. 

As there are fourteen coefficients, connected by seven 
equations, viz. a’ + 4° + c’= 1, and the six equations of con- 
dition, the greatest number of independent variables is 
limited to seven; therefore, in the most general case, the 
symbol 3 {...} in equations (11) may be replaced by 


SSF O,,0,,0,,0,,0,,0,,0,){..}0,d0,d0,20,d0,d0,d0,...(1 2), 


6,, &c. being variables of which the coefficients are func- 
tions, and F an arbitrary function.* 


10. Let us consider the physical meaning of a single 
set of terms of the sums in equations (11), containing but one 
set of values of the coefficients. It represents a system of 
plane waves, the wave surfaces, or planes of equal phase 
in which are normal to the line whose direction-cosines are 
a,b,c. Ris the length of a wave measured along that line. 


4 (Ve.t - aw - by - cz) + tan" é, 
» are the 
. ™ \ phases of 
m' | vibration 
for 


> 


= (ve.¢ — ax — by - cz) + tan 


27 n 
— (ve.t - ax — by - tan” — 
: (ve ax — by - cz) + 7 





* To make the functions in equations (11) satisfy the conditions of equi- 
librium, instead of those of oscillation, it is only necessary to make « = 0, 
and to substitute k = 0, k = 0, for equations (8) and (9), Some additional 
functions, however, are necessary in order to complete the values of £&, n, &. 
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ve= M%) is the normal velocity of propagation, * is the 


periodic time of an oscillation of a particle 
2a 
— (a'a+d’yte's) 
VP +1).e x", 
and the corresponding expressions in m and n are the semi- 
amplitudes of vibration parallel to z, y, z, respectively ; 
a’, b', c', are proportional to the direction-cosines of a normal 
to a series of planes of equal amplitude of vibration. 
The trajectory of each particle affected by a single series 
of plane waves is in general an ellipse, the position and 
magnitude of which are found as follows. Let ¢, denote 


the value of = (ve.é - ax - by - cz), which makes the total 


displacement v(£ + 7° + £°) a maximum or minimum. It is 
easily seen that P ? 
tangm- Fa /(14 5). ssseeee (13), 


Ll? +m? +n? - 1? —- m® -n® 


where $= 
Ul' + mm’ + nn 





The values of £, , & calculated from ¢, by equations (11), 
are the coordinates of the extremities of the axes of the 
elliptic trajectory, referred to the natural position of the 
particle as origin. 

The processes of summation and definite integration denote 
the representation of an arbitrary manner of oscillation by the 
combination of a definite or indefinite number of systems of 
plane waves. 


Case of an indefinitely extended medium. 


11. Let the medium, in the first place, be supposed to 
be indefinitely extended in all directions. This case having 
been thoroughly investigated by MM. Poisson, Cauchy, 
Green, MacCullagh, Haughton, Stokes, and others, I shall 
give merely an outline of the general results. The condition 
that the motion shall consist of small oscillations, here makes 
it necessary that the exponential factor in the displacements 
should in all cases be equal to unity, and therefore that 


a=0; B=0; c=0; 
and consequently each of the accented symbols in equations 


(c)= 0. Equation (9) vanishes, and the normal velocity of 
propagation for each set of direction-cosines a, 5, c, has, 
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generally speaking, three values, corresponding to the three 
values of H, roots of equation (8). Equations (10) become 


ee, ae 
n ne 


yy 


l:mini:U:m': 


consequently the phases of &, , €, are simultaneous ; so that 
V(P + 1”), v(m? +m”), v(n? +n”) are proportional to the di- 
rection-cosines of a rectilinear vibratory movement of the 
semi-amplitude V(7? + 7? + m’ +m” +n? +n”), which cosines 
have in general three sets of values corresponding to the 
three values of £. It is easily shewn that those three 
directions are at right angles to each other. ‘The number 
of coefficients being in this case reduced to eleven, con- 
nected by six equations, viz. a’? + b°+c’=1, equation (8), 
and the proportional equation (14) which is equivalent to 
four, the greatest number of definite integrations in the 
operation (12) is restricted to five. 

Thus it appears that the velocity of transmission of vibra- 
tory movement through an indefinitely extended mass, has 
a set of definite values, not exceeding three, for each position 
of plane waves. When the direction of propagation coincides 
with an axis of elasticity, we find those values to be: 





For vi- 

brations 

parallel 
to 


Velocity of propagation along 





R 


y 


Va) Ma") 
AS) V2) v\ 
VH)| V)} VC 


When the substance is equally elastic in all directions, we 
have simply, 
Velocities of propagation in any direction for longitudinal 


vibrations .... J (4 ) ‘ 


= 
Nee” 


lL 


) 
) 


Lb 
Sig 
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For transverse vibrations, in any direction perpendicular 
: [Cg 
to that of propagation .... vi D ) ; 
Hence, experiments on the velocity of sound in an in- 
definitely extended mass, or one so large as to be practically 
such, afford the means of directly calculating the coefficients 
of elasticity. 


General case of a body of limited dimensions. 


12. It is not so, however, in a body of limited dimen- 
sions; for the coefficients a’, b', c', in the exponents of the 
exponential factors are no longer necessarily null, but have 
values which must depend on the molecular condition of the 
external surface of the body, and on the forces applied to it. 
The velocity of propagation is no longer a function of the 
direction-cosines a, 6, c, alone, but also of the coefficients 
a’, b',c’. It has in general but one value, corresponding to 
the common root of the equations (8) and (9). By substituting 
successively the two roots of equation (9), viz. 


' 2 ’ 
Es (b-1) 
2g 4g” g 


for E in equation (8), the latter is converted into two alter- 
native equations between the six quantities a, b,c, a’, b', c, 
shewing the relations they must have in order that equations 
(8) and (9) may have a common root. In the only particular 
problems, however, of which I shall here give the solutions, 
those relations are obvious without going through that pro- 
cess, for they belong to a class of cases in which the three 
quantities 9’, 5’, &, have a common factor; which being 
made = 0, the necessary conditions are fulfilled. 

It is obvious that in all cases the effect of the coefficients 
a’, b', c', is to diminish the velocity of propagation. 

13. The following are the values of the three components 
of the velocity of a particle: 


ov ‘a+b! y+b's 
Bas | vee" i |{-tsin (et a2—by ~c2) 


dt r 


+1’ cos a (ve.t — az — by - ee) | ++-(16). 


a = {terms in m, m’} ; = = {terms in n, n’} 


The strains, or coefficients of relative molecular displace- 
ment, are as follows: 
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Longitudinal Strains. 


2a 
-3 a -2[2F ox X (a’a+b’y to's) {ea ax l'a)cos = (ve.t —-axr- by - C2) 


+ dos fee at a0— yo} 


a = {terms in (mb' - m’b), (mb + m’b’)} 








o = {terms in (nc’ - n'c), (ne + n'c’)} 
wee 


In the Distortions. 
Plane 


yz 2. -> [xe a (a’atb'y+e's) 


me -m aa b) cos = (Vedt- az—by- cz) 


+(me+m'c'+nb+n'b')sin ca x e.t-ax—-by- ee) 
qe df 
dz * dz 


zy +.o. > {terms in (/d' - [6 + ma’ -m’a), 


(1b + Tb’ + ma + m’a’)} | 


The pressures on the coordinate planes, arising from those 
strains (using the notation of my paper on the Laws of 
Elasticity, Cambridge and Dublin Mathematical Journal, 
February 1851), are the following: 


oe e( BTA) 


= & {terms in (na’ - n‘a + Ic’ -Tc), 


(na + n'a’ + le + Tc’)} 











Normal. 


dé d 
On ye Pio A, SF - ag BF 


--3(% sree (el (la' - Ya) 
+ B,(mb' - m'b) + B, (ne - n'c)).cos = (ve.t - ax — by - cz) 
+ (A, (la + Va’) + B, (mb + m'b') + B, (ne + n'c')) 
sin a (ve.t ~ at — by - ce) 


NEW SERIES, VOL. VI.—Nov. 1851. 
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The other normal pressures are found by substituting 
symbols according to the following table: 


Plane. Pressure, Coefficients. 
3? B,, 


Tangential Pressures. 


Distortion. Along On the plane 


y -.c (2, &\) 
- u } ® o(Z+S) 


2x i. , (z + 2) .(18A). 


fz za) _. np (Ea 
zy ly f Q, C, dy + — 
Case of an Uncrystallized Medium. 


14, I shall now take the particular case of an uncrys- 
tallized medium, in which the coefficients of elasticity are 
the same for all axes, and may be represented thus: 


rigidity = C; fluid elasticity = J; 
longitudinal elasticity A = 3C'+ J, 
lateral elasticity B= C+ J= A - 20. 


The position of the axes being in this case arbitrary, I 
shall take the direction of propagation as the axis of z, so 
as to make gai. $00, cad 

> > . 





To fulfil the condition that equations (8) and (9) shall 
have common roots, we must make 


a =0, 
being in this case a common factor of q’, h’, &. 
The equations of notation (c) now become 
Pp, = A- CH +c”) 
P,=7- Ab” + CCl - ec”) 
Pp, =~ Ac* + C(1 - 6") 
% -(A- C)be'; q, = 95 q; = 9 
P, = 93 P, = 0; P, =0 
g= 03 g =(A- C)e's g/=(A- C)d; 
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g= (A + 2C)(1 - 6" - c”) ) 
b =(2AC+ C*)(1 - 8" - c”P 

& = AC’ (1 - 5? - ce”? 

g =0; b= 0; & =0 

1” (p, - E)q,+ 92.95 3 t,= 0; %=0; 

t= 05 t) =(p,- E) 9,- 9.9.3 * =(P,- F) 9, - 19: 

Hence it appears, that for an uncrystallized medium, 

equation (8) has three roots, viz. 


one root E= A (1 - 5” - ce”), 
two equal roots, each, EH = C(1 - b 





\ 
ag’) frv(19). 


So that the velocity of propagation is less than that in an 
unlimited mass in the ratio vV(1 - 6” - c”): 1, Equation (9) 
disappears. 
Equations (10) become 
lr, = m's, = n't, 
- Tt, = mt! = nt, 
‘ ‘ v 1 1 
or E:miins:-Usmini-3—: 
v v 2 
Equations (10A) become 
0 =U(p, - E) + mq, + n'9, 
0= lp, ‘ia E) = mq, sa ng, 
0=19, + m(p, - E) +19, 
0 = - lg, + m' (p, - E)+n’'9, 
0 =19. + mg,+n(p,- E) 
0 = - 1g) + mq, + n' (p, - E) 


ovies (Q0R). 





15. It may be shewn that the vibrations corresponding 
to the roots C(1 - 5” - ”) cannot take place in a body of 
which the surface is free, unless 3’ = 0, c’ = 0, in which case 
they are reduced to ordinary transverse vibrations. (See Ap- 
pendix No. II.) 

Nearly-longitudinal Vibrations in an Uncrystallized Medium. 

16. For the present, therefore, I shall confine the in- 

vestigation to the root 
E= A(1-6"-c”), 
corresponding to the velocity of propagation 


Ve= NF (i - 0° - ah 
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The vibrations to which this root is applicable may be called 
nearly-longttudinal ; because in them the longitudinal com- 
ponent predominates, and their velocity of transmission is 
a function of the longitudinal elasticity A, 

This value being substituted for Z in the expressions for 


t, &c., gives m =- 61; n'=-cl 
m=bT; n=cl \ 
Which values being substituted in equations (11), (16), (17), 


(18), give the following results. 
For brevity’s sake, let 


Qo ae: ile iin 
Zz Oy +cz)= 4; a, (ued r)= >; 


also let P=> [2 ev (U cosh - 7 sin a} ; 
lan 


Then the displacements are : 


E=> {ev Icosh+l'sind)} = d®) 


“ 


n= > {bev (U cosd - I sing)} = — 


¢ = = {ce’ (I cosd - 1 sing)} = — 
The velocities of the particles are: 


e 2 {= Ve.e¥ (I cosd -1 sing)} 


dn _ (Qa tat ,] 
_ ey Ve.b'ev (1 cosh + 1 sing) 


J eee 
de 2a af, ow "$1 
ai =< 3{5 Ve.cev (I cosh +1 sing)} 


The longitudinal strains : 


= =- 2 {= ev (I cosh - Ising} 


a am [2a b"ev (U' cosh - Z sin #)} 


ey 
> 27 ec? 
= => {Fe ev (U cosd - ising} 
The total change of volume : 
dé aa dt 
dz" * de 











--3{7 (1-0"-c"*)ew (cos $~ Tsing)! 
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The distortions: 
dy gy [28 
sa" 13 


4 + = = 2> ce’ (l cosh +7 sin 6)} 


dé dn _ Qr ,, "at 
Tet gen 2B {Ede Loose + 2 sing)} 


The pressures due to the displacements are as follows: 


Bic'ev (I cos - I sin #)} 





Normal Pressures. 
P= | er {.A(1-b?-c7)+2 C(b"+e")} (U' cosh-1 sing) 
2 


‘aad {.A(1-b"-c*)-2C(1-c")} (U'cosp- ising) 


P,- sl e { A(1-b?-e?)-2.0(1-b")} (2 cosp-lsing) | 


P= 





The tangential pressures Q, Q, Q,, are found by multi- 
plying the distortions by - C. 

Let R,, £,, R,, be the three components of the pressure 
exerted by the particles of the body, in consequence of the 
molecular displacements, at any part of its external surface, 
the normal to which makes with the axes the angles a, 2, ¥. 


Then R, = P, cosa + Q, cosB + Q, cosy 
R, = Q, cosa + P, cos + Q, cosy ! ow of 87), 
R, = Q, cosa + Q cos + P, cosy 
Should there be any surface along which the particles are 


constrained to slide, it is obvious that at that surface the follow- 
ing condition must be fulfilled : 


0 = & cosa + 9 cos + € cosy; 
or if z, = f(z, y) be the equation of the surface, 


dz, dz, ake 
0= tT + dy dq 


Were we acquainted with the laws which determine the 
superficial pressures in vibrating bodies, equations (27) would 
enable us to determine the values which 0’ and c’ must have, 
in virtue of those laws, during the transmission of sound in 
a limited mass of an uncrystallized material, and thence the 
ratio V(1 - b? - c*): 1 in which the velocity of sound in such 
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a body is less than in an unlimited mass of the same material. 
Those laws, however, are as yet a matter of conjecture only. 


Transmission of a definite musical tone. 


17. When the body transmits one or more definite 
musical tones (which is the case in all experiments capable 
of yielding useful results), the velocity of propagation must 
be the same for all the elementary vibrations into which 
the motion may be resolved: that is to say, 1 — 8? —- ce” must 
have the same value in all the terms of the sums 3. ‘This 
affords the means of simplifying the equations. Let 


b° +c? =h?; b'=hcos@; c=hsinO; 


h being the same for all the terms in the sums =. Then 
the velocity of propagation is 


ve= [a — BY) seca se ees OM) 


and this factor may be removed outside the sign of summa- 
tion. 


When but one musical tone is transmitted, the factor * also 


may be removed outside that sign, and for = { } may be 
substituted a definite integration 
= {FO {...} d0 
F@ being arbitrary. 
We have also 


=m 5 (y0086+z6in 6) 
ew _ x ycos sin 
2a 
A . 
be treated as constants in the definite integration. 
Introducing these modifications into equations (28) &c., we 
find 


in which h, y, and z are independent of 0, and may 


$= a. (I cos - Using) & fe F0d0 
Tv 


Displacements. 
&=(l cosh +7 sind) = fe’ Fbd0 
» =(U cosd - 1 sing) h.= {cos be” FOd0 
£=(l cosh —/ sing) h.& fsin Oe’ F0 de 
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Velocities of the Particles. ) 
ak oF Ves (l cos @ - 1 sind) = fev F0d0 


e(Z cos p + U' sin p) h.S fcosbe’ FOd0 


: in 2m Je(Lcosp +t sin $) h.> fsin Oe’ FOd0. 


Longitudinal Strains. 
a = cos @ - J sin) S fev FOd0 


i =¢ cos @ - J sin g) h?. fcos’ be’ FO db 
dy Qa 


a zx ¢ cos @ -1 sin p) h?.S /sin’ ev FOd0. 


Cubie Dilatation. 


dé dn df on — 
= as" > EF cosg- Ising) (1-h’)S fev FOd0. 


Distortions. 
dn dg 4dr 


ale > xi ¢ cos g - Zsin ) h?S {cos sindev Fod0 | 


df dg 40 
de dz 
qd dy " " 
7 a*s (i cos + U' sin) h& foos Oe¥FOd0 


Which being multiplied by - C, give the tangen- 
tial pressures Q,, Q,, Q,, on the coordinate planes. 


x ¢ cos f + J’ sind) AS {sin Oe’ FOd0 


Normal Pressures on the coordinate planes, due to the dis- 
placements. 


P= = cos - Ising) {.A (1- h') + 20h} & fev F0d0 


P,= = (Foosp - Using) {A (1-#)- 20} 3 fev F0d0 
+ 2Ch’S sin’ Oew F0d0) 
Paz cosh - J sing) [{A (1-h*)- 2C} & fev F0d0 
+ 20K feos’ ev F0d0) 
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Let R,, R,, R,, be the components of the pressure exerted 
by the body, in consequence of the molecular displacements, 
at a point of its surface normal to the direction (a, B, +). 


Also let cos 3 = sina cos y, 
cos y = sina sin y, 


so as to make z the axis of polar coordinates, and zy the 
plane from which longitudes y are measured. Then 


= ~[eosa(t cosp-/sing){.A(1-h°)+2Ch?} 3 fev F0d0 

- 2 sina (Jcos ¢ +7 sin) Ch {cos (0 - x) ev F0d0} 
R,= = [- 2cos a(J cos $ +1 sin ) ChE {cos Oe¥ FOd0 
+ sina (’cos$-/ sing) { cosy (.A(1-h*)- 2C)3 fev F0d0 
+ 2ChS [sin 8 sin (0 - x) e F0d0}) 

™ = [- 2 cosa (Leos $ +1’ sin $) ChE fsin Oe FOd0 
+sina(I' cos$-/sing){siny (A(1-h*)- 2C) B fev FOd0 
- 20h [cos 6 sin(@ - yx) ev FO d6}] 


Let P’ represent the normal pressure at the given point of 
the surface due to molecular displacements: then 





P = R, cosa + sina (R, cos x + R, sin x) ) 


= P, cos*a + P, sin’a cos*y + P, sin’a sin’ x 
+ 2Q, sin’a cos y sin y + 2Q, cosa sina sin x 
+ 2Q, cosa sina cos x 
. = [(U’ cos $ - Using) {(.4 (1 - 2’) 
+ 2C'(R? cos*a - sin’ a)) = fev F0 do 
+ 2Ch’ sin’ a = fsin’ (0 - x) ev F0 d6} 
- 4(Ilcos$+l'sing)Ch cosa sina  fcos(0 - xe" F060] 





Propagation of sound by nearly-longitudinal vibrations along a horizontal 
prism of liquid contained in a rectangular trough, investigated according 
to a peculiar hypothesis. 

18. I shall now suppose the vibrating body to be a rect- 
angular horizontal prism of liquid contained in a trough of 
some substance so dense, hard, and smooth, that the particles 
at the sides and bottom of the trough are constrained to slide 
along those surfaces, and that the vertical ends of the trough 
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are capable of perfectly reflecting a wave of sound travelling 
5c mesa fi so that the propagation of that wave may take 
place as if in a trough of indefinite length: and I shall in- 
vestigate the velocity of such a wave according to a peculiar 
hypothetical view of the molecular condition of the upper 
surface of the liquid. 

The axis of x being the horizontal axis of the trough, and 
parallel to the direction of propagation, let that of y be 
transverse and that of z vertical. Let the middle of the 
bottom of the trough be the origin of coordinates, 2y, being 
its breadth, and z, the depth of liquid in it. 

The conditions to be fulfilled at the bottom are when 


z=0, a=jm7, and y=- $7. 


2ar 
Let 3 /sinde’ F0d0 = 3/sin Oe" F9d0 = 0 
at the sides when 
y=+y, a= $n, and X= 0 or 7. 


Qar 
Let S/cos be” FOd0 = X/cos errr me 0; 
which conditions are fulfilled by making 
cos#=0, sin®=+1, 
and putting for S/F0d0 a summation of two terms in which 
the signs of the exponent are respectively positive and 


negative. 
Thus we obtain 


Qn Qe 

£ = (cos + I’sing) (..* +e % *) 

n=0 oe .(33). 
oa 2 

f= (l'cos - Isingyh(er wre " 


The trajectory of each particle is an ellipse in a vertical 
longitudinal plane ; the motion being direct in the upper part 


of the ellipse, because the sign of = is the same with that 


of & The axes are vertical and horizontal respectively, and 
have the following values: 


- a 
horizontal axis = 2v(? + (ex +e ) 
2ar 


2ar 
vertical axis = 2V(7° + rater” ee se), 


so that the motion is analogous to that of waves propagated 
by gravitation, being entirely horizontal at the bottom of the 
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trough, and elliptical elsewhere, the ellipse being larger and 
less eccentric as the height above the bottom increases. The 
ratio of the axes, however, instead of approaching equality 
as the depth of the trough increases (which is the case with 
waves of gravitation), approaches 1 : A. 


19. To determine this ratio, upon which the velocity of 
sound along such a mass of liquid must depend, I shall 
assume the following hypothetical principles respecting the 
state of the particles at the upper surface. 

First, that (as laid down in a previous paper, Cambridge 
and Dublin Mathematical Journal, February, 1851,) the 
elasticity of bodies is due partly to the mutual actions of 
atomic centres producing elasticity both of volume and 
figure, and partly to a mere fluid elasticity resisting change 
of volume only, and exerted by atmospheres surrounding 
those centres; and that the effect of the mutual actions of the 
atomic centres in producing pressure is very small in liquids, 
and absolutely inappreciable in gases and vapours. 

Secondly, that every liquid maintains at its surface, by 
molecular attraction, an atmosphere of its own vapour, under 
these conditions—that the total pressures of the liquid and 
vapour, and also their fluid pressures, shall be equal at the 
bounding surface. (From this hypothesis I have already 
deduced the form of an approximate equation between the 
pressure and temperature of vapour at saturation.) The total 
pressure of the vapour on the liquid is sensibly equal to its 
fluid pressure: the total pressure of the liquid on the vapour 
consists of its fluid pressure, and a pressure due to atomic 
centres; the latter quantity must therefore be null. 

Thirdly, that the pressure of the vapour follows that of 
the liquid throughout its variations during the propagation 
of sound; so that the portion of the pressure of the liquid 
on the vapour, due to atomic centres, must continue null 
throughout these variations. 

Let be the mutual pressure of the liquid and its vapour 
in a state of rest; then «+ J” is their momentary mutual 
pressure during the passage of a wave of sound horizontally 
along the trough. ‘The portion of P’ depending on the 
coeflicient of rigidity C being made = 0, we shall obtain an 
equation from which the value of 4 may be deduced. 

Making the proper substitutions in equation (382A), viz. 


cosa=0, sina=1, cosy=0, siny=1, vot ye, 


cos#=0, sinOd=+1, P0=1, z=z, &c., 
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we find 

Q7r ( 7o te i 
o+P=a+ < (U'cosp—Ising){A(1-h?)-2C}\e* ‘+e * ) 


The part of this depending on mere fluid elasticity, in which 
the liquid is followed by the vapour, is 
dé dt 
*- Ete) 


2er 2ar 
x") 
+] 


=@+ = (Ucosp - Using).J (1 - wy(ex" +e 


which being subtracted, there remains for the part depending 
on atomic centres, 


2 - 2t0 
0= + (U' cosp — Zsing) C(1 - sht)(ex "ter ), 


Consequently 1 - 3h? =0, or h=vV4} ...00040(33), 


is the equation of condition sought, arising from the state of 
the free surface; and this equation is independent of the 
amount of rigidity of the liquid, requiring only that it shall 
be something, however small, while that of the vapour is 
null. 

It follows from this equation, that the velocity of propa- 
gation of sound along a trough of liquid of the density D, 
and longitudinal elasticity A, is 


is Vio . i} VG Bo (34), 


or less than the velocity in an unlimited mass in the ratio of 
V2 to V3. 


20. This is precisely the result arrived at by M. Wertheim 
from a comparison of his numerous experiments on the 
propagation of sound in water at various temperatures, from 
15° to 60° centigrade, in solutions of various salts, in alcohol, 
turpentine, and ether (Ann. de. Chim. Ser. III. tom. xxt1.), 
with those of M. Grassi on the compressibility of the same 
substances (Comptes Rendus xix. p. 153), and with the 
experiments of MM. Colladon and Sturm on the velocity 
of sound in an expanse of water. 

M. Wertheim ‘having given this comparison in detail, I 
shall quote one example only. 

The velocity of sound in an unlimited mass of water at 
the temperature of 16° centigrade, as ascertained by MM. 
Colladon and Sturm, was 1435 métres per second. 
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That of sound in water contained in a trough, the vi- 
brations of which were regulated by an organ-pipe, was 
found by M. Wertheim, at 15° centigrade, to be 1173.4\ 
métres per second. 

The ratio of the squares of those quantities is 0.6686: 1, 
differing from 3 by 0.0009 only. 


Remarks on the propagation of sound along solid rods. 


21. I refrain from giving in the body of this paper 
detailed investigations of particular problems respecting the 
propagation of sound along a solid prism or cylinder; for 
in the present state of our knowledge of the condition of the 
superficial particles of such bodies, the conclusions would be 
almost entirely speculative and conjectural. 

I may mention briefly, however, the following general 
results. If we adopt for solids the same hypothesis as for 
liquids, then the ratio of the velocity of sound in a rod of an 
uncrystallized material to that in an unlimited mass has the 
following values : 

For a rectangular prismatic rod, the- lateral vibrations of 
the particles of which are confined to planes parallel to one 
pair of faces of the prism, but are perfectly free in other 
respects, the ratio is V2 : V3, being the same as for a liquid. 

For a cylindrical rod, the surface being perfectly free, the 
ratio has various values from y} to v3, approaching the less 
value as the diameter of the rod diminishes, and the greater 
as it increases ad infinitum. (See Appendiz, No. 1.) 


22. These conditions, however, cannot be realized in 
practice ; and the lateral vibrations being more or less confined 
by the means used in fixing the rods, we find that the ratio 
generally exceeds 2:73, and sometimes approaches equality. 

The following table illustrates this fact. I have selected 
in the first place, the experiments of M. Wertheim on tubes 
of crystal (Ann. de Chim. Ser. III. tom. xx111), because in 
them the coefficients of elasticity and the velocities of sound 
were ascertained by experiments on the same pieces of the 
material. ‘To these I have added a calculation founded 
on a comparison of the experiments of M. Wertheim on the 
elasticity of brass, with those of M. Savart on the velocity of 
sound in it, as being the only other data of the kind now 
existing from which a satisfactory conclusion can be drawn. 

The coefficients of longitudinal elasticity, calculated by 
myself from M. Wertheim’s experiments, are extracted from 
my paper on Elasticity in the Cambridge and Dublin Mathe- 
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matical Journal for February, 1851. The quantities = for 


crystal are given as calculated by M. Wertheim. For brass, 
I have used the following data: 
Ve = velocity of sound in brass rods; mean of many €X- 


periments by M. Savart = 3560 métres per second. 
D = density, in kilogrammes per cubic métre, 8395. 


TABLE. 
Longitudinal eD Ratio 
Elasticity ra 1-/' 
A Kil 
Kilogrammes per ~ —— 
square millimétre. Polite. 


Crystal. 
Tube No. I. ..5514.2... 5354.0. ...0.970, 


wi cs JTJJ...5611.0... . 5476.7... .0.976, 

- - IV... .6183.1....5597.3. ...0.905, 

’ ai “« V.,,6659.9... .5489.8,...0.824, 
Brass. 15625....10847... . 0.694. 


Concluding Remarks. 
93. The chief positive results arrived at in this paper may 
be summed up as follows— 
(1.) In liquid and solid bodies of limited dimensions, the 


freedom of lateral motion possessed by the particles causes 
vibrations to be propagated less rapidly than in an unlimited 


mass. 

(11.) The symbolical expressions for vibrations in limited 
bodies are distinguished by containing exponential functions 
of the coordinates as factors; and the retardation referred to 
depends on the coefficients of the coordinates in the ex- 
ponents of those functions, which coefficients depend on the 
molecular condition of the body’s surface; a condition yet 
imperfectly understood, 

(u1.) If we adopt the hypothetical principle, that at the 
free surface of a vibrating mass of liquid the normal pressure 
depending on the actions of atomic centres ts always null, then 
we deduce from theory that the ratio of the velocity of sound 
along a mass of liquid contained in a rectangular trough to 
that jn an unlimited mass is /2:¥3, that ratio being inde- 
pendent of the specific rigidity of the liquid; a conclusion 


agreeing with our present experimental knowledge. 
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24. I do not put forward the hypothetical part of these 
researches as more than a probable conjecture; nor should I 
be justified in so doing in the present state of our knowledge 
of molecular forces. I think, however, that these investi- 
gations are sufficient to prove that we are not warranted in 
concluding from M. Wertheim’s experiments (as he is dis- 
posed to do) that liquids possess a momentary rigidity as 
great as that of solids, seeing that any amount of rigidity, 
howsoever small, will account for the phenomena if we adopt 
certain suppositions as to molecular forces; and to shew, that 
our knowledge of those forces is not yet sufficiently ad- 
vanced to enable us to use experiments on sound as a 
means of determining the coefficients of elasticity of solids. 


London, February, 1851. 


AppEenpix.—No. I. 


Propagation of sound by nearly-longitudinal vibrations along a cylindrical 
uncrystallized rod. 


Let the vibrating body be cylindrical round the axis of z, 
and let the vibrations of all particles in a given circle round 
that axis be assumed to be equal and simultaneous. Let r 
represent the distance of any particle from the axis of z, 


and x, the angle y r. 
Then ev = 


To make the results of the definite integrations =/F0d0 
independent of the angle 7, we must have F@ = constant, and 
the limits of integration 0 and 27. 

The following are the definite integrals which enter into 
the solution of this problem. 


2a ‘ 
Py rh cos(O-X) 


Let S ip wk, 
Xr 


v Ser keosO ~kcosé 
o-[ gouty = 4 ia 


0 


[ras (ety 


“\r(2n + 1))f 
. 2a[ 1 + {aes} 


~ 
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»_ dO_ “ cosé 
ti tm ; cos 8 e*°959g 


ke 1 
= 2m. 
3 ge ONCE i} 
» &O_ a 
@” = Te = J, " cos? eteosdg 
f (2 + 1) A™ ] 
= on( +s (o*"T'(m +1) (a + 2) 
the values of » comprehending all integers from 1 inclusive. 
Those series have the following properties : 


(1.) The term (x) of © = term (m - 1) x ai ; therefore this 


5 











series always becomes convergent at the term for which 
n> tk. y 

(11.) Term (2) of ©’ = term (n - 1) x a iss therefore 
this series becomes convergent when n’ - n > jh”. 


aay i (2n +1)F 
(ut.) Term (2) of OF = term (@ - 1) x Ta 1)n(a + 1)? 
# 





therefore it begins to converge when x’ - = ces 
(1v.) ©’ =k(O - 0”). 
(v.) Term (n) of ©” =term (n) of © x aoe 


which is } for the first term (m = 0), and ieeaaen equalit 
as increases ; therefore when }4* is an inappreciably small 


; a ratio 


fraction, z=" } sensibly. 


And the larger & is, the more nearly is > =1. 


The following table of a few numerical results illustrates 
this : RB ro) @” @” 
Qa 2m (o} 
«eee ee1.0000,., .0.5000,..,.0.5000, 
«eeeee1.2661,...0.7010,...0.5537, 
woeee 1.8622... .0.7741... .0.5683, 
ooee01.5661,...0. 9302... oe 0. 5490, 
00 c0e22796, .. . 1.4848... 0.6511, 
ooo +4,2523,...3.0550,...0.7160, 
oveee 11590. «2 .5.4238....0.7576, 
. 11.3019. ...9.38620....0.8284. 
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The displacements in this case are as follows— 


£ = (/cos¢ + Using) O 
ieee . (37); 





n = (U' cos - lsing)hO' cosx 

f= (I cos - lsing) AO’ siny 
whence it appears that the two transverse displacements 
m and € compose a radial displacement 


p =(l'cosp - Ising) AO’........ (37A). 


Therefore the trajectory of each particle is an ellipse, in a 
plane passing through the axis of the cylinder; and the axes 
of the ellipse are longitudinal and radial, and have the fol- 
lowing values : 


longitudinal axis = 2v(/’ + 2”).0 nid 
radial axis = 2v(F + 7),h@'s'°""*" ’ 


If we now adopt the same hypotheses with respect to the 
outer surface of the cylinder that have been used in the 
problem respecting liquids, we shall have for the mutual 
pressure of the solid and its atmosphere of vapour, 


e+ Peet ~ (U'cos@ -Ising){(.A - 20)(1- #°)@,-20%0,"}, 


©,, O,” being the values of those integrals corresponding to 
the radius of the cylinder. 
The portion of this pressure depending on mere fluid 
elasticity is 
dé 


7 dy dt orp» . . 
o (E+g+d) a + >- Ecos - Using) J(1 - 4').0,, 


which being subtracted, leaves 
0= = (U cosp — Zsing) C{O, - h? (©, + 20,”)} ; 


therefore, according to the hypothesis adopted, 


a ae ...(39): 


© 





1+2— 
0, 


and the velocity of sound along the cylinder is 


te= [[Ma-anhe (4. s) (40). 
e 
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Now the limits of the ratios in the above formule are 
the following: 
Qrhr, 


limits of —s ee Rivxans ., 
ro) 

oe : mMiteenakaeane ee 1, 
0,” 

ak LETC Tee, 

© OS Bind ccceicnses v2. 


That is to say, if the hypothesis already explained with 
reference to liquids is applicable to a solid cylinder of an 
uncrystallized material, the velocity of sound along such 
a cylinder, when its surface is perfectly free, will be less than 
that in an unlimited mass in some ratio between V} and +3. 


AppEenp1x.—No. II. 


General Equations of nearly-transverse Vibrations. 


The two equal roots of equation (8) in uncrystallized 
bodies, viz. 


E=C(1 - 8? -<?) 


correspond to what. may be called nearly-transverse vibra- 
tions, propagated with the velocity 


ve= MBa-o- eh tetas a 


Equations (20) in this case give no result; but equations 
(20A) are reducible to the following two: 


Pins ne poe OO 
the ratios m:m and m’: 7m are arbitrary. 
Equations (11), (16), (17), (18), become the following : 
Displacements. 
E = S[e” {- (m'd' + n'c’) cos + (mb’ + nc’) sing}] 
n= S{e” (mcosg + m'sing)} 
C= Z{e"(ncosp + n'sing)} 


NEW SERIES, VOL. VI.—Nov. 1851. 


(48). 
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Velocities of the Particles. 
=o =(= Vee” {(m‘b' + n'c’) sing + (mb +n) cos | of 
P 
i = 2 {> Vee” (— msing + m ‘cosp)} 
4 => oe Vee’ (- nsing + cos) + | 
Longitudinal Strains. 
a =(= eY {(mb' + ne’) cos + (mb + n’c’) sin 6} | we 
dz an 
dy _ 5 [2™ \ " 
in (mb’ cos ee 
= => = eY (ne’ cos + n’c’ sin ry : | 
Cubie Dilatation. = 
dé dn . 
dz* dy* de” 
Distortions. (43 ON 
ate a -3[<e eV {(me’ + nb’) cos 9+(m'c'+n¥)sing} | maid 
a. ie -3(= eY {- (n' (14+ 6) + mB) cos A 
i. : 
+ (n(1+ cf + mb‘c’) sin ot] TI 
in 
- +a. 2(= eY {— (m' (14 b*) + n'U'c’) cos cu 
+ (m(1+ 6%) + nb‘c’) sing} | a 
Which being multiplied by -C give the tangential rs 
pressures Q,, Q,, Q, al 
Normal Pressures on the coordinate planes due to the dis- is 
placements. pr 
27 
on pciol yy , , 2 ia sae . no 
P, 203| 5 e” {(mb' + nc’) cos @ + (m’b +n'e) sing} | th; 
‘ ev 
P,=- 20:3[ = eY {mb cosp + mb’ sing} | ex 
ne 
P,=-2C0.3 [= eY {nc’ cos + n’c' sin | 
ge 
P,+P,+ P,=0. an 
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The normal pressure due to the displacements at any point 
of the surface of a prism or cylinder described round z is 


P=- 20.3(— eY { (mb cosy + ne’ sin’y + (me’ + nb’) 
cosx sin) cos p 
+(m'b' cosy + n'c' sin’y + (m'e' + nb’) cosy sin x) sin 6} }--(44). 
If this pressure is to be null at all points of the surface, 
we must have J = 0, c’ = 0, and consequently 7/= 0, = 0; 


and the motion is restricted to common exactly-transverse 
vibrations, for which 


nee at ux V3): 


Nearly-transverse vibrations therefore cannot be trans- 
mitted along a cylindrical or prismatic uncrystallized body 
whose surface is absolutely free. 





ON THE CONNEXION OF INVOLUTE AND EVOLUTE IN SPACE. 
By Prorressor Dz Morean. 


Att that has been done on this subject, so far as I know, 
is due to Monge, and is found in the tenth volume of the 
Memoirs of the Academy, pp. 511-550, as presented in 1771. 
This communication is in great part repeated, word for word, 
in the Application de? Analyse §c. It is shewn that every 
curve has an infinite number of evolutes, all lying on its 
polar surface, or surface of ultimate intersection of normal 
planes: and that each such evolute is a line of shortest 
distance, or stretched thread, on the polar surface. These 
theorems are made clear by infinitesimal geometry : and an 
algebraic mode of finding differential equations to the evolutes 
is indicated, involving that perfect bar to further general 
proceedings, indefinite elimination before integration. I can- 
not find that anything has been done since. The object of 
this paper is to deduce all the known properties of the 
evolute in one connected algebraical system, to present an 
explicit process for its determination, and to shew the con- 
nexion of plane and spherical curves. 

The time may come when every surface will have its 
geometry, founded on its right line, or shortest line between 
any two points, and its circle, or locus of points at equal 


T2 














268 On the Connexion of 


shortest distances from a given point. Gauss will be regarded 
as the founder of this geometry, by his celebrated memoir 
which shews that the circle of any surface has tangents per- 
pendicular to its radii, and that the sum of the angles in a 
rectilinear triangle differs {rom two right angles by a function 
of all its curvatures. If right lines be drawn in the surface 
perpendicular to a curve, through every point of it, the 
ultimate intersections of those right lines (when they do* 
intersect) give an evolute from which the original curve may 
be unrolled. ‘The great desideratum, at present, is the 
further continuation of the coordinate system. Professors 
Graves and Gudermann haye commenced it by their spheri- 
cal coordinates. 

Every curve has, or may have, an evolute on every surface 
on which it can be placed. But no more is in our power at 
present, than the consideration of cases in which the right 
line of the surface, connecting the involute and evolute, is 
straight. Hence it may easily be seen that our evolute will 
be the cuspidal edge of a developable surface, and our in- 
volute a curved line of curvature of that surface. This point, 
though clear enough, is not in our definition, but must be 
deduced from it. ‘That definition is: When two curves have 
every tangent of one normal to the other, the tangent curve 
is called the evolute, the normal curve the ¢nvolute. 

Let v be a subsidiary variable, by which the position of 
the connecting straight line is determined. Let (z, y, z) and 
(&, , €) be corresponding points on the evolute and involute. 
Let s and o be arcs, measured from points taken at pleasure. 
Let ¢ be the line joining (2, y, z) and (&,7,€). Let accentua- 
tion denote differentiation with respect to v, of which every 
letter used is a function. ‘The equations of definition are 


E(E - 2) + 9(n—y) + OE - Z) = O.eseeeee (1), 

EF=eriazw, neytyw, Caz+2w...... (2), 

from which BE OS OEE OO vnsvccsnisotsnaces (3). 
From (1) and (8) 

EX E-2) + '(n-y) + O'(E-2) 4+ 07 = 00... (4). 





* It must remain to be settled whether there exists a surface having 
curves without evolutes upon it, If we take a ruled surface which is not 
developable, and draw a curve perpendicular to the generating straight 
lines (which are certainly right lines), there is certainly a curve to which 
certain normal right lines do not contribute an evolute. But through every 
point of the curve an infinite number of right lines may be drawn, of which 
others, besides the generating straight lines, may be normal to the curve. 
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From (1) and (4), the evolute is on the polar surface of the 
involute. And (1), (4), and any two of (2), by elimination 
of v and w, give one primitive and one differential equation 
of the first order, by which to determine the evolute: &, », , 
being given a priori in terms of v. At this point terminates 
Monge’s algebraical treatment of the subject. 

Let dz = pdx + gdy on the polar surface of the involute. 
By (4) we know that p and q are of the same form as if v 
were constant in (1) so far as it enters in &, , & We have then 


B+ Sp = 0, 9 + Fg =O .nccccccccssees (5). 
Let P=0 be the polar surface, and dP = P_dz + &c. (5) gives 
Pas Pos Pit Esa tS cccvssssevcenes (6). 
From (2), by substitution of &', ’, £', in (3) 
s? + 8°w' + s's"w=0, or w= ate Ladaaudl (7), 
8 


whence # = (€-2z) + (n-y) + (€-2) = 8°w’ = (c-sy, 
or 9 OM) vi casstavecvessesravenni (8), 


from which the mode of unrolling the involute from the 
evolute is proved in the usual way. 


By (7), the set (2) gives 
te a =y+(e-9% », S=z4+(c- y=. . (9); 


whence 

= d*z a dz 
-@-) or, $ ds =(c 54, ae 7 OTe .-(10), 

Fx dy Pe, 

* ds’ ds** ds’? 


from which, by the known properties of the shortest line on 
a surface, it follows that any arc of the evolute is the shortest 
distance on the polar surface between its two ends. Hence, 
to draw a surface through a given curve on which that curve 
may be a shortest line, we must take either the common 
polar surface of its involutes, or a surface which touches that 
polar surface in the given curve. 

Given the evolute, to find the involutes. It is granted 
throughout that a curve is found when its coordinates are 
severally expressed in terms of one variable. Find s in 
terms of v by common integration of ds = V(z'? + y* + 2"). do, 
and substitute in (9). 


or (6) Pi: Pi: P: 
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Given the involute, to find the evolutes. Let ¢ = +(¢- 8). 
The set (9) gives 


ga2-1%, ag - -ta() &e., 


“.-(% &e.: but (Sy + (2) + (5) =1, 


whence z = & - {F. yan-1f, z= t-fF (1, 


( 2) + (|?) +( 4) - BS Wiscadieil (12); 


from which last ¢ is to be determined in terms of v, of which 

&, », , are given functions. Let these integrals be called 

A, B, C; we have then 

A4'4 B4Ce=+1, tA’=&, tBe=y, tC'=o' 1 

At’ + Bn +CC'=0, since A: Bi Ci: &: 9: 0'J 

A'é’ + By + C'C' + AE" + Bn" + CC" = 0. 

Hence we get 

A'o” + &( AE’ + By" + CO") =0, Bo? + 7(A€t' + &.) = 0, 
C'a? + CAE" + S&C.) = O...cccccesesese (15). 

From (13) obtain B and C in terms of A, &', 7’, {', and sub- 

stitute in the first of (15). We have then a differential 


equation of the first order to determine A, and thence B 
and C. The equations of the evolute are then 
£'A __ 92s _-~ oe 
r= =. Y=1- Fy z= - & seeeee (16). 
But the following process gives a better chance of obtaining 
a result. Assume 
NA + PBt wa ...cccrcccrccceees (17), 


r, #, v being new functions of v to be determined, and & an 
arbitrary constant. Differentiate and substitute from (15), 
and it will be found that the result is identically satisfied if 
we can obtain A, p, v, so as to satisfy 


No”? — EXE + py’ + vo") = | 


(18), 


Bio” — "(XE + pn’ + vo") = 0 
vio” — S'(rE' + wm’ + vo") = 0 
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We have already two relations between A, B, C; if then 
we can obtain a third, even by a partial solution of (18), 
other than A = £’, w = 7’, v = ¢', which is already in use, we 
have completely solved the question. 

Since XV’: wos v3: E": 9": f", the result must be of the 
form X= {Qdé', w= [Qdn’, v = [Qdv', and substitution of 
these reduces each of the set (18) to 


EsEdQ+ n'fn'dQ+ CfFdQ=0, 


which we clearly see cannot be integrated independently of 
all specific relation between £, 7, ¢, except by Q = const. 
Hence one partial solution of (18) dependent upon the con- 
nexion of &, 7, ¢, is the necessary and sufficient condition for 
the determination of the evolute of the locus of (&, , ¢). 

I shall proceed to apply this process to the case of a 
spherical curve, drawn upon the surface of the sphere 
£4 7°+ =a’. It will appear that, in separating the plane 
curve from all curves of double curvature, much analogy has 
been lost. The sphere of finite radius is a surface on which 
every shortest line is a plane section: on the sphere of in- 
finite radius the converse is also true. But this convertibility 
is, for our present purpose, rather the accident of an in- 
dividual case than the difference of a species. From the 
theorem that every shortest line is a plane and normal section 
(a property which belongs to the sphere only, that of infinite 
radius being included) it follows that the polar surface of any 
spherical curve cuts the sphere in its spherical evolute. The 
simplest considerations will shew this. If P and P’ be points 
infinitely near on a spherical curve, and if the great circles 
perpendicular to the curve through P and P’ meet in Q, the 
planes of those great circles are normals to the curve, and Q 
is a point in the polar line of P. The polar surface of the 
curve is then a cone, of which the vertex is the centre of 
the sphere, and the directrix the spherical evolute of the 
curve. When the radius is infinite, the spherical evolute 
becomes the ordinary plane evolute, and the polar surface 
becomes the cylinder described on that evolute perpendicular 
to the plane of the involute. The evolutes, as is well known, 
are the screws of that cylinder, or curves which always make 
the same angle with the generating lines of the cylinder. 
These generating lines are radii of the sphere of infinite 
radius, and it is very easily shewn that the property is true 
of spheres of finite radius; namely, that the angle made by 
the radius drawn to a point in the involute with the straight 
line drawn from thence to touch the evolute is constant. 
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Let C be the centre, P and P’ two points infinitely near on 
the involute, CM and CM’ their polar lines. ‘Take any 
point 7’ in CM, join PT, PT, and produce the latter to 
meet CM' in 7": then TT" is the element of an evolute by 
which PP’ is described. Now CP =CF’,and TP is known 
to differ from 7'P’ only by a quantity of the second order; 
while CT is common. Hence the angles CPT, CP’T" only 
differ by a quantity of the second order, or d(CPT) = 0, 
or CPT = const, as asserted. Hence it follows that PT’ is 
determined in direction by being perpendicular to the tan- 
gent, and at a given angle with CP. 

A little consideration will now enable us to predict the 
results which the previous method will establish. Let the 
tangent be denoted by G, the line PT by 7, the radius CP 
by A, and let the cosines of the angles they make with the 
axes be denoted by 2, y, z, suffixed. Let « be the constant 
angle made by 7’ with A, We have then, over and above 
the necessary relations 7)’ + 7)*+ 7 = 1, &c. the following 
equations, 

TA, + T,A,+ T,A, = cos «, 


G,A,+ GA, + GA, = 0, 
G,T,+ GT, + GT, = 0; 
whence G, sine = + (4, T, - A,T,) &e. 
A, cosx = T+ A{A,T,- A,T,) + A{A,T,- A,T,) 
= T, + sink(A,G,- A,G), 


er T, = cos «.A, + sin K(AG,- A.G,), 
or Fe ~ cone. Es sine © (y SE - £27) 


and similarly for y and z. But dz:ds is the A in equation 
(12) of the preceding process. 


We now return to equations (18). If we assume 
N= fede’ = Fo-§&, p=nov-n, v=So-%, 


we find each of (18) reduced to ££’ + yn’ + &' = 0, which is 
true on every spherical curve. Accordingly (17), allowing 
for the second in (13), becomes the last of the following set : 


A’ + B+C@’=1, AE + Bn'+ CO'=0, AE+ Bn+ CE=h...(19), 








ve 
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the two first of which are already established. Combining 
these with the equation of the sphere, we find 


Ad = hE + V(a-#) 58 Bi cesiics (20), 
from which we deduce 
A' i B Bs Cc’ = 1 { " V(a* - h) EE ip oe - £21.21), 


'- ft © 
where &,=7'¢" - f'n", &. Now &’& + &c. is MV(E,? + &c.), 
where M is the perpendicular let fall from the centre upon 
the osculating plane at (£, 7, £). But 0”: VE" + &c.) is R, 
the radius of curvature of the involute. From this, ¢ being 
E’: A’, we have 


1 3 {k- Vet). Fh 





t a \ 
Returning to the diagram just now described, from P draw 


PR perpendicular upon CT: then CR = M, PR= R. Let 
LCPR =a, and let k:a=cos«. Then 


a cosa 
eS 
cos (a+) 


whence it is seen that the constant angle « is no other than 
CPT. 

Returning to the set (16) we have three equations for the 
evolute of a spherical curve, in which it will be found that 
v(a’ - k*) is a factor of each of z, y, z. When =a, the 
evolute is then the vertex: and it is clear that the centre is 
an evolute of every spherical curve. Moreover, when M=0, 
that is, when the osculating plane happens to pass through 
the centre, At=a*. But k<a, whence ¢t>a. ‘This, how- 
ever, is not a condition the failure of which gives imaginary 
evolutes, but is fulfilled by the figure. 

There is one evolute which we may call the principal 
evolute, being that which, when the radius becomes infinite, 
is the plane evolute of the limiting plane curve. It is that in 
which « is a right angle, or in which we proceed from the 
involute to the evolute along a tangent of the sphere. 

Though it may be desirable to deduce the particular case 
from the chen one, yet it must be remembered that the 
fundamental equations become 


Fe + P+ TSAO... ccvecccces (1), 
ee ee 8 ee ee 
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* g « 
whence amin Me OY oe 

€., 2, c, 
is the equation of the polar line of (&, », £). The elimination 
of v from the last pair gives the polar surface, and their 
combination with 2° + y’ + z* = a’ gives the spherical evolute. 


April 23, 1851. 





ON A MECHANICAL EXPERIMENT CONNECTED WITH THE 
ROTATION OF THE EARTH. 


By Henry WILBRAHAM, 


Since much attention has been excited by the late success- 
ful experiment, shewing that if a weight suspended by a 
string be set oscillating as a pendulum the plane of oscilla- 
tion will not revolve with the revolution of the earth, and 
consequently, to a person unconscious of the earth’s rotation, 
will appear to revolve, the following investigation relating to 
it may perhaps have some interest. 

It occurred to me on reading the account of the experiment, 
that supposing the pendulum to be put in motion in the 
natural way, that is to say, by drawing it aside and setting 
it loose to swing, some actual rotation might be communicated 
to the plane of oscillation, and therefore some variation made 
in the velocity of its apparent rotation, by the horizontal 
motion communicated to it on setting it loose in consequence 
of the hand or instrument at the instant holding it, though 
apparently at rest, being affected with the rotation of the 
earth. The following is a calculation of the nature and 
amount of the effect thus produced. 

As the velocity communicated is in a direction perpen- 
dicular to the plane joining the point from which the weight 
is loosed with the position of the string when at rest, the 
motion will not be accurately an oscillation in that plane, but 
will be a curve of double curvature described on a sphere 
whose centre is the point of suspension, and its projection on 
a horizontal plane will be a very eccentric ellipse, to investi- 
gate which the component, parallel to the horizontal plane, 
of the force acting on the weight need alone be considered. 
If @ be the length of the string, r the perpendicular distance 
of the weight at any point from the position of the string 
when at rest, c the value of r when the weight is loosed, 
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w the angular velocity, due to the earth’s rotation, of the 
vertical plane (which angular velocity is equal to that of the 
earth’s rotation multiplied by the sine of the latitude of the 
place), and therefore we the horizontal velocity communicated 
on letting loose the weight; it is easily seen from the equa- 
tions of motion, that the whole force acting on the body may 
be resolved into—1st, a vertical force, which is immaterial to 
the present purpose ; 2ndly, a force 


39 V(a* - 7°) + w’c® — 2gv(a’ - c’) 3 
a’ 





towards the vertical line drawn through the point of suspen- 
sion, which, supposing c to be much less than a, w being very 
small, is nearly 


2 3 
(1+5)2-3 » or pr — As", 


@)a_ 2a 





¢ 8 
where wa (145) %, and n= 29, 


The effect of the last term is to make the apses of the ellipse, 
which if wr were the only force would be described, to pro- 
gress. If we take the common equation of motion in a plane 


1 
x {2G a} rr’ = 0 
7 d 2 , + br = r= ’ 
or, as it may be written, putting z for “ , 
dz 1 (dz\ Qu 2n 
cone aoe 1 -eonome 2 Sw “nt .. a 
do 22 (3) oe a 


and use the method of variation of parameters, taking as the 
form of the solution z = A’ + B' cos 2(0 + «'), where 


= 0, 


A*- B=, 


,dA _,dB 
and therefore A —* B 0” 


we find, on differentiating twice in the usual way and elimi- 
. aA’ dB’ 
nating —~ and —, 


d0 dé 
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dk » oF + cos 2(@ + «’) 
d0 ~~ 2BRe ——B 
wee = 08 2(0+€') 





B 
3 oh Gi + 208 2(0 + &’) . 
ass {! + =, 0s 2(0 4 d} 


therefore, putting 4, B, < for A’, B’, «' in the small term, 
and integrating from 0 to z, 
’ Xr 
&=é+ _* 
4(A*- By h* 

The latter term is the progress of the apse in one semi- 
revolution of the body, or, as it may otherwise be called, the 
actual angular motion of the plane of oscillation during one 
oscillation. ‘The whole actual angular motion of the plane of 
oscillation during the period in which from the earth’s rota- 
tion a vertical plane fixed with respect to the earth revolves 
through 360°, will be to that during one oscillation as the 
time of such revolution through 360° to the time of an 








oscillation, that is, as An \/ @. This whole actual angular 
motion then is ° J 
Ar Ig 


2(A?- B’) wl? V 





a 


; ae ° 4 ; 
which, on substituting for A’ - B’ its value _ for h its 
1 
value we’, and for \ and yw the values given above, becomes 


3rac’ 3c 
» OF 3 nearly, 
a 





3 
82(a*+ cy P 
, , : ee 
which, reduced to degrees and minutes, is 16° 52’ 30” x ai 
i? 
Hence the plane of oscillation will in 7 hours revolve through 
( é ) 7'sin . latitude 


24 é 





360° - —, 16° 52’ 80” 
a 


if there be no resistance of the air. ‘The resistance being 
a tangential force, has no direct permanent effect on the line 
of apses of the ellipse, but as it continually diminishes the 
major axis and the velocity in direction of the major axis, 
and has an exceedingly smaller effect on the minor axis and 








aed 


= 42 @ © 


= 1 


a ee ee ee ee ee ee ee, ee ee. ee 
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the velocity in that direction, the latter velocity may be sup- 
posed constant while ¢ is diminished to ec’; and the result 
will be the same as if wc’ had been substituted for we as the 
original transverse velocity. Consequently, when ¢ becomes 
c’, the angular velocity of the line of apses is to its primitive 
velocity as c’ to c, and the line of apses will in 7’ hours 
revolve through 


T sin . latitude 
24 
where c” is between the maximum values of r at the be- 


ginning of the motion and at the end of the observation 
respectively. 


April 15, 1851. 


’ 
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ON THE INDEX SYMBOL OF HOMOGENEOUS FUNCTIONS. 
By Rozert Carmicuart, A.B., Trinity College, Dublin. 


Ir is proposed in the following paper to extend a method 
of analysis adopted by Professor Boole, in the Philosophical 
Transactions of the year 1844, for the solution of linear 
differential equations of a certain class, to the solution of 
partial differential equations of a corresponding class. ‘The 
solutions of such partial differential equations will be found 
to be unaffected by the number of independent variables 
which the equation may contain, but more especial reference 
is made to ordinary partial differential equations, containing 
but two independent variables, z and y. In the next place, 
the same symbol by which this extension is effected, is 
employed for the discovery of general theorems. Finally, 
by its application to the subject of Definite Integrals, it will 
be seen that valuable results can be obtained, and some 
examples are furnished. 

The relation which the result of the operation of the 
symbol employed upon any homogeneous function bears to 
the degree of the function, seems to give ground for the 
appellation Index Symbol. 

In conclusion, the writer begs to express in the most 
ample manner his acknowledgments to the author above 
named. 


1. In general, if wu, = f(a, z,.....-2,) 
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be a homogeneous function of m* degree between z,, z,...%,, 


du, du,, du,, 
a “hes, dz, ‘alaiate, Sige 
1 
or, putting the operating wali 
d d d 
1 dz, * ya "ge" ¥ 
we have V:Um = MU,, 
and generally V?.%, = m.u,, 
Hence the theorem 
ICV) 6, SUM). Uv eececsccees (1), 


which is an extension of the theorem 


SF (eD).2” = f(m). x”. 
In fact, 2” is a particular homogeneous function of m*" degree, 
and xD is the first term of y. 


2. Now if U be any mixed rational function of z, z,..2,, 
it can, in general, be put under the form 


U=u,+u,t+U,t....4+%,, 
and we have a theorem for mixed rational functions cor- 
responding to (1), namely 
S(v).U =f(0)u,+f(1)u, +f (2) u, +. ...+ f(m) u,,...(2) 


As an example, let the result of the operation of e” on U be 
investigated. Then 


V on 2, m, 
e’.U =u, + eu, + eu, +....4+ OU. 


8. Since z,, z,, &c. are constant relative to z,, and therefore 


z , _ &c. commutative, writing 
iat. + 22,2 2 
V,=2% 1 da? * dz; eeeee "3 de dz dx, vee 
2, + 2, = 4 3 e 
V; = 1 dz} 2 dz, eee + 2, Re wa i eg dz da, ee 
+ 82,27 z 2, a+. 
&c., 
we have V(V-l=vVy 


V(V-1)(V-2)=y,, 
&c., 
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and generally 
V(v-1)..... (yv-n+1)=¥V,...... (8), 
a theorem analogous to Professor Boole’s 
2D(zD -1),...(¢D-n+1) = 2° D". 
As an example of the operation of this latter symbol, let the 
subject be z*, and 
2D(zD-1)....(¢D-n+1).2" = 1.2.8.....2". 
To which we have the corresponding theorem for homo- 
geneous functions 


V(V-1)....(V-m+1).u, = 1.2.8....m.u,. 


4, Again, as the symbol zD furnishes solutions of the 
class of ordinary differential equations represented by 
Av TL. Bot TY rrr? = 
in the form y= F(2D).X+ F(«D).0, 
A.zD (zD -1)....(¢D-a+ 1)\" 
where F(zD) = |. B2zD(zD -1)....(¢D- B+ ve 
+ &c. 


in like manner we obtain the solutions of the particular class 
of partial differential equations represented by 


A (= d*z 7 d*z a(a-1) ot d*z ) 


2 
_ Y da*"'dy ™ 1.2 y day" mw 
d®z a, @2z  B(B-1) ,,, dz =0, 

” Voi _ ih f-2, 2 

lad (2 a OY ryt 1a ara .) 
+ &e. 

where © is a given function of z and y, in the form 
z= F(v).90+ F(v).0 eeeeee soos) 











in which 
F(v)={Av(V-1). (v-a+1)+Bv(v-1). .(V-B+1) + &e.}", 


and in which the value of the first term can be had at once 
by formula (2). It appears, then, that as far as equations of 
this class are concerned, the number and character of the 
arbitrary functions in a solution are unaffected by the num- 
ber of independent variables which the equation may contain, 
and are solely dependent on its order. 

When the roots of the equation 


A.Y(¥ -1)...(9 -a+1)+ BV(Y -1)...(7 - B+ 1) + &e.=0 
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are all real and unequal, the arbitrary portion of the solution 
is of the form 
ui t+u,t+u, + &e. 
When it contains a equal roots, whose common value is m, 
its form is 
u, {log x + logy}*' + v, {log z + log y}*? + &e. 
+u, + u, + &e., 

where w,, v,, &c. are different arbitrary homogeneous func- 
tions of the same degree. Finally, when this equation con- 


tains pairs of imaginary roots, the form of the arbitrary 
portion of the solution is 


u +uU + &e. + u, + &e. 


mtn V-1 m-nV~-1. 


5. As an example of this method of solution of partial 
differential equations, let it be required to find the integral of 


zr + 2rys + yt - n(apt+yq-2)=0. 
When thrown into the symbolic shape, this equation becomes 
V(vV-1)z-n(v-1)z=0, 
and the solution is given by 
= : -0= ad -O+ - . 
(yv-2) (Vv - 1) vV-n v-1 
or is at once, including N and N’ in the homogeneous func- 
tions, which are given in degree but arbitrary in form, 
z=u,+u,." 
As a second example, required the integral of 








5] 


ar+ 2wys+yt=0 +0, 
where ©,, ©, are given homogeneous functions in z and y 





3 : . 
*Ifn=— oy this value of z renders the integral 


S{(px + gy — 2)" de dy, 
a maximum or a minimum within certain assigned limits (Jellett’s Calculus 
of Variations, p. 253). 

In general, by the method stated above, it can be readily seen that the 
form of the function w, which, for certain assigned limits, renders the sym- 
metrical multiple integral containing p independent variables 

dw dw dw ea 
fax {dy faz. («2 +9¥a, ok ‘= + &.- w) . 
a maximum or a minimum is, as before, 
w= uU+ Wy, 
pt+l 


where n=— ; 
m—1 











— 45 pete 
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L of the m and n™ degrees respectively. Then 


+0,} + — 


1 
== (yet 1 v(7=1) 


or, by (1), 
z e. + ©, +U,+U 
m(m-1) n(m-1) ° 
which is the required solution. 
, As a third example, let the integral of the partial differen- 
, tial equation of the third order in three independent variables 


2, Y; 2, du Gu Mu 
2—+y¥—+2-—, 
e dz® y ba a - ®, + ®, 
l u 2 u u 
f +3( ay se tate Te say? 2a + Be.) 








be investigated, ® , , being given homogeneous functions in 
; 2, y, 2, of the m® and n' degrees, respectively. 
The required solution is 


uc ®., + ®, 
m(m—1)(m-2) n(n—1)(n—-2) 
6. Supposing two of the independent variables to vanish 
in the last example and one in each of the preceding, we are 


at once furnished with the solutions of the following ordinary 
linear differential equations: 





+ U, + U, + ty. 


2 st: = az” + by", 


oar sly 
a 











/ ae? Y> 
x oY - ne 4 ny = 0, 
which are, respectively, 
ind Won aGasy* + Cas Op 
y= ~ sa Te Sibel 


y= Cz" + Cz. 


Now it must be remembered that the solutions given by the 
symbol vy are the same in form, no matter how large the 
NEW SERIES, VOL. VI.—Nov. 1851. U 
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number of independent variables may be. For instance, the 
solution of 
d’w d’w d’w 
2 ~2 2 , 
5 &e. 


3 +2544; 55 
dz® *dzi * ds, 





z, 


d w 7 +, + ¥,. “ -(@), 


4+2( au dd + 22 \ we 
 dxdz, °° dzdz, é 


is exactly the same in form as that of 











dz d*z dz 
8? ogy ~* 4 M20 40.... (5); 
7 ae oe dxdy a dy’ oo i 
wv v 
namely w mi 4 "§— +, + th, 


‘ m(m —1) n(n - 1) 


the only difference being in the number of independent 
variables contained in w,, w,. 

Hence, in order to find the form of the integral of an 
equation of the class (a) containing any number » of in- 
dependent variables, it is sufficient to have found the form 
of the integral of a corresponding equation (0) containing any 
lower number of independent variables. Hence is derived 
the following conclusion, which seems to be of some im- 
portance. 

The solution of an ordinary linear differential equation of 
the class represented by (No. 4) 


d% d?y 

Ant <4 5 BoP ~9 4 &e. = K veces. (ec), 
da* dxé 

being given, we can at once write down the solution of a 

partial differential equation of the class represented by 


A (# - 4 + ax” ‘y mie + &.) 
dx dx*"dy 
1Bz P = @©.... 
a Bz se pxPy 4 = i &e. ) (@), 
way 


dx? ° 
+ &e. 


by substituting for each term in “the solution of the ordinary 
linear differential equation in which an arbitrary constant is 
introduced, such as C2", a homogeneous function of the same 
degree, but of arbitrary form in x and y. 

And thus the solution of partial differential equations of 
the class (d) is reduced to the solution of the corresponding 
class (¢) of ordinary linear differential equations, which is in 
all cases furnished by the method of Professor Boole. 





aco mh a A 
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7. The subject of the application of the symbol v to the 
solution of partial differential equations having been now 
examined at some length, it may be well to investigate 
whether it may not be possible to discover, by the aid of the 
same symbol, extensions of known theorems. Two examples 
will suffice. 


(I.) It is proposed to commence with those of which such 
important use is made in the calculus of operations, namely 


$(D) PQ = Pp(D) Q+ P.g'(D) Q++.9"(D) Q + &e 
and 


P9(D) Q= 9(D) PQ- yD). PQ+* 2), pra - &e. 


where P and Q only contain z and D is £. ; and to shew 


that they admit of the following extensions, 


&(y)PQ= P&(y) Q+VP.#(y) Q4 rz (9) Q+ &e., 
and ° 
P?(v7)Q=%(7)PQ-O(7).vP.Q+ TW) | yAP.Q- &e, 


where P and Q are functions of the m independent variables 
oe ee 


n? 
and Vv is the symbol before employed. 
Both these theorems are obvious upon the substitutions 
; 2,20, z= e, &.; 
since, then, 
d ad 


VPQ= (ie 4 ay 
(II.) By the same substitutions is obtained the theorem 
F(vy + O'4+ B’) OP y = € O'®) Fy) cfu, 
which obviously admits of still further generalization, but 
which in its present form may be made use of for the 
solution of partial differential equations, in the same manner 
as the theorem 
F(D + 0') e€®u = e® F(D) eu 

is made use of for the solution of ordinary linear differential 
equations. 


..) PQ= PyQ+ QvP. 


8. The subject of Definite Integrals furnishes many in- 
teresting results from the employment of the symbol y; but 
it would be impossible here, adequately, to follow up such 


U 2 
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an investigation in its details. A general example, with its 
application to a particular case, will serve to illustrate its 
importance. 


fda {dy fdz...a? y, &, &e.) BX(#, y, z, Ke.) cs, 9% &e.) K, 
the quantities a, b, c, &c. being unconnected with the limits, 
fdx{dy{dz...F(b+ y+ + &c.) a?. Xe”... = F(v) K, 


d d d 
where now Vea tba +e + &. 


This is obvious since, from the suppositions made relative to 
a, b,c, &c., we can operate with the symbol y under the 
integral signs. It will be seen that this result bears a strong 
resemblance to Liouville’s well-known extension of Dirichlet’s 
Integral. As a particular case of the above, it can be easily 
proved that 


ore ao 2 _+? -s? » a) r l 
ei Jo ey {log a. log 6. log c}*’ 





whence 
| i} [oe +y9°+2°) a". b%. 0%, dx dy dz 
0 0 0 3 1 


wie’ ata 

re) {log a. log 6. log c}#” 
And, in general, it may be observed that, where the element 
of the integral is of such a form as to exhibit the variables 
2, y, 2, &c. only in the indices of known quantities a, b,c, &c., 
which are at the same time unconnected with the limits em- 
ployed, an extension of the integral in question may be had 
by the aid of the symbol vy. 

June, 1851. 








MATHEMATICAL NOTES. 
I.—To the Editor of the Cambridge and Dublin Mathematical Journal. 


Str,—I hope that you will permit me, for the sake, not of 
controversy but of peace, to say a few explanatory words 
upon the Note to which Mr. Sylvester has replied in the last 
Number of the Journal. 

Most willingly do I acknowledge that in the sense stated 
by Mr. Sylvester in the Reply, his theorem is perfectly 
original. But it appeared to me that it was not thus an- 
nounced; and further, that special comparison was invited 
between it and my own results. Mr. Sylvester said, “ As 
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I have alluded to Prof. Boole’s theorem relative to Linear 
Transformations, it may be proper to mention my theorem 
on the subject which is of a much more general character, 
and includes Mr. Boole’s (so far as it refers to Quadratic 
Functions) as a corollary to a particular case.” 

The remainder of Mr. Sylvester’s Postscript was occupied 
with the comparison, and no reference was therein made to 
the Theory of Linear Transformations, of which the selected 
theorem of mine formed a part. Now I had published that 
Theory as a general one. It appeared to me then that it 
was incumbent upon me to shew that it included the case 
contemplated in Mr. Sylvester’s theorem—included that case, 
I mean, as concerned the discovery of the algebraic relations 
among the constants of the transformed functions, the avowed 
object of the theory. ‘To shew this was the design of my 
Note. If my language in relation to Mr. Sylvester’s theorem 
bears any construction unwarranted by this view, I declare 
that such construction was not designed. 

I shall not enter into any defence of the particular points 
of my Note referred to by Mr. Sylvester, because their 
importance does not appear to me sufficient to warrant 
further controversy, but it is due to myself to say that the 
opinions which I expressed, whether right or wrong, were 
founded upon careful examination. In asserting that my 
method was practically more convenient than Mr. Sylvester’s, 
I rested upon the evidence of examples. In affirming the 
equivalence of Mr. Sylvester’s theorem to the result afforded 
by my method, I had the general proof before me. Both 
these I will forward to the Journal if required. Of any 
wish either to impose upon others by authority, or to detract 
from the just claims of a fellowlaborer I am incapable, and it 
would cause me deep regret if I thought that traces of such 
a feeling were really manifest in the language of my Note. 
But I cannot claim this consideration for my own motives 
without fully according the same to those of Mr. Sylvester, 
convinced that the present misunderstanding is simply the 
result of hasty judgment. 

It is gratifying to me to see from the announcements made 
in Mr. Sylvester’s last paper and from its references to foreign 
memoirs which I have not the opportunity of consulting, 
how imperfect is the sketch which I lately endeavoured to 
give of the progress of one branch of analysis. 

I am, Sir, your obedient Servant, 


GEORGE BOOLE. 
May 29, 1851, 
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IT.—Proposed Question in the Theory of Probabilities. 
By Georex Boots. 

Or those rigorous consequences of the first principles of 
the theory of probabilities the general utility of which has 
caused them to be ranked by Laplace among the great 
secondary principles of the science, none is more important 
than the following :—If an event E can only happen as the 
result of some one of certain conflicting causes A,, A,,...A,, 
then if c; represent the probability of A;, and p; the pro- 
bability that if A; happen £ will happen, the total probability 
of the event E will be represented by the sum Xe, p,. 

I am desirous of calling the attention of mathematicians to 
a question closely analogous to that of which the answer is 
conveyed in the above theorem; like it also, admitting of 
rigorous solution and susceptible of wide application. ‘The 
question is the following:—If an event E can only —— as 
a consequence of some one or more of certain causes A,, A,....A,, 
and if generally c; represent the probability of the cause a of 
and p, the probability that if the cause 4; exist the event # 
will exist, then the series of values c,, CenC,y Prs Pors-P,» being 
given, required the probability of the event E. 

It is to be noted that in this question the quantity ¢, 
represents the total probability of the existence of the cause 
A,, not the probability of its exclusive existence; and p; the 
total probability of the existence of the event EZ when <A; is 
known to exist, not the probability of E’s existing as a con- 
sequence of A; By the cause A; is indeed meant the event 
A, with which in a proportion p; of the cases of its occurrence 
the event E has been associated. 

The motives which have led me, after much consideration, 
to adopt with reference to this question a course unusual in 
the present day, and not upon slight grounds to be revived, 
are the following. First, I propose the question as a test of 
the sufficiency of received methods. Secondly, I anticipate 
that its discussion will in some measure add to our know- 
ledge of an important branch of pure analysis. However, 
it is upon the former of these grounds alone that I desire to 
rest my apology. 

While hoping that some may be found who, without 
departing from the line of their previous studies, may deem 
this question worthy of their attention, I wholly disclaim 
the notion of its being offered as a trial of personal skill 
or knowledge, but desire that it may be viewed solely with 
reference to those public and scientific ends for the sake 
of which alone it is proposed. 
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ITI.—Solutions of some Elementary Problems in Geometry 
of Three Dimensions. 
By W. Watron. 


Tue following are simple solutions of three elementary 
problems, solutions of which are given in most works on 
geometry of three dimensions. 


1. To find the length of the perpendicular from a given 
point on a given straight line. 

Let (v’, y’, z) be the coordinates of the given point P ; 
(a, (3, y) those of a given point C in the given line. PQ, 
meeting the given line in Q at right angles, is the required 
length. Join CP. 

If 1, m, n, be the direction-cosines of CQ; then the pro- 
jections of CP upon the coordinate axes are 


x -a, y - B, Z-y¥3 

the projections of these upon CQ are 

I(@-a), m(y-), n(z-y), 
and their sum /(a’ - a) + m(y' - 3) + n(z' - y) 
will be equal to the projection of CP upon CQ, that is, 
to CQ itself. Hence 
PQ = CP’ - CQ? 
= (2a) + (y'- By + (2-7) - {U(@'-a) + m(y'-B) + n(2-y)}* 

2. To find the perpendicular distance between two straight 
lines not in the same plane. 

Let one of the lines pass through a given point C, of which 
the coordinates are a, (3, y, the direction-cosines of the line 
being 7, m,. Let the other line pass through C’, the co- 
ordinates of which are a’, (3’, y’, and let its direction-cosines 
bel’, m,n. Let the required perpendicular distance cut the 
lines in P, P’, and let X, pw, v, be its direction-cosines. 

Then, PP being perpendicular to both the lines, the pro- 
jection of CC’ upon PP is equal to PP’. Hence 

PP’ =X(a-a)+ p(B - P') + v(y~-7’).... (1). 
But, by the conditions of perpendicularity, 
N+ mut+nv=0, (X+mpt+nv=0, 


” v 


and therefore au. ale = ar. at = in’ tm = Preeee (2), 


p representing the value of each ratio. 
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Hence, by the equation 
MV4we+ve=t, 
we see that 
p’ {(mn' - mn) + (nl’ - n'lf + (lm’ - U'm)’} = 1...(8). 
From (1), (2), (8), we see that 
Pr’- (mn’— m'n)(a— a’) + (nl’- n'l)(B - 3’) + (lm’- I'm) (y-7) 
“ {(mn’ - m'ny + (nl — n'lf + (lm’ - 'm)'}4 4 
3. To find the equations to the straight line which cuts at 


right angles two given straight lines. 
Let the equations to the given lines be 





6-2 g-p 2-7. 
i = ~ Pc pokueces (1), 


z-a y-BP 2-7, 
i m = n SP eccecrsecees (2). 





Let X, Y, Z, be the coordinates of any point whatever in the 
line which is normal to both; (2, y, z) and (2’, y’, 2’) being 
the points in which this normal cuts (1) and (2) respectively. 
Now the projection of the distance between (X, Y, Z) and 
(x, y, 2) upon each of the lines (1) and (2) is zero. Hence 
i(X-2)+m(Y-y)+n(Z-2z)=0, 
U(X -2)+m(Y-y)in(Z-2z)=0, 
and therefore, by (1), 
i(X-a)+m(Y-B)+n(Z-y)=r, 
and, @ being the inclination of (1) to (2), 
U(X - a)+m(Y- B)+n(Z- y) =r(ll + mm + nn’) 
=r cos @. 
Eliminating § between the last two equations, we have 
(-1 cos 8)(X—-a)+(m'—m cos 8) ( Y-B)+(n'-n cos8)(Z-y)=0 


Similarly, by projecting the distance between (X, Y, Z) and 
(z’, y’, z) upon each of the given lines, we shall get 


(I-I' cos @)(X-a’)+(m-m' cos 8)( Y- PB’) + (n-n'cos8)(Z- y')=0 


The equations (3) and (4) are those to the common normal of 
the two given lines. 


April 26, 1851. 
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IV.—On the General Theory of Associated Algebraical 


Forms. 
By J. J. Sytvesrer, M.A., F.R.S. 


Tue following brief exposition of the general theory of 
Associated Forms, as far as it has been as yet developed by 
the labours or genius of mathematicians, is intended as 
elucidatory and, to a certain extent, emendative of some of 
the statements in my paper on Linear Transformations, in 
the preceding number of the Journal. 

In the first place, let a linear equivalent of any given 
homogeneous function be understood to mean what that 
function becomes when linear functions of the variables are 
substituted in place of the variables themselves, subject to 
the condition of. the modulus of transformation (7.e. the value 
of the determinant formed by the coefficients of transforma- 
tion) being unity. 

Secondly, let two square arrays of terms (the determinants 
corresponding to each of which are unity) be said to be 
complementary when each term in the one square is equal 
to the value of what the determinant represented by the 
other square becomes when the corresponding term itself is 
taken unity, but all the other terms in the same line and 
column with it are taken zero. This relation between the 
two squares is well known to be reciprocal. ‘Thus, for 


instance, 
abe a B y 
a bi cl and a’ fy 
a" b" c" a’ pB" y" 


will be said to be reciprocally complementary to one another 
when the two determinants which they represent are each 
unity, and when we have 


a=1 0 0 a=1 00 
0 p' 7’ 0B ec 
0B" y" 0 b" c" 

b=0 10 B=0 1 0 
a 0 y aoe 
a’ 0 y" a” 0 oe 

v=a 0 y Bi=a 0 ¢ 
01 0 0 1 0 
a’ 0 y" a’ 0 oc” 


fe 
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Accordingly, two transformations, say of F(z, y, z) and 
G‘(u, v, w) respectively, may be said to be concurrent when 
in F for z, y, z, we write 

ax + by + cz, 
az + by + cz, 
a"z+ b"y + c'2; 
and in G for u, v, w, we write 
au + bv + cw, 
au+ bv+cw, 
a'u+ b"v+ cw; 
but complementary when for u, 0, w, we write 
au + Bv + yw, 
au+ Biv+ y'w, 
aut Bot yw; 
a, b, c, &c., a, (3, y, &c. being related in the manner ante- 
cedently explained. 

Two forms, each of the same number of variables, may be 
said to be associate forms when the coefficients of the one 
are functions of those of the other ; and when it happens that 
the coefficients of the first are all explicit functions of those 
of the second, the latter may be termed the originant and the 
former the derivant. 

If now all the linear equivalents of one of two associated 
forms are similarly related to corresponding linear equiva- 
lents of the other, so that each may be derived from each by 
the same law, the forms so associated will be said to be 
concomitant each to the other. This concomitance may be 
of two kinds, and very probably, in the nature of things, only 
of the two kinds about to be described. 

The first species of concomitance is defined by the cor- 
responding equivalents of the two associated forms being 
deduced by precisely ‘similar, or, as we have expressed it, 
concurrent transformations or substitutions, each from its 
given primitive. ‘The second species of concomitance is 
defined by the corresponding equivalents being deduced not 
by similar but by contrary, ¢.e. reciprocal or complementary 
substitutions. Concomitants of the first kind may be called 
co-variants ; concomitants of the second kind may be called 
contra-variants. When of the two associated forms one is a 
constant, the distinction between co- and contra-variants dis- 
appears, and the constant may be termed an invariant of the 
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form with which it is associated.* It follows readily from these 
definitions that a covariant of a co-variant and a contravariant 
of a contra-variant are each of them covariants ; but a covariant 
of a contra-variant and a contra-Variant of a co-variant are 
each of them contra-variants; and also that an invariant, 
whether of a co-variant or of a contra-variant, is an invariant 
of the original function. 

It will also readily be seen that as regards functions of two 
letters a contra-variant becomes a co-variant by the simple 
interchange of x, y with - y, z, respectively. Co-variants are 
Mr. Cayley’s hyperdeterminants ; contra-variants include, but 
are not coincident with, M. Hermite’s formes-adjointes, if we 
understand by the last-named term such forms as- may be 
derived by the process described by M. Hermite in the third 
of his letters to M. Jacobi, “Sur différents objets de la 
Théorie des Nombres,” (which process is an extension of 
that employed for determining the polar reciprocal of an 
algebraical locus).¢ M. Hermite appears, however, elsewhere 
to have used the term forme-adjointe in a sense as wide as 





* Accordingly an invariant to a given form may be defined to be such 
a function of the coefficients of the form, as remains absolutely unaltered 
when instead of the given form any linear equivalent thereto is substituted. 
Of course if the determinant of the coefficients of the transformations cor- 
respondent to the respective equivalents be not taken unity as supposed 
in this definition, the effect will be merely to introduce as a multiplier 
some power of the determinant formed by the coefficients of transformation, 


+ It may likewise be shewn that linear equivalents of co-variants and 
contravariants are themselves related to one another as covariants and con- 
travariants respectively, the transformations by which the equivalents are 
obtained being taken concurrent in the one case and contrary or reciprocal 
in the other; and of course any algebraic function of any number of 
covariants is a covariant and of contravariants a contravariant. 


t This has been further generalized by me in the theorem given in the 
last number of this Journal, where I have shewn in effect that any invariant 
in respect to &, »,....0 of 


S(E, 0,....0) + (@E + yn + .... + Ot +p) om, 


(f being supposed to be of the degree ) is a contra-variant of f(z, y....t). 
When this invariant is the determinant of f, it may be shewn that we obtain 
M. Hermite’s theorem. It is somewhat remarkable that contra-variants 
should have been in use among mathematicians as well in geometry as the 
theory of numbers (although their character as such was not recognized) 
before co-variants had ever made their appearance. Invariants of course 
first came up with the theory of the equation to the squares of the differences 
of the roots of equations, the last term in such equation being an invariant, 
I believe that I am correct in saying that covariants first made their appear- 
ance in one of Mr. Boole’s papers, in this Journal; but Hesse’s brilliant 
application of one from among the infinite variety of these forms to the 
discovery of the points of inflexion in a curve of the third order, in other 
words, to the Canonical Reduction of the Cubic Function of Three Letters, 
appears to have been the first occasion of their being turned to practical 
account, 
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that in which I employ contra-variants. For instance, he 
has given a most remarkable theorem, which admits of being 
stated as follows : 

If we have a function of any number of letters, say of 
L,Y, 2, as 


az” + mba”. y + mcx™”. 2+ mn —) dz”. y° + &e., 
and if J be any invariant of this function, then will 


d m1, d m -2 d -2, 2 d 3 
(2.542 95** 27 +a y 7%) 
be a “ forme-adjointe” of the given function. It is perfectly 
true and admits of being very easily proved, as I shall shew 
in your next number, that this is a contra-variant of the 
given function ;* but it is not (as far as I can see) a forme- 
adjointe in the sense in which the use of that word is 
restricted in the letter alluded to. If, however, we adopt 
as the definition of formes-adjointes generally, that property 
in regard to their transformées which M. Hermite has 
demonstrated of the particular class treated of by him in the 
letter alluded to, then his formes-adjointes become coin- 
cident with my contra-variants. It will thus be seen that 
co-variants and contra-variants form two distinct and co- 
extensive species of associated forms, which divide between 
them the wide and fertile empire of linear transformations so 
far as its provinces have been as yet laid open by the researches 
of analysts. In your next number I purpose to enter much 
more largely into the subject generally. More particularly 
I shall describe the new method of Permutants, including 
the theory of Intermutants and Commutants (which latter 
are a species of the former, but embrace Determinants as 
a particular case), and their application to the theory of 
Invariants. I shall also exhibit the connexion between the 
theory of Invariants and that of Symmetrical Functions, and 
some remarkable theorems on Relative Invariants.t 

Some of your readers may like to be informed that a 
Supplement to my last paper, under the title of “An Essay 
on Canonical Forms,” has been since published ;$ and that 





* This is also true if J be taken any covariant instead of an invariant of 
the function. 

+ It will be readily apprehended that the definitions and conceptions 
above stated, respecting covariants and contravariants of two single func- 
tions, may be extended so as to comprehend systems of functions covarian- 
tive or contravariantive to one another. 


t By Mr. George Bell, University Bookseller, Fleet Street. 
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I have there given a much simpler method of solution of 
the problem of the reduction of quintic functions to their 
canonical form than in the original memoir, and extended 
the method successfully to the reduction of all odd-degreed 
functions to their canonical form. I may take this occasion 
to state that the Lemma given in Note B of the Supplement, 
upon which this method of reduction is based, is an im- 
mediate deduction from the well-known theorem for the 
multiplication of Determinants. 

There is a numerical error in “ The Cubical Hyperdeter- 
minant of the ‘Twelfth Degree,” worked out after the method 
of commutants by Mr. Spottiswoode, given at the end of my 
paper in the May No. ‘The correct result will be stated 
in the next number of the Journal, where I hope also to be 
able to fix the number of distinct solutions of the problem 
of reducing a Sextic Function to its canonical form 


w+ 0 + w+ meer’. 
For odd-degreed functions there is never more than one 
solution possible, as shewn in the Supplement referred to. 


PosTSCRIPT. 

Since the above was sent to press, I have discovered an uniform mode 
of solution for the canonical reduction of functions, whether of odd or 
even degrees. The canonical form however, except for the fourth and 
eighth degrees, requires to be varied from that assumed in my previous 
paper. Thus, for the sixth degree the canonical form will be 


au’ + bv’ + cw® + muvw(u - v) (v - w) (w - wu), 


where u, v, w are supposed to be connected by the identical equation 
u+v+w-=0. And there will be only éwo solutions—a remarkable and 
most unexpected discovery. For functions of the eighth degree there 
are five distinct solutions, and in general there is the strongest reason for 
believing (indeed it may be positively affirmed) that when the canonical 
form has been rightly assumed for a function of the even degree n, the 
number of solutions will be } (x + 2) when 4” is even, but }(m +2) when 
in is odd. It turns out therefore that the theory for functions of the ° 
sixth degree is in some respects simpler than for those of the fourth. 
The investigation into canonical forms here referred to has led me to the 
discovery of a most unexpected theorem for finding all the invariants of 
a certain class, belonging to functions of two letters of an even degree. 
See London and Edinburgh Philosophical Magazine for the present month. 
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